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Abstract

We study the problem of decision-making under uncertainty in the bandit setting. This
thesis goes beyond the well-studied multi-armed bandit model to consider structured bandit
settings and their applications. In particular, we learn to make better decisions by leverag-
ing the application-specific problem-structure in the form of features or graph information.
We investigate the use of structured bandits in two practical applications: online recom-
mender systems with an available network of users and viral marketing in social networks.
For each of these applications, we design efficient bandit algorithms and theoretically char-
acterize their performance. We experimentally evaluate the efficiency and effectiveness of
these algorithms on real-world datasets. For applications that require modelling complex
non-linear feature-reward relationships, we propose a bootstrapping approach and estab-
lish theoretical regret bounds for it. Furthermore, we consider the application of multi-class

classification with bandit feedback as a test-bed for evaluating our bootstrapping approach.
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Lay Summary

Making decisions under partial or incomplete information is important in applications rang-
ing from clinical trials to computational advertising and marketing. This work maps modern
applications such as recommender systems and viral marketing in social networks to the
traditional framework for decision-making under uncertainty. It leverages the application-
specific problem-structure in order to design scalable and theoretically sound algorithms.
These algorithms provably learn to make better decisions by repeated interaction with the
system at hand. We also experimentally demonstrate the effectiveness and efficiency of our
approach. Beyond these specific applications, we propose and analyse general algorithms
that enable us to make better decisions in complex scenarios that require the expressivity

of modern machine learning models.
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Preface

The main matter of this thesis is based on papers that have either been published or are

under review:

e Chapter 2 is the result of two publications: (Wen et al., 2017) that appeared in Neural
Information Processing Systems, 2017:
Wen, Zheng, Branislav Kveton, Michal Valko, and Sharan Vaswani. “Online influ-
ence mazximization under independent cascade model with semi-bandit feedback.” In
Advances in Neural Information Processing Systems, 2017.
and (Vaswani et al., 2017a) that appeared in the International Conference on Machine
Learning, 2017:
Vaswani, Sharan, Branislav Kveton, Zheng Wen, Mohammad Ghavamzadeh, Laks VS
Lakshmanan, and Mark Schmidt. “Model-independent online learning for influence

maximization.” In International Conference on Machine Learning, 2017.

For (Wen et al., 2017), the proofs were mainly done by Zheng Wen, Branislav Kve-
ton and Michal Valko whereas the experiments were done by Sharan Vaswani. The
majority of the paper’s content was written by Zheng Wen and Sharan Vaswani. The
paper (Vaswani et al., 2017a) was mainly written by Sharan Vaswani who is also
the major contributor to the experimental section. The theoretical results were con-
tributed jointly by Sharan Vaswani, Zheng Wen, Branislav Kveton and Mohamed
Ghavamzadeh. Valuable feedback on the paper was provided by Laks Lakshmanan
and Mark Schmidt.

We note that this work also constitutes a US patent titled “Influence Maximization
Determination in a Social Network System”, co-authored by Sharan Vaswani, Zheng
Wen, Branislav Kveton and Mohamed Ghavamzadeh, and filed by Adobe Research
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in August, 2017.

Chapter 3 was published in the International Conference on Artificial Intelligence and
Statistics, 2017 (Vaswani et al., 2017b):

Vaswani, Sharan, Mark Schmidt, and Laks Lakshmanan. “Horde of Bandits using
Gaussian Markov Random Fields.” In Artificial Intelligence and Statistics,2017.

Sharan Vaswani is the major contributor on this paper in terms of the writing, theoret-
ical results and experimental evaluation. The work was supervised by Mark Schmidt
and Laks V.S. Lakshmanan who provided useful feedback and helped in refining the

paper’s content.

Chapter 4 consists of the work done in (Vaswani et al., 2018) that is under submission
and is available as a preprint:

Vaswani, Sharan, Branislav Kveton, Zheng Wen, Anup Rao, Mark Schmidt, and
Yasin Abbasi- Yadkori. “New Insights into Bootstrapping for Bandits.” arXiv preprint
arXiv:1805.09793, 2018.

This paper was mainly written by Sharan Vaswani who also performed the experi-
ments. Zheng Wen, Sharan Vaswani and Branislav Kveton are equal contributors to
the theoretical results. The paper was constantly discussed and refined with the help
of Anup Rao, Mark Schmidt and Yasin Abbasi-Yadkori.
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Chapter 1

Introduction

Numerous applications require making a sequence of decisions under partial or incomplete
information. For example, consider a rover exploring the surface of Mars. Such a rover does
not have complete information about the Mars terrain and needs to make decisions about
its navigation on the planet. In the classic decision-making under uncertainty framework,
the rover is referred to as the agent making decisions, the Mars surface corresponds to
the environment in which decisions are made and the actuators or controls used in the
navigation are termed as actions. Let us assume that the aim of the rover is to find water
on Mars and it needs to make a sequence of decisions about its navigation (for example:
turn left, walk ahead 10 steps) to achieve this. After each decision, the rover receives
feedback from the environment using its sensors; for instance, it can detect if it is in the
vicinity of a potential water source or if it has moved too close to a crater. This interaction
consisting of a decision and its corresponding feedback is referred to as a round. In this
framework, the agent’s decision is associated with a reward model. In our example, the
agent receives a high reward if it finds a potential source of water, detects methane in the
atmosphere or even explores the Mars surface safely. The aim of the agent is to maximize
its cumulative reward across rounds by making decisions based on the history of actions,
feedback and rewards.

An important special case of the above framework is known as the bandit setting and
encompasses applications such as clinical trials (Thompson, 1933), A/B testing (Agarwal
et al., 2016), advertisement placement (Tang et al., 2013), recommender systems (Li et al.,

2010) and network routing (Gai et al., 2012). For instance, in a clinical trial, the aim is



to infer the “best” drug (for example, one that has the least side-effects) amongst a set of
available drugs. Let us map a clinical trial to the above framework; the agent corresponds
to the clinician running the trial whereas the environment consists of the set of patients to
which the drugs will be administered. In this case, a patient arrives in each round and the
action consists of administering a particular drug to them. The feedback is the effectiveness
of the drug in curing a patient and what side-effects it leads to. The cumulative reward
across rounds corresponds to the number of patients that were cured without any major
side-effects. The bandit setting and its applications will be the main focus of this thesis

and we describe it in detail in the next section.

1.1 Multi-armed Bandits

The multi-armed bandit (MAB) framework (Lai and Robbins, 1985; Bubeck and Cesa-
Bianchi, 2012; Auer, 2002; Auer et al., 2002) consists of arms that correspond to different
decisions or actions. These may be different treatments in a clinical trial or different
products that can be recommended to a user of an online service. The generic protocol
followed in a MAB framework can be summarized in Algorithm 1. The protocol consists
of T rounds. In each round, the agent uses a bandit algorithm in order to select an arm to
“pull”. Pulling an arm is equivalent to taking the action corresponding to that arm.

Once an arm is pulled, the agent observes a reward and corresponding feedback from
the environment. A key feature of the bandit framework is that we observe the feedback
only for the arm(s) that have been pulled in a given round. Finally, the agent updates
its estimate of the arm’s reward or the action’s utility. An example of a simple bandit
algorithm would be the “greedy” strategy where the agent selects the arm with the highest
reward obtained thus far. In the clinical trial example, the estimated mean reward for a

drug can be the proportion of people that were cured by using that particular drug.

Algorithm 1 GENERIC BANDIT FRAMEWORK
1: fort=1to T do
2:  SELECT: Use the bandit algorithm to decide which arm(s) to pull.
3:  OBSERVE: Pull the selected arm(s) and observe the reward and associated feed-
back.
4:  UPDATE: Update the estimated reward for the arms(s).

As explained before, the aim of the agent is to select and pull the arms that maximize

2



the cumulative reward across the T rounds. We now describe the above protocol in detail.

Depending on the assumptions about the reward, the MAB framework can be classi-
fied into the stochastic (Auer et al., 2002) or adversarial setting (Auer et al., 1995). In
this thesis, we exclusively focus on stochastic multi-armed bandits. In the stochastic set-
ting, each arm has an associated reward distribution and every pull of an arm corresponds
to sampling its corresponding distribution. The mean of this distribution is equal to the
expected reward or utility of pulling that arm. The stochastic MAB setting models ran-
dom independent but identically distributed fluctuations in an arm’s mean reward. For
example, in a clinical trial, the patients are independent of each other and assumed to be
homogeneous. The reward from each pull of an arm (administration of a drug) can thus be
modelled as an independent random variable from an underlying distribution. Similarly,
in a recommender system, the reward for pulling an arm (equivalent to recommending the
corresponding product to a user) is equal to the rating it receives from the user.

Notice that if we had complete information about each arm’s expected utility, the op-
timal decision is to always pull the arm with highest expected utility, thus maximizing the
cumulative reward in expectation. In the absence of this information, the agent learns to
infer the utility of the arms by repeatedly interacting with the system in the trial-and-error
fashion described in Algorithm 1. Note that the MAB framework can be generalized to
account for some auxiliary feedback from the pulled arm. For example, in the recommender
system scenario, a user review can be viewed as such auxiliary feedback. This additional
feedback can be used to better discriminate the “good” (with higher rewards) arms from
the “bad” sub-optimal ones.

The agent’s aim of maximizing the cumulative reward across rounds results in an
exploration-exploitation trade-off. Here, exploration means choosing an arm to gain more
information about it, while exploitation corresponds to choosing the arm with the high-
est reward given the agent’s past observations. For example, in the context of news-
recommendation, exploration seeks to learn more about a user’s preferences on a topic
of news they haven’t encountered before, while exploitation means recommending the news
topic that the system believes (given the user’s past history) that they will like the most.

We now give a formal problem definition of the stochastic MAB problem. We denote
the number of arms by K and index them with j. The expected reward on pulling the
arm j is given by p;j. We denote the index of the arm pulled in round ¢ as j;. After

pulling this arm, the agent receives a reward r; sampled from the arm’s underlying reward



distribution, in particular, E[r¢|j; = j| = pj. We define the best or optimal arm as the one
with the highest expected reward. The objective is to maximize the expected cumulative
reward - the reward accumulated across rounds in expectation. An equivalent objective is
to minimize the ezpected cumulative regret. The cumulative regret R(T') is the cumulative
loss in the reward across T' rounds because of the lack of knowledge of the optimal arm. In

the MAB setting, the expected cumulative regret is defined as follows:

T

E[R(T)] = Tmax s =t (1.1)
t=1

1.2 Structured Bandits

The MAB framework assumes the arms to be independent of each other and can not share
information between them. This assumption is often too restrictive in practical applications
where the number of arms can be large. For example, in the context of a recommender
system where each arm corresponds to a product that can be recommended, it is useful
to use the feedback for a recommended item to infer the user’s preference on a similar
item (arm) that was not recommended. Consequently, substantial recent research (Dani
et al., 2008; Li et al., 2010; Filippi et al., 2010b; Riquelme et al., 2018) considers additional
information in the form of features for the arms. These features might describe additional
information about a drug’s constituents or can correspond to the description of a product
to be recommended. The similarity between arms can then be captured by their proximity
in the feature space.

Previous work uses a parametric model to map the arms’ features to their expected
rewards. Most of this work (Dani et al., 2008; Rusmevichientong and Tsitsiklis, 2010;
Abbasi-Yadkori et al., 2011; Li et al., 2010; Agrawal and Goyal, 2013b) considers the linear
bandit setting. This setting assumes that the expected reward for an arm is given by the
inner product of the arm’s features and an underlying unknown parameter vector. Formally,
if d is the dimensionality of the feature space and x; € R? are the features corresponding
to arm j, then its expected reward is given as: p; = (x;,0"). Here, 6* is the unknown
d-dimensional vector mapping the features to the reward and needs to be inferred from
the past observations. Alternatively, the linear bandit setting corresponds to a Gaussian

reward distribution with mean p; and a known variance 0%, If d = K and the features are



standard basis vectors, then this framework becomes equivalent to the traditional MAB
setting considered in the previous section.
For linear bandits, the definition of the best-arm and the cumulative regret is the same

as in the MAB case. In particular, the expected cumulative regret E[R(T')] is given as:

T
E[R(T)] = T'max [(x;, 67)] - > (x5, 6%) (1.2)
t=1

The above setting can be generalized to the contextual bandit setting (Langford and
Zhang, 2008; Li et al., 2017; Chu et al., 2011) in which the arms’ feature vectors can
vary across the rounds. The contextual bandit setting can be used to model the news-
recommendation scenario. The varying features correspond to the content of constantly
changing news articles and the underlying vector 6* can be used to model a particular
user’s preferences for different news categories. In this setting, the best-arm also varies
with the round and depends on the set of arm features in that particular round. We refer
to this set of features as context vectors and denote it by C; = [X14,X2¢,...Xk¢]. Given

this definition, the expected cumulative regret can be given as:

T
E[R(T)] =) [max ((6%,%)) = (6%,%;,) (1.3)
i1 [x<Ce
Another generalization of the linear bandit setting involves using complex non-linear
mappings in order to model the feature-reward relationship. For example, expressive non-
linear mappings such as neural networks can better capture the relationship between the
expected reward and the content in product descriptions or news articles. Filippi et al.
(2010a) use generalized linear models, McNellis et al. (2017) consider decision trees and
recently, Riquelme et al. (2018) used deep neural networks in order to model the feature-
reward function. In this setting, the expected reward of pulling arm j is given as: p; =
m(x;,0%). Here the function m(-,-) : R x R? — R is referred to as the model class and
may refer to a neural network or a generalized linear model.
Note that the lower bound on the achievable cumulative regret for the MAB setting
is Q(VKT) (Auer et al., 2002) whereas it is of the order of Q(v/dT) in the linear bandit
setting (Dani et al., 2008) where d is the feature dimension. In Section 1.3, we survey

bandit algorithms that achieve this lower bound on the regret.



We now consider the UPDATE step in the generic Algorithm 1. Given that we have
had ¢ rounds of interaction, we need to maintain the estimated mean reward for each
of the arms. In the MAB case, the estimated mean reward for an arm is simply the
average of the rewards observed when that particular arm has been pulled thus far. For
structured bandits, let us first consider the update in the general non-linear case. At round
t, the history of interactions can be described by the set of features (corresponding to
the pulled arms) and the feedback obtained thus far. In particular, let x; be the features
corresponding to the arm pulled at round 7 and let y; be its corresponding scalar reward!.
Let Dy = {(x1,¥1), (X2,¥2), -, (X¢t,y)} be the set of features and rewards obtained until
round t.

Assuming the generative model from features to rewards is parametrized by the vector
0, the log-likelihood of observing the data D; is given by L£4(0) = > .cp, log [P(yi|zi, 0)]
where P(y;|x;, 0) is the probability of observing label y; given the feature vector x;, under
the model parameters 6. In the MAB case without features, the probability of observing
y; (for all ¢ € [t]) is simply given by P(y;|¢). The maximum likelihood estimator (MLE)
for the observed data is defined as 6; € arg maxy L(0). If m(-,-) is the model class, the
estimated mean reward at round ¢ for an arm with feature vector x is given as m(x, @;)

In the linear bandit case, the MLE §t can be computed in a closed form. If X; is the
t x d matrix of features and y; is the ¢-dimensional vector of observations obtained until

round ¢, then (/9; is given by:
0, = (X{ X)) ' X[y, (1.4)

In this case, the estimated mean reward for an arm with features x is equal to the inner
product <x,§t>.
In the next section, we consider the SELECT phase of Algorithm 1 and briefly survey

the bandit algorithms that trade off exploration and exploitation.

1.3 Algorithms

For both the MAB and contextual bandit settings, there are three main strategies for

addressing the exploration-exploitation tradeoff: (i) e-greedy (Langford and Zhang, 2008)

'We use the notation x; to refer to the features for point ¢ in the history and x; to denote the features
for arm j. These are used mutually exclusively and should be clear from the context.



(ii) Optimism in the Face of-Uncertainty (Auer, 2002; Abbasi-Yadkori et al., 2011) and (iii)
Thompson sampling (Agrawal and Goyal, 2013b). We briefly describe these algorithms in

the linear bandit setting since MAB is a special case of this setting.

e ¢-Greedy explicitly differentiates between the rounds in which to either explore or
exploit. In each round, the algorithm chooses to explore with probability equal to €.
In an exploration round, the agent chooses an action uniformly at random. While
exploiting, it chooses the action with the maximum estimated mean reward at that

round. This can be expressed formally in the linear bandit setting as follows:

Jjt ~ Uniform{1,2,... K} (With probability ¢)
Ji = argmax(x;, @) (With probability 1 — ¢€)
J
If the parameter ¢ is chosen correctly, e-Greedy results in a sub-linear but sub-optimal
O(T2/3) regret bound (Langford, 2007). In practice, it is difficult to set the ¢ param-

eter and the algorithm’s performance is sensitive to this choice.

e Optimism in the Face of Uncertainty (OFU) based algorithms (Auer et al.,
2002) (Abbasi-Yadkori et al., 2011) address the exploration-exploitation trade-off in
an optimistic fashion by choosing the arm that maximizes the upper confidence bound.
As the name suggests, the upper confidence bound (UCB) is an upper bound on the
expected reward for an arm in a particular round. Mathematically, it can be written
as a non-negative linear combination of the estimated mean reward and its standard
deviation. Formally, in the linear bandit case, the algorithm chooses the arm j;

according to the following rule:

ji = arg max |:<Xj, 0;) + c- \/x}Mtlx]} (1.5)

J

Here M, is the d-dimensional covariance matrix equal to XtT X;. The first term cor-
responds to the mean reward in round ¢, the second term is the standard deviation
and ¢ (> 0) is the trade-off parameter. Maximizing the first term corresponds to
exploitation whereas the second term is large for arms that haven’t been explored
enough. The trade-off parameter c is determined theoretically and decreases with ¢,

thus favouring exploitation after all the arms have been explored sufficiently. If ¢ is
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chosen appropriately, UCB has been proved to attain the near-optimal 5(\/T ) regret
in the MAB (Auer et al., 2002), linear bandit (Dani et al., 2008; Abbasi-Yadkori
et al., 2011) and generalized linear bandit (Filippi et al., 2010b) settings. Here, the

5() notation suppresses additional log factors.

e Thompson sampling (Thompson, 1933) is a bandit algorithm popularly used in
practice. The algorithm assumes a prior distribution on the parameters 6 and forms
the posterior distribution P(6|D;) given the observations until round ¢. It obtains
a sample 0 from the posterior and then chooses the arm maximizing the reward
conditioned on this sample. Formally, Thompson sampling (TS) can be described as

follows:

0 ~ P(0|Dy)
Ji = arg max(x;, ) (1.6)
J
In the linear bandit case, both the prior and the posterior distributions are Gaussian
and obtaining the sample 0 is computationally efficient. TS uses the variance in the
sampling procedure to induce exploration and has been shown to attain an 6(d\/T )
regret in the MAB (Agrawal and Goyal, 2012a), linear (Agrawal and Goyal, 2012b)

and generalized linear (Abeille and Lazaric, 2016) bandit settings.

1.4 Summary of contributions

In this work, we focus on the applications of structured bandits to problems in viral mar-

keting in social networks and recommender systems. Our list of contributions is as follows:

e Chapter 2: We show how the linear bandit framework can be used for viral marketing
in social networks. We focus on the problem of influence mazimization (IM) in which
an agent aims to learn the set of “best influencers” in a social network online while

repeatedly interacting with it.

In the first part of this chapter, we study this problem under the popular independent
cascade model of information diffusion in a network. Under a specific feedback model,
we propose and analyse a computationally efficient upper confidence bound-based

algorithm. Our theoretical bounds on the cumulative regret achieve near-optimal
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dependence on the number of interactions and reflect the topology of the network
and the activation probabilities of its edges, thereby giving insights on the problem

complexity. To the best of our knowledge, these are the first such results.

In the second part of this chapter, we propose a novel reparametrization for the
above problem that enables our framework to be agnostic to the underlying model of
diffusion. It also allows us to use a weaker model of feedback from the network, while
retaining the ability to learn in a statistically efficient manner. We design an upper
confidence bound algorithm and theoretically analyse it. Experimentally, we show
that our framework is robust to the underlying diffusion model and can efficiently

learn a near-optimal solution.

e Chapter 3: We show how to leverage the contextual bandit framework and addi-
tional side-information in the form of a social network in an online content-based
recommender system. We exploit a connection to Gaussian Markov Random Fields
in order to make our approach scalable and practically viable for large real-world net-
works. We prove regret bounds for variants of the e-greedy and Thompson sampling
algorithms. We show the effectiveness of our approach by systematic experiments on

real-world datasets.

e Chapter 4: We propose to use bootstrapping for addressing the exploration-exploitation
trade-off for complex non-linear feature-reward mappings. We first show that the
commonly used non-parametric bootstrapping procedure can be provably inefficient
and establish a near-linear lower bound on the regret incurred by it under the bandit
model with Bernoulli rewards. As an alternative, we propose a weighted bootstrap-
ping (WB) procedure. We show that for both Bernoulli and Gaussian rewards, WB
is mathematically equivalent to Thompson sampling and results in near-optimal re-
gret bounds. These are the first theoretical results for bootstrapping in the context
of bandits. Beyond these special cases, we show that WB leads to better empirical
performance than TS for several reward distributions bounded on [0, 1]. For the con-
textual bandit setting, we give practical guidelines that make bootstrapping simple
and efficient to implement. We show that it results in good empirical performance on

a multi-class classification task with bandit feedback.

Chapters 2- 4 have corresponding appendices that contain full proofs of the theoretical



results and additional experimental results. In Chapter 5, we discuss some future directions

and extensions of the work in this thesis.
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Chapter 2

Influence Maximization

In this chapter, we consider the application of linear bandits to the problem of influence

maximization in social networks.

2.1 Introduction

Social networks have become increasingly important as media for spreading information,
ideas and influence. For instance, social media campaigns play a significant role in promot-
ing and publicizing movies, concerts or recently released products. These campaigns rely on
viral marketing to spread awareness about a specific product via word-of-mouth propaga-
tion over a social network. There have been numerous studies (Kempe et al., 2003; Easley
and Kleinberg, 2010; Myers and Leskovec, 2012; Gomez-Rodriguez and Scholkopf, 2012;
Gomez Rodriguez et al., 2013) characterizing the factors influencing information diffusion
in such networks.

A particular setting in viral marketing is the influence mazimization (IM) (Kempe et al.,
2003; Chen et al., 2013a) problem. In this setting, marketers aim to select a fixed number
of influential users (called seeds) and provide them with free products or discounts. They
assume that these users will influence their neighbours and, transitively, other users in the
social network to adopt the product. This will result in information propagating across
the network as more users adopt or become aware of the product. The marketer has a
budget on the number of free products that can be given. They must thus choose seeds

strategically in order to maximize the influence spread, which is the expected number of
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users that become aware of the product.

Existing solutions (Chen et al., 2009; Leskovec et al., 2007; Goyal et al., 2011b,a; Tang
et al., 2014, 2015b) to the IM problem require as input, the social network and the under-
lying diffusion model that describes how information propagates through the network. The
social network is modelled as a directed graph with the nodes representing users, and the
edges representing relations (e.g., friendships on Facebook, followers on Twitter) between
them. The IM problem has been studied under various probabilistic diffusion models such
as the Independent Cascade (IC) and Linear Threshold (LT) models (Kempe et al., 2003).
These common models are parametrized by influence probabilities that correspond to the
edge weights of the corresponding graph. In other words, each directed edge (i, ) is asso-
ciated with an influence probability that models the strength of influence that user ¢ has
on user j.

Knowledge of the underlying diffusion model and its parameters is essential for the ex-
isting IM algorithms to perform well. For instance, in (Goyal et al., 2011a), the authors
showed that even when the diffusion model is known, correct knowledge of the model pa-
rameters is critical to choosing “good” set of seeds that result in a large spread of influence.
In many practical scenarios, however, the influence probabilities are unknown. Some papers
set these heuristically (Chen et al., 2010; Yadav et al., 2017) while others try to learn these
parameters from past propagation data (Saito et al., 2008; Goyal et al., 2010; Netrapalli and
Sanghavi, 2012). However in practice, such data is difficult to obtain and the large num-
ber of parameters (of the order of network size) makes this learning challenging. Another
challenge is the choice of the model that best captures the characteristics of the underlying
diffusion. In practice, it is not clear how to choose from amongst the increasing number
of plausible diffusion models (Kempe et al., 2003; Gomez Rodriguez et al., 2012; Li et al.,
2013). Furthermore, in (Du et al., 2014), the authors empirically showed that misspecifi-
cation of the diffusion model can lead to choosing highly sub-optimal seeds, consequently
making the IM campaign ineffective.

These concerns motivate the learning framework of IM bandits (Vaswani et al., 2015;
Valko, 2016; Chen et al., 2016a). In this framework, the marketer conducts independent
influence maximization campaigns across multiple rounds. Each round corresponds to a
campaign for the same or similar products. The aim of the marketer is to learn the factors
influencing the diffusion and use this knowledge to design more effective marketing cam-

paigns. For example, this trial and error procedure might reveal that a particular product
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is not popular among certain demographics; the marketer can then correct for this in sub-
sequent IM campaigns. This problem can be mapped to the generic bandit framework of
Algorithm 1 as follows: the agent corresponds to the marketer, the environment to the
network and a possible action corresponds to choosing a set of users as seeds. In each
round, the marketer chooses a seed set (SELECT), receives feedback (OBSERVE) from the
network and utilizes this information to better estimate (UPDATE) the diffusion process.

Depending on the feedback received about the diffusion, IM bandits (IMB) can be
classified as follows: (i) Full-bandit feedback, where only the number of influenced nodes is
observed; (ii) Node semi-bandit feedback, where the identity of influenced nodes is observed,;
or (3) Edge semi-bandit feedback, where the identity of influenced edges (edges along which
the information diffused) is also observed. In this work, we will mainly consider the edge
semi-bandit feedback model and a relaxed version of it. We argue that it is reasonable to
obtain such feedback in practical scenarios; for example, it is easy for Facebook to infer
which of your friends influenced you to share a particular article. Similarly, E-commerce
companies can keep track of users that referred a particular product to their peers. In both
these cases, it is possible to trace the precise path along which information diffused.

Similar to the general bandit setting introduced in Chapter 1, the aim of the marketer
is to minimize the loss in the influence spread because of the lack of knowledge about the
diffusion process. Here, exploration consists of choosing seeds that improve the marketer’s
knowledge of the diffusion process; whereas exploitation corresponds to choosing a seed set
that is estimated to have a large expected spread.

From a bandits perspective, IMB combines two main challenges: first, the number of
actions (number of possible seed sets that can be selected) grows exponentially with the
cardinality of the set. Second, we only observe the influenced portion of the network. This
limits the feedback received in each round, making the learning problem difficult. In this
chapter, we address these challenges in two different settings. We first set up the necessary
notation and give a more formal problem definition in Section 2.2.

In Section 2.3, we study the IMB problem under the independent cascade model and
edge semi-bandit feedback. In Section 2.3.4, we identify complexity metrics that capture the
information-theoretic complexity for the IMB problem. We then propose ICLinUCB, a UCB-
like algorithm (Section 2.3.3) suitable for large-scale IM problems and bound its cumulative
regret in Section 2.3.4. Our regret bounds are polynomial in all quantities of interest and

have near-optimal dependence on the number of interactions. They reflect the structure and
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activation probabilities of the network and do not depend on inherently large quantities,
such as the reciprocal of the minimum probability of being influenced (unlike (Chen et al.,
2016a)) or the exponential size of the space of actions. Finally, we evaluate ICLinUCB
on several problems in Section 2.3.5. We perform experiments on simple representative
topologies and empirically show that the regret of ICLinUCB scales as suggested by our
topology-dependent regret bounds. We also show that ICLinUCB with linear generalization
can lead to low regret in real-world online influence maximization problems.

In Section 2.4, we first propose a novel parametrization for the IM problem that enables
our bandit framework to be agnostic to the underlying model of diffusion. This formulation
in Section 2.4.1 lets us relax the requirement for edge semi-bandit feedback to a weaker
notion which we term as pairwise reachability feedback.! Under this feedback model, we
formulate IMB as a linear bandit problem, propose a scalable LinUCB-based algorithm
(Section 2.4.4) and bound its cumulative regret in Section 2.4.5. We show that our regret
bound has the optimal dependence on the time horizon, is linear in the cardinality of
the seed set, and has a better dependence on the size of the network as compared to the
previous literature. Finally, we give some implementation guidelines in Section 2.4.6. In
Section 2.4.7, we empirically evaluate our proposed algorithm on a real-world network and
show that it is statistically efficient and robust to the underlying diffusion model.

Finally, we survey the related work in Section 2.5 and conclude by giving some directions

for future work in Section 2.6.

2.2 Problem Formulation

Recall that the social network is modelled as directed graph G = (V, &) with the set V of
n = |V| nodes (users), the set £ of m = |€] directed edges (user relations) and edge weights
(influence probabilities) given by function p : £ — [0,1]. Throughout this work, we use
p(e) and p,, interchangeably to refer to the influence probability for the edge e between
nodes u and v. The IM problem is characterized by (G, p,C, D), where C is the collection of
feasible seed sets, and D is the underlying diffusion model. The collection of feasible seed
sets C is determined by a cardinality constraint on the sets and possibly some combinatorial
constraints (e.g. matroid constraints) that rule out some subsets of V. For simplicity, we

consider only the cardinality constraint, implying that C = {S C V : |S| < K}, for some

!Note that pairwise reachability is still a stronger requirement than node semi-bandit feedback.
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K < n. Since the seed nodes are the source of the diffusion, we alternatively refer to the
“seed set” as the set of “source nodes”.

The diffusion model D specifies the stochastic process under which influence is propa-
gated across the social network once the seed set S is selected. Without loss of generality,
we assume that all stochasticity in D is encoded in a random vector, referred to as the
diffusion random vector. Note that each diffusion instance corresponds to an independent
sample of the diffusion random vector from an underlying probability distribution IP specific
to the diffusion model. We denote an instantiation of the diffusion random vector by w
and use D(w) to refer to the corresponding diffusion instance under the model D. Note
that D(w) is deterministic conditioned on w.

The quantity f(S,p) refers to the expected number of nodes influenced by choosing
the seed set & when the influence probabilities are given by the function p. Here, the
expectation is over the possible instantiations of the random diffusion vector. Formally,
f(S,p) 2 Ew~p [f(S,w)] where f(S,w) is a deterministic quantity equal to the number of
influenced nodes under the diffusion D(w).

We now instantiate the above framework for the independent cascade (IC) model that
will be the focus of Section 2.3. For the IC model, at the beginning, all nodes in S are
activated; subsequently, every activated node u can activate its inactive neighbour v with
probability p, ., once, independently of the history of the process. This process continues
until no activations are possible. In this case, the distribution P is parametrized by m
influence probabilities, one for each edge and w is binary and is obtained by independently
sampling a Bernoulli random variable w(e) ~ Bern (p(e)) for each edge e € £. In this case,
we use w(e) € {0,1} to refer to the status of edge e in the diffusion instance D(w). A
diffusion instance thus corresponds to a deterministic unweighted graph; with the set of
nodes V and the set of edges {e € £|w(e) = 1}. We say that a node v is reachable from a
node u under w if there is a directed path from u to v in the above deterministic graph. Note
that notion of reachability in the deterministic graph and influence are equivalent for the
IC model. In other words, for a given source node set S C V and w, we say that node v € V
is influenced if v is reachable from at least one source node in & under the deterministic
graph induced by w. By definition, the nodes in S are always influenced. Similarly, for the
alternate linear threshold model (LT) of diffusion, w is also an m-dimensional vector and
P is parametrized by the influence probabilities. For the LT model, the sum of influence

probabilities corresponding to the incoming edges to any node is upper-bounded by 1. In
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this case, the procedure to obtain a sample w is as follows: for every node, choose one of
its incoming edges with probability equal to the influence probability of that edge. This
procedure results in the corresponding deterministic unweighted graph for the LT model.

Formally, the aim of the IM problem is to find the seed set S that maximizes f(S,p)
subject to the constraint S € C, i.e., to find §* € argmaxgce f(S,p). Although IM is
an NP-hard problem in general, under common diffusion models such as IC and LT, the
objective function f(S,p) is monotone and submodular in S, and thus, a near-optimal
solution can be computed in polynomial time using the greedy algorithm (Nemhauser et al.,
1978). In this paper, we refer to such an algorithm as an ORACLE to distinguish it from
the learning algorithms discussed in following sections. Let S¢ = ORACLE(G, K, p) be the
(possibly random) solution of an oracle ORACLE. For any «, € [0, 1], we say that ORACLE
is an («,y)-approximation oracle for a given (G, K) if for any p, f(Sg,p) > vf(S*,p) with
probability at least a.. Notice that this further implies that E [f(S¢g,p)] > ayf(S*,p). We
say an oracle is exact if « = «v = 1. For the state of the art IM algorithm (Tang et al.,
2015b), y=1-tanda=1- 1.

IMB is also characterized by (G, D, K,p), but p (and possibly the diffusion model D)
is unknown to the agent. The agent interacts with the IMB problem for 7" rounds. At
each round ¢t = 1,2,...,T, the agent first adaptively chooses a source node set S; C V with
cardinality K based on its prior information and past observations. Then the environment
independently samples a diffusion random vector w ~ P. Note that the reward in round
t is equal to the influenced nodes in the diffusion and is completely determined by S; and
D(w).

The agent’s objective is to maximize the expected cumulative reward or equivalently
minimize the cumulative regret (defined below) over the 7" steps. We benchmark the per-
formance of an IMB algorithm by comparing its spread against the attainable influence
assuming perfect knowledge of D and p. Since it is NP-hard to compute the optimal seed
set even with perfect knowledge, similar to (Chen et al., 2016b), we measure the perfor-
mance of an IMB algorithm by scaled cumulative regret. Specifically, if S; is the seed set
selected by the IM bandit algorithm at round ¢, for any n € (0,1), the n-scaled cumulative
regret R"(T) in the first T' rounds is defined as

T
R(T) = Y B[R] =T £(5") = -B

t=1

T
> f(&)]] . (2.1)
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When 1 =1, R"(n) reduces to the standard expected cumulative regret R(n). In our case,

1 = ay because of the inexact oracle described above.

2.3 IM Bandits under the IC model

In this section, we focus on the IMB problem under the IC model and edge semi-bandit
feedback. We describe the feedback model in Section 2.3.1 and present the algorithm and
its analysis in Sections 2.3.3 and 2.3.4 respectively. We present experimental results in
Section 2.3.5.

2.3.1 Feedback Model

In the edge semi-bandit feedback model, the agent observes the path along which the diffu-
sion has travelled from the source nodes to every activated node in the network. Formally,
for any edge e = (u,v) € &, the agent observes the realization of wy(e) if and only if the

start node u of the directed edge e is influenced under the realization w; .

2.3.2 Linear generalization

Since the number of edges in real-world social networks is large, in order to develop efficient
and deployable learning algorithms, we assume that there exists a linear-generalization
model for the probability weight function p. Specifically, each edge e € £ is associated with
a known feature vector z. € R?, where d is the dimension of the feature vector, and there
is an unknown coefficient vector #* € R such that for all e € &, p(e) is well approximated
by (x.,0*). Formally, we assume that the quantity max.c¢ [p(e) — (e, 0*)| is small.
Without loss of generality, we assume that [|z¢|]|2 < 1 for all e € £. Moreover, we use
X € %4 to denote the feature matrix, i.e., the row of X associated with edge e is z].
Note that if the agent does not have sufficient information to construct good features, it
can always choose the naive feature matrix X = I € R™*™. We refer to the special case
of X =1 & R™*™ as the tabular case. In the tabular case, we assume no generalization

model across edges.
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Algorithm 2 ICLinUCB: Independent Cascade LinUCB
Input: graph G, source node set cardinality K, ORACLE, feature vector x.’s, and algo-
rithm parameters o, c > 0,

Initialization: by <+ 0 € R%, My « I € Rxd

for ¢t = 1,2,...,T do
1. set O;_1 < G*QMt__llbt,l and the UCBs as

Ui(e) « Projjo q) <x£9t_1 + ¢y /ng;11x6> foralle e &

2. choose S; € ORACLE(G, K, Uy), and observe the edge semi-bandit feedback
3. update statistics:
(a) initialize My <~ M;_1 and by < by
(b) for all observed edges e € £, update My <~ M; + 0 2x.2] and by < by + z.w;(e)

2.3.3 ICLinUCB algorithm

Our proposed algorithm, Influence Maximization Linear UCB (ICLinUCB), is detailed in
Algorithm 2. Notice that ICLinUCB represents its past observations as a positive-definite
matrix (Gram matriz) My € ¢ and a vector by € RY. Specifically, let X; be a matrix
whose rows are the feature vectors of all the observed edges in the ¢ preceding rounds. Let
Y; be a binary column vector encoding the realizations of these observed edges in the ¢
rounds. Then M; =1+ U_QXIXt and by = X]Y;. Here o is the standard deviation of the
noise in the observations.

At each round ¢, ICLinUCB operates in three steps: First, it computes an upper confi-
dence bound Uy (e) for each edge e € £. Note that Projj11(*) projects a real number into
interval [0, 1] to ensure that it is a probability. Second, it chooses a set of source nodes
based on the given ORACLE with U; as its input set of probabilities. Finally, it receives the
edge semi-bandit feedback and uses it to update M; and b;.

Note that ICLinUCB is computationally efficient as long as ORACLE is computationally
efficient. Specifically, at each round ¢, the computational complexities of both Step 1 and 3

of ICLinUCB are O (md2). Notice that in a practical implementation, we store M, Uinstead

M, CoeaiM, Ty,

_92 T . —1 —1
of M;. Moreover, M <~ M; + 0~ “z.z/] is equivalent to M, ~ <~ M, ~ — ST Ta o2

Sherman-Morrison formula.
It is worth pointing out that in the tabular case, ICLinUCB reduces to the CUCB algorithm
in the previous work(Chen et al., 2013b), in the sense that the confidence radii in ICLinUCB
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are the same as those in CUCB, up to logarithmic factors. That is, CUCB can be viewed as a
special case of ICLinUCB with X = 1.

2.3.4 Analysis

In this section, we give a regret bound for ICLinUCB for the case when p(e) = z[6* for all
e € &, i.e., the linear generalization is perfect. Our main contribution is a regret bound that
scales with a new complexity metric, mazimum observed relevance, which depends on both
the topology of G and the probability weight function p. We highlight this as most known
results for this problem are worst case, and some of them do not depend on probability

weight function at all.

Complexity metric: Maximum observed relevance

We start by defining some terminology. For given directed graph G = (V, ) and source
node set S C V, we say an edge e € £ is relevant to a node v € V \ S under S if there
exists a path p from a source node s € S to v such that (1) e € p and (2) p does not
contain another source node other than s. Notice that with a given &, whether or not a
node v € V '\ S is influenced only depends on the binary weights w on its relevant edges.
For any edge e € £, we define Ns . as the number of nodes in V \ S it is relevant to, and

define Ps . as the conditional probability that e is observed given S,
Ns. 2 > vew\s 1{e is relevant to v under S} and  Ps, 2p (e is observed |S). (2.2)

Notice that Ns . only depends on the topology of G, while Ps . depends on both the topology
of G and the probability weight function p. The mazimum observed relevance C is defined

as the maximum (over S) square of Ng.’s weighted by Ps.’s,

A /
C* = maxg. |S|=K Zeeg Ng‘,ePS,e- (23)

Note that C, also depends on both the topology of G and the probabilities p. However, C,

can be bounded from above only based on the topology of G or the size of the problem, i.e.,

n = |V| and m. Specifically, by defining Cg 2 Maxg: S|=K \/ Deee N‘g’e, we have

Cu < Cg = maxg sj= /Sece N2, < (n— K)y/m = O (ny/m) = 0 (n?),  (24)
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Figure 2.1: a. Bar graph on 8 nodes. b. Star graph on 4 nodes. c. Ray graph on 10
nodes. d. Grid graph on 9 nodes. Each undirected edge denotes two directed
edges in opposite directions.

(a)

topology ‘ Cg (worst-case Cy) ‘ RYV(T) for general X ‘ R(T) for X =1 ‘
bar graph O(VK) O (dKﬁ/(ay)) o (nﬁ/(a’y))
star graph O(nVK) O <dn%\/ﬁ/(a7)) o <n2\/ﬁ/(a7)>
ray graph O(nivVEK) O (anfVET/(a7)) | O (niVET/(an))

tree graph (’)(n%) O (an\/T/(oz'y)) O <ng\/f/(ow)>
grid graph O(n%) O (dn%/f/(ow)) O <n%\/T/(cw)>
complete graph O(n?) @) (dn‘g\/f/(oz'y)) O <n4ﬁ/(ory)>

Table 2.1: Cg and worst-case regret bounds for different graph topologies.

where Cg is the maximum /worst-case (over p) C, for the directed graph G, and the maxi-
mum is obtained by setting p(e) = 1 for all e € £. Since Cg is worst-case, it might be very
far away from C if the influence probabilities are small. Indeed, this is what we expect in
typical real-world situations (Goyal et al., 2010). Notice also that if max.cg p(e) — 0, then
Ps.— 0 foralle¢ &(S) and Ps,. =1 for all e € £(S), where £(S) is the set of edges with
start node in S, hence we have C, — Cg 2 Maxs; |§|=K 4 /Zees(s) Ng’e. In particular, if K
is small, C’g is much less than Cg in many topologies. For example, in a complete graph
with K =1, Cg = ©(n?) while C§ = @(n%) Finally, it is worth pointing out that there
exist situations (G,p) such that C, = ©(n?). One such example is when G is a complete
graph with n nodes and p(e) = n/(n + 1) for all edges e in this graph.

To give more intuition about this quantity, we illustrate how Cg, the worst-case Ci,
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varies with four graph topologies in Figure 2.1: bar, star, ray, and grid, as well as two
other topologies: general tree and complete graph. The bar graph (Figure 2.1a) is a graph
where nodes ¢ and 7 + 1 are connected when i is odd. The star graph (Figure 2.1b) is a
graph where node 1 is central and all remaining nodes i € V' \ {1} are connected to it. The
distance between any two of these nodes is 2. The ray graph (Figure 2.1c) is a star graph
with k = [v/n — 1| arms, where node 1 is central and each arm contains either [(n —1)/k]
or [(n—1)/k] nodes connected in a line. The distance between any two nodes in this graph
is O(y/n). The grid graph (Figure 2.1d) is a classical non-tree graph with O(n) edges.

To see how Cg varies with the graph topology, we start with the simplified case when
K = |S| = 1. In the bar graph (Figure 2.1a), only one edge is relevant to a node v € V\ S
and all the other edges are not relevant to any nodes. Therefore, Cg < 1. In the star
graph (Figure 2.1b), for any s, at most one edge is relevant to at most n — 1 nodes and
the remaining edges are relevant to at most one node. In this case, Cg < Vn2+n =
O(n). In the ray graph (Figure 2.1c), for any s, at most O(y/n) edges are relevant to

n — 1 nodes and the remaining edges are relevant to at most O(y/n) nodes. In this case,

Cg = O\ nin? + nn) = (’)(ni) Finally, recall that for all graphs we can bound Cg by
O(n+/m), regardless of K. Hence, for the grid graph (Figure 2.1d) and general tree graph,
Cg = (’)(n%) since m = O(n); for the complete graph Cg = O(n?) since m = O(n?).
Clearly, Cg varies widely with the topology of the graph. The second column of Table 2.1

summarizes how Cg varies with the above-mentioned graph topologies for general K = |S|.

Regret guarantees

We obtain the following regret guarantees for ICLinUCB in terms of the complexity metric
C..

Theorem 1. Assume that (1) p(e) = zl0* for all e € £ and (2) ORACLE is an (o,7)-
approzimation algorithm. Let D be a known upper bound on ||0*||2, if we apply ICLinUCB

with o =1 and

c:\/dlog <1+?>+210g(T(n+1—K))+D, (2.5)
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then we have

RY(T) < 2;3 \/ dT'mlog, <1 + 72”) +1=0 (d(LW/(a’y)) (2.6)

<O (d(n - K)mﬁ/(ory)) ) (2.7)

Moreover, if the feature matriz X =1 € R™*™ (i.e., the tabular case), we have

2¢C,
<
ay

<O ((n - K)m%ﬁ/(a'y)) . (2.9)

RNT)

VTmlogy,(1+T)+1= 0 <mC'*\/T/((w)) (2.8)

Please refer to Appendix A.1 for the proof of Theorem 1, that we outline below. We
now briefly comment on the regret bounds in Theorem 1.

Topology-dependent bounds: Since C, is topology-dependent, the regret bounds in
Equations 2.6/ and 2.8 are also topology-dependent. Table 2.1 summarizes the regret bounds
for each topology? discussed above. Since the regret bounds in Table 2.1 are the worst-case
regret bounds for a given topology, more general topologies have larger regret bounds. For
instance, the regret bounds for a tree are larger than their counterparts for star and ray,
since star and ray are special cases of a tree. The grid and tree can also be viewed as special
cases of complete graphs by setting p(e) = 0 for some e € &£, hence complete graph has
larger regret bounds. As explained earlier, in practice we expect C, to be far smaller due
to influence probabilities.

Tighter bounds in tabular case and under exact oracle: Notice that for the tabular
case with feature matrix X = I and d = m, 5(%) tighter regret bounds are obtained
in Equations 2.8 and 2.9. Also notice that the O(1/(ay)) factor is due to the fact that
ORACLE is an (a,~y)-approximation oracle. If ORACLE solves the IM problem exactly (i.e.,
a =7 =1), then R*(T) = R(T).

Tightness of our regret bounds: First, note that our regret bound in the bar case
with K = 1 matches the regret bound of the classic LinUCB algorithm. Specifically, with
perfect linear generalization, this case is equivalent to a linear bandit problem with n arms
and feature dimension d. From Table 2.1, our regret bound in this case is O (d\/T ),

2The regret bound for bar graph is based on Theorem 8 in the appendix, which is a stronger version of
Theorem 1 for disconnected graph.
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which matches the known regret bound of LinUCB that can be obtained by the technique
of (Abbasi-Yadkori et al., 2011). Second, we briefly discuss the tightness of the regret
bound in Equation 2.7 for a general graph with n nodes and m edges. Note that the
O(V/T)-dependence on time is near-optimal, and the O(d)-dependence on feature dimension
is standard in linear bandits (Abbasi-Yadkori et al., 2011; Wen et al., 2015a), since (5(\/&)
results are only known for impractical algorithms. The O(n — K) factor is due to the
fact that the reward in this problem is from K to m, rather than from 0 to 1. To explain
the O(m) factor in this bound, notice that one O(y/m) factor is due to the fact that at
most 5(m) edges might be observed at each round (see Theorem 1), and is intrinsic to the
problem similar to combinatorial semi-bandits (Kveton et al., 2015¢); another (5(\/5) factor
is due to linear generalization (see Lemma 7) and might be removed by better analysis. We
conjecture that our O (d(n - K)m\/T/(cw)) regret bound in this case is at most O(v/md)
away from being tight.

Proof sketch

We now outline the proof of Theorem 1. For each round ¢ < T, we define the favourable
event &1 = {|z](0,_1 —0%)| < cy/2IM 1 2, Ve € &, V1 < t}, and the unfavourable event
&, as the complement of &_1. If we decompose E[R;"], the (a7)-scaled expected regret
at round ¢, over events &_1 and §,_;, and bound R;” on event £, ; using the naive bound
R <n— K, then,

B[R] < P(&-1) B[R |&-1] + P (&) [n — K].

By choosing c as specified by Equation 2.5, we have [P (Et_l) [n — K] < 1/T (see Lemma 3
in the appendix). On the other hand, notice that by definition of £&_1, p(e) < Ui(e), Ve € €
under event &_1. Using the monotonicity of the spread f in the probabilities, and the fact

that ORACLE is an («,y)-approximation algorithm, we have

E[R;7"&—1] S E[f(S, Up) — f(Se,p)|&-1] /(o).

The next observation is that, from the linearity of expectation, the gap f(S;, U;) —
f (S, p) decomposes over nodes v € V' \ S;. Specifically, for any source node set S C V, any
probability weight function p : £ — [0, 1], and any node v € V, we define f(S,p,v) as the
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probability that node v is influenced if the source node set is S and the probability weight

function is p. Hence, we have

F(Se, U) — f(Se,p) = ZUEV\St Lf (St Up,v) — f(Sisp,v)] -

In the appendix, we show that under any weight function, the diffusion process from the
source node set S; to the target node v can be modeled as a Markov chain. Hence, weight
function U; and p give us two Markov chains with the same state space but different
transition probabilities. f(Sy, Uy, v) — f(St, p,v) can be recursively bounded based on the
state diagram of the Markov chain under weight function p. With some algebra, Theorem 9
in Appendix A.1 bounds f(S, U, v) — f(St,p,v) by the edge-level gap Ui(e) — p(e) on the

observed relevant edges for node v,

f(8t,Ur,v) = [(86:0,v) < e, , E[1{0:(e)} [Ui(e) — p(e)]|Hi1, 1], (2.10)

for any t, any set of past observations and S; such that &_; holds, and any v € V \ &,
where s, , is the set of edges relevant to v and Oq(e) is the event that edge e is observed at
round ¢. Based on Equation 2.10, we can prove Theorem 1 using the standard linear-bandit

techniques (see Appendix A.1).

2.3.5 Experiments

In this section, we present a synthetic experiment in order to empirically validate our upper

bounds on the regret. Next, we evaluate our algorithm on a real-world Facebook subgraph.

Stars and rays

In the first experiment, we evaluate ICLinUCB on undirected stars and rays (Figure 2.1)
and validate that the regret grows with the number of nodes n and the maximum observed
relevance C, as shown in Table 2.1. We focus on the tabular case (X = I) with K = |S| =1,
where the IM problem can be solved exactly. We vary the number of nodes n; and edge
weight p(e) = w, which is the same for all edges e. We run ICLinUCB for T = 10* steps and
verify that it converges to the optimal solution in each experiment. We report the T-step
regret of ICLinUCB for 8 < n < 32 in Figure 2.2a. Recall that from Table 2.1, R(T) = O(n?)
for star and R(T) = (5(11%) for ray.
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(a) Stars and rays: The log-log plots of the T-step regret of (b) Subgraph of the Facebook net-
ICLinUCB in two graph topologies after T' = 10* steps. We vary work
the number of nodes n and the mean edge weight w.

Figure 2.2: Experimental results for (a) Representative graph topologies (b) Sub-
graph of the Facebook network. The regret for ray and star graphs scales as
suggested by our theoretical regret bounds. For the Facebook subgraph, we
observe that the linear generalization across edges results in lower cumulative
regret as compared to CUCB that considers each edge independently.

We numerically estimate the growth of regret in n, the exponent of n, in the log-log
space of n and regret. In particular, since log(f(n)) = plog(n) + log(c) for any f(n) = en?
and ¢ > 0, both p and log(c) can be estimated by linear regression in the new space. For
star graphs with w = 0.8 and w = 0.7, our estimated growths are respectively O(n?040) and
O(n2056) which are close to the expected O(n?). For ray graphs with w = 0.8 and w = 0.7,
our estimated growth are respectively O(n?4%8) and O(n?467), which are again close to
the expected (5(71%) This shows that maximum observed relevance C, is a reasonable

complexity metric for these two topologies.

Subgraph of the Facebook network

In the second experiment, we demonstrate the potential performance gain of ICLinUCB in
real-world influence maximization semi-bandit problems by exploiting linear generalization
across edges. Specifically, we compare ICLinUCB with CUCB in a subgraph of the Facebook
network from (Leskovec and Krevl, 2014). The subgraph has n = |V| = 327 nodes and
m = |E] = 5038 directed edges. Since the true probability weight function p is not available,

we independently sample p(e)’s from the uniform distribution U(0,0.1) and treat them as

25



ground-truth. Note that this range of probabilities is guided by empirical evidence in (Goyal
et al., 2010; Barbieri et al., 2013). We set 7" = 5000 and K = 10 in this experiment. For
ICLinUCB, we choose d = 10 and generate edge feature x.’s as follows: we first use the
node2vec algorithm (Grover and Leskovec, 2016) to generate a node feature in R? for
each node v € V; then for each edge e, we generate z. as the element-wise product of
node features of the two nodes connected to e. Note that the linear generalization in this
experiment is imperfect in the sense that mingeqe maxece [p(e) — 22 6| > 0. For both CUCB
and ICLinUCB, we choose ORACLE as the state-of-the-art offline IM algorithm proposed
in (Tang et al., 2014). To compute the cumulative regret, we compare against a fixed seed
set S* obtained by using the true set of probabilities as input to the oracle proposed in (Tang
et al., 2014). We average the empirical cumulative regret over 10 independent runs, and
plot the results in Figure 2.2b. The experimental results show that compared with CUCB,
ICLinUCB can significantly reduce the cumulative regret by exploiting linear generalization
across p(e)’s. This shows that the influence probability for an edge depends on its local
graph neighbourhood and that we can use graph representation learning techniques to

exploit this underlying structure in order to learn more efficiently.

2.4 Model-Independent IM Bandits

In the previous section, we tackled the IMB problem under the specific IC model of diffu-
sion. In practical scenarios, it is not clear how to choose a “good” model of diffusion that
explains the observed data. In this section, we develop a model-agnostic solution to the
IMB problem. We first propose a model-independent parametrization and the correspond-
ing surrogate objective in Section 2.4.1. In Section 2.4.2, we describe the feedback model.
We present the algorithm and its analysis in Sections 2.4.4 and 2.4.5 respectively. We de-
scribe the implementation details in Section 2.4.6 and present the experimental results in
Section 2.4.7.

2.4.1 Surrogate Objective

Let us first define some useful notation: we use the indicator ]1(8 ,U,D(w)) € {0,1} to
denote whether or not the node v is influenced under the seed set & and the particular

realization D(w). For a given (G, D), once the seed set S C C is chosen, for each v € V, we
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use f(S,v) to denote the probability that node v is influenced under the seed set S,
f(S,v) =Ew []1 (S,U,D(w)) ‘S] (2.11)

Note that the expected spread is given as: f(S) = > oy f(S,v) and recall that the set
S* C C maximizes it.

We now introduce the notion of pairwise reachability: for every pair of nodes u,v € V, we
define the pairwise reachability g, , from u to v as the probability that v will be influenced, if
u is the only seed node under graph G and diffusion model D, implying that g, , = f({u},v).
Given ¢, we define the mazimal pairwise reachability from the source set S to the target

node v as follows:

f(8,v,q) = maxyes quo (2.12)

We define the surrogate objective function in terms of these maximal pairwise reacha-

bilities as follows:

f(8,9) =" f(S,v,9) (2.13)

veY

Let S be the solution to the following problem:

S €arg maxgec 7(S.q) (2.14)

Note that for all ¢ and irrespective of the diffusion model D, f(S,q) is always monotone
and submodular in § (Krause and Golovin, 2012) and can be maximized using the greedy
algorithm in (Nemhauser et al., 1978).

To quantify the quality of the surrogate, we assume that D is any diffusion model
satisfying the following monotonicity assumption:
Assumption 1. The spread f(S,v) is monotone in S, implying that for any v € V and
any subsets S; C Sy CV, f(S1,v) < f(S2,v).

Note that all progressive diffusion models (Kempe et al., 2003; Gomez Rodriguez et al.,
2012; Li et al., 2013) where an influenced user can not become inactive again satisfy As-
sumption 1.

We define the surrogate approzimation factor as p = f(S,q)/f(S*). The next theorem,
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(proved in Appendix A.4) obtains the following upper and lower bounds on p:
Theorem 2. For any graph G, seed set S € C, and diffusion model D satisfying Assump-
tion 1,

1 f(S,q9) < f(S),

2 Furthermore, if f(S) is submodular in S, then 1/K < p < 1.

The above theorem implies that for any diffusion model satisfying Assumption 1, max-
imizing f(S,q) is equivalent to maximizing a lower-bound on the true spread f(S). For
the common independent cascade and linear threshold models, f(S) is both monotone and
submodular in S, and the approximation factor can be no worse than 1/K. In Section 2.4.7,
we observe that in cases of practical interest, f(S ,q) is a good approximation to f(S) and
that p is typically much larger than 1/K.

In this section, we use ORACLE to refer to the algorithm for solving the maximization
problem in Equation 2.14. Let S4a ORACLE(G, C,p) be the seed set output by the oracle.
For any « € [0, 1], we say that ORACLE is an a-approximation algorithm if for all ¢ : VxV —
[0, 1], f(g ,q) > af(g' ,q). For our particular case, since f(S ,q) is submodular, the greedy
algorithm gives an @ = 1 — 1/e approximation (Nemhauser et al., 1978). Hence, given
the knowledge of ¢, we can obtain a pa-approximate solution to the IM problem without

knowledge of the underlying diffusion model D.

2.4.2 Feedback Model

We now describe the IM semi-bandit feedback model referred to as pairwise influence feed-
back. Under this feedback model, at the end of each round ¢, the agent observes the quantity
1({u},v,D(wy)) for all u € §; and all v € V. In other words, they observe whether or not
node v would have been influenced, if the agent had selected {u} as the seed set under the
diffusion instance D(w;). Note that this assumption is strictly weaker than (and is implied
by) the edge semi-bandit feedback model in the previous section: from edge semi-bandit
feedback, we can identify the edges along which the diffusion travelled, and thus, determine
whether a particular source node is responsible for activating a target node. However, from

pairwise feedback, it is impossible to infer a unique edge level feedback.
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2.4.3 Linear Generalization

The proposed parametrization in terms of reachability probabilities results in O(n?) pa-
rameters that need to be learned. Without any additional assumptions, this becomes in-
tractable for large networks. To develop statistically efficient algorithms for large-scale IM
semi-bandits, we make a linear generalization assumption similar to the previous section.
Specifically, we assume that each node v € V is associated with two vectors of dimension d,
the seed (source) weight vector 6% € R¢ and the target feature vector x, € R¢. We assume
that the target feature x, is known, whereas 6} is unknown and needs to be learned. The
linear generalization assumption is stated as:

Assumption 2. For all u,v € V, gy, can be well approximated by the inner product of 6},

and Xy, i.e.,

A
Guw = (0, %0) = x, 0,

Note that for the tabular case (the case without generalization across g, ,), we can
always choose x, = e, € R" and 0, = [qu71,...,qu,n]T, where e, is an n-dimensional
indicator vector with the v-th element equal to 1 and all other elements equal to 0. We
discuss an approach to construct features based on the unweighted graph Laplacian in
Section 2.4.6. We use the matrix X € R¥" to encode the target features. Specifically, for
v =1,...,n, the v-th column of X is set as x,. Note that X = I € R™*"™ in the tabular
case.

Finally, note that under Assumption 2, estimating the reachability probabilities becomes
equivalent to estimating n (one for each source) d-dimensional weight vectors. This implies
that Assumption 2 reduces the number of parameters to learn from O(n?) to O(dn), and

thus, is important for developing statistically efficient algorithms for large-scale problems.

2.4.4 Algorithm

In this section, we propose a LinUCB-based IM semi-bandit algorithm, called diffusion-
independent LinUCB (DILinUCB), whose pseudocode is in Algorithm 3. As its name sug-
gests, DILinUCB is applicable to IM semi-bandits with any diffusion model D satisfying
Assumption 1. The only requirement to apply DILinUCB is that the IM semi-bandit pro-

vides the pairwise influence feedback described earlier.
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Algorithm 3 Diffusion-Independent LinUCB (DILinUCB)

1: Input: G = (V,€), C, oracle ORACLE, target feature matrix X € R?*" algorithm
parameters ¢, \,o >0 R

2: Initialize 3y 9 < Alg, buo < 0, Oy < 0 for all w € V, and UCB g, , < 1 for all
u,v €V

3: fort=1to 71 do

4:  Choose S; < ORACLE (G,C,q)

5. forueS; do

6: Get pairwise influence feedback y,, ;
T bu,t <~ bu,t—l + quﬂf

8: Yut ¢ Sui-1+0 2XXT

9: §u7t — 0'722;1[)%,5

100 Gy Projpgy | Busx) + clxollgr |, Vo €V
11: foru¢S, do ’
12: bu,t = bu,t—l

13: Eu,t = Eu,tfl

The inputs to DILinUCB include the network topology G, the collection of the feasible
sets C, the optimization algorithm ORACLE, the target feature matrix X, and three algo-
rithm parameters ¢, A\, 0 > 0. The parameter A is a regularization parameter, whereas o is
proportional to the noise in the observations and hence controls the learning rate. For each
source node u € V and round ¢, we define the Gram matrix 3, € RAxd and b, € R as
the vector summarizing the past propagations from u. The vector /H\W is the source weight
estimate for node u at round ¢. The mean reachability probability from u to v is given by
@u,t,xv), whereas its variance is given as HXUHE;; = \/xfE;%xU. Note that ¥, and b,
are sufficient statistics for computing UCB estimates g, , for all v € V. The parameter ¢
trades off the mean and the standard deviation in the UCB estimates and thus controls the
“degree of optimism” of the algorithm.

All the Gram matrices are initialized to Al;, where I; denotes the d-dimensional identity
matrix whereas the vectors b, ¢ and 6, are set to d-dimensional all-zeros vectors. At each
round ¢, DILinUCB first uses the existing UCB estimates to compute the seed set S; based on
the given oracle ORACLE (line 4 of Algorithm 3). Then, it observes the pairwise reachability
vector y,, , for all the selected seeds in S;. The vector y,, is an n-dimensional column

vector such that y, ,(v) = 1 ({u},v, D(w;)) indicating whether node v is reachable from
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the source u at round ¢. Finally, for each of the K selected seeds u € S;, DILinUCB updates
the sufficient statistics (lines 7 and 8 of Algorithm 3) and the UCB estimates (line 10 of

Algorithm 3). Here, Projy 4[] projects a real number onto the [0, 1] interval.

2.4.5 Regret Bound

In this section, we derive a regret bound for DILinUCB, under (1) Assumption 1, (2) perfect
linear generalization i.e. ¢u., = (0;,%,) for all u,v € V, and (3) the assumption that
||xy[l2 < 1 for all v € V. Notice that (2) is the standard assumption for linear bandit
analysis (Dani et al., 2008), and (3) can always be satisfied by rescaling the target features.

Our regret bound is stated below:
Theorem 3. For any A\, > 0, any feature matriz X, any a-approrimation oracle ORACLE,
and any ¢ satisfying

1 nT .
c> J\/dnlog <1 + 02)\d> + 2log (n2T) + ﬁglg\)}( 165 |2, (2.15)

if we apply DILinUCB with input (ORACLE, X, c, A\, 0), then its pa-scaled cumulative regret
18 upper-bounded as

2 dKTlog (1 + -2L; 1
RP(T) < 25t og (1+ f“f’z) +=. (2.16)
pa Mlog (1 + W) P

For the tabular case X = I, we obtain a tighter bound

2 KTlog (1+ +55) 1
RP(T) < S8 o (1+ 302) ¥ (2.17)
P Alog (1 + W) P

Recall that p specifies the quality of the surrogate approximation. Notice that if we
choose A\ = 0 = 1, and choose ¢ such that the inequality in 2.15 is tight, then our regret
bound is O(n2dvKT/(ap)) for general feature matrix X, and O(n25vKT/(ap)) in the
tabular case. Here the O hides log factors. We now briefly discuss the tightness of our
regret bounds. First, note that the O(1/p) factor is due to the surrogate objective approx-
imation discussed in Section 2.4.1, and the O(1/«) factor is due to the fact that ORACLE is

an a-approximation algorithm. Second, note that the 5(\/?)—dependence on time is near-
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optimal, and the 5(\/? )-dependence on the cardinality of the seed sets is standard in the
combinatorial semi-bandit literature (Kveton et al., 2015d). Third, for general X, notice
that the 6(d)—dependence on feature dimension is standard in linear bandit literature (Dani
et al., 2008; Wen et al., 2015b). To explain the O(n?) factor in this case, notice that one
O(n) factor is due to the magnitude of the reward (the reward is from 0 to n, rather than 0
to 1), whereas one 6(\/5) factor is due to the statistical dependence of the pairwise reach-
abilities. Assuming statistical independence between these reachabilities (similar to Chen
et al. (2016b)), we can shave off this 6(\/71) factor. However, this assumption is unrealistic
in practice. Another 5(\/5) is due to the fact that we learn one #;, for each source node
u (i.e. there is no generalization across the source nodes). Finally, for the tabular case
X =1, the dependence on d no longer exists, but there is another 5(\/5) factor due to the

fact that there is no generalization across target nodes.
We conclude this section by sketching the proof for Theorem 3 (the detailed proof is
available in Appendix A.5 and Appendix A.6). We define the “good event” as

F =A% (Bui1 = 0)| < clxullgr Va0 eV, t < T},

and the “bad event” F as the complement of F. We then decompose the pa-scaled regret
RP(T) over F and F, and obtain the following inequality:

Reo(T) < E{z S el

t=1 ueS; veV

where P(F) is the probability of F. The regret bounds in Theorem 3 are derived based
T .
on worst-case bounds on Y 3, Y7 s D,y ||561,||2;L1 (Appendix A.5.2), and a bound on

P(F) based on the “self-normalized bound for matrix-valued martingales” developed in
Appendix A.6.

2.4.6 Practical Implementation

In this section, we briefly discuss how to implement our proposed algorithm, DILinUCB, in
practical semi-bandit IM problems. Specifically, we will discuss how to construct features
in Section 2.4.6, how to enhance the practical performance of DILinUCB based on Laplacian
regularization in Section 2.4.6, and how to implement DILinUCB efficiently in real-world

problems in Section 2.4.6.
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Target Feature Construction

Although DILinUCB is applicable with any target feature matrix X, in practice, its per-
formance is highly dependent on the “quality” of X. In this subsection, we motivate and
propose a systematic feature construction approach based on the unweighted Laplacian
matrix of the network topology G. For all u € V, let g, € R be the vector encoding the
reachabilities from the seed u to all the target nodes v € V. Intuitively, ¢, tends to be a
smooth graph function in the sense that target nodes close to each other (e.g., in the same
community) tend to have similar reachabilities from u. From (Belkin et al., 2006; Valko
et al., 2014), we know that a smooth graph function (in this case, the reachability from a
source) can be expressed as a linear combination of eigenvectors of the weighted Laplacian
of the network. In our case, however, the edge weights correspond to influence probabilities
and are unknown. However, we use the above intuition to construct target features based
on the unweighted Laplacian of G. Specifically, for a given d = 1,2, ..., n, we set the feature
matrix X to be the bottom d eigenvectors (associated with the smallest d eigenvalues) of
the unweighted Laplacian of G. Other approaches to construct target features include the
neighbourhood preserving node-level features as described in (Grover and Leskovec, 2016;
Perozzi et al., 2014). We leave the investigation of other feature construction approaches

to future work.

Laplacian Regularization

One limitation of the proposed DILinUCB algorithm is that it does not share information
across the seed nodes u. Specifically, it needs to learn the source node feature 6; for
each source node u independently, which might be inefficient for large-scale IM problems.
Similar to target features, the source features also tend to be smooth in the sense that
0%, — 05, is “small” if nodes u; and up are close to each other in the graph. We use
this idea to design a prior which ties together the source features for different nodes, and
hence transfers information between them. This idea of Laplacian regularization has been
used in multi-task learning (Evgeniou et al., 2005) and for contextual-bandits in (Cesa-

Bianchi et al., 2013; Vaswani et al., 2017b). Specifically, at each round ¢, we compute [9\%,5
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by minimizing the following objective:

t
Oug =argmin [ > > (yuy — X707+ X2 > (10w — Ouoll}

Hu j=1 uesS: (u1,u2)€€

where A2 > 0 is the regularization parameter. Further implementation details for this

Laplacian regularization scheme are provided in Appendix A.3.

Computational Complexity

We now characterize the computational complexity of DILinUCB, and discuss how to imple-
ment it efficiently. Note that at each time ¢, DILinUCB needs to first compute a solution S;
based on ORACLE, and then update the UCBs. Since X, ; is positive semi-definite, the linear
system in line 9 of Algorithm 3 can be solved using conjugate gradient in O(xd?) time, where
k is the number of conjugate gradient iterations. It is straightforward to see the computa-
tional complexity to update the UCBs is O(Knd?). The computational complexity to com-
pute S; is dependent on ORACLE. For the classical setting in which C ={S CV: |S| < K}
and ORACLE is the greedy algorithm, the computational complexity is O(Kn). To speed this
up, we use the idea of lazy evaluations for submodular maximization proposed in (Minoux,
1978; Leskovec et al., 2007).

2.4.7 Experiments

In this section, we first empirically verify the quality of the surrogate objective and then

evaluate the performance of DILinUCB on a real-world dataset.

Empirical Verification of Surrogate Objective

In this subsection, we empirically verify that the proposed surrogate f(S,q) is a good
approximation to the true IM objective f(S). We conduct our tests on random Kronecker
graphs, which are known to capture many properties of real-world social networks (Leskovec
et al., 2010). Specifically, we generate a social network instance (G,D) as follows: we
randomly sample G as a Kronecker graph with n = 256 and sparsity equal to 0.03 (Leskovec
et al., 2005).> We choose D as the IC model and sample each of its influence probabilities

3Based on the sparsity of typical social networks.
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Figure 2.3: Experimental verification of surrogate objective.

independently from the uniform distribution U(0,0.1). Note that this range of influence
probabilities is guided by the empirical evidence in (Goyal et al., 2010; Barbieri et al., 2013).
Note that all the results are averaged over 10 randomly generated instances.

We first numerically estimate the pairwise reachabilities ¢ for each of the 10 instances
based on social network simulation. In a simulation, we randomly sample a seed set S
with cardinality K between 1 and 35, and record the pairwise influence indicator y,,(v)
from each source u € S to each target node v in this simulation. The reachability g, is
estimated by averaging the y,,(v) values across 50k such simulations.

Based on the estimated values of ¢, we compare ]?(S,q) and f(S) as K, the seed set
cardinality, varies from 2 to 35. For each K and each social network instance, we randomly
sample 100 seed sets S with cardinality K. Then, we evaluate ]?(S,q) based on the esti-
mated ¢; and numerically evaluate f(S) by averaging results of 500 influence simulations

(diffusions). For each K, we average both f(S) and f(S, q) across the random seed sets in

each instance as well as across the 10 instances. We plot the average f(S) and f(S,q) as a
function of K in Figure 2.3a. The plot shows that f(S ) is a good lower bound on the true
expected spread f(S), especially for low K.

Finally, we empirically quantify the surrogate approximation factor p. As before, we
vary K from 2 to 35 and average across 10 instances. Let o = 1 —e~!. For each instance and
each K, we first use the estimated ¢ and the greedy algorithm to find an a-approximation

solution g'g to the surrogate problem in Equation 2.14. We then use the state-of-the-art IM
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algorithm (Tang et al., 2014) to compute an c-approximation solution S; to the IM problem
maxs f(S). Since f(S;) > af(S*) (Nemhauser et al., 1978), UB 2 f(S;)/a is an upper
bound on f(S*). From Theorem 2, LB 2 f(S;)/K < f(8*)/K is alower bound on 7(S,q).

We plot the average values (over 10 instances) of f(Sy), f(Sg, q), UB and LB against K in
Figure 2.3b. We observe that the difference in spreads does not increase rapidly with K.
Although p is lower-bounded with %, in practice for all K € [2,35], p > 0‘; E‘;%’)q) > 0.55.
This shows that in practice, our surrogate approximation is reasonable even for large K.

This can be explained as follows: because of the low influence probabilities in real-world
networks, the probability that a node is influenced by a distant (in terms of graph distance)
source node is extremely small and taking the max amongst the source nodes serves as a
good approximation. This justifies the effectiveness of our surrogate approximation for

real-world networks.

Performance of DILinUCB
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Figure 2.4: Comparing DILinUCB and CUCB on the Facebook subgraph with K = 10.

We now demonstrate the performance of variants of the DILinUCB algorithm and com-
pare them with the state of the art. We choose the social network topology G as a subgraph
of the Facebook network available at (Leskovec and Krevl, 2014), which consists of n = 4k
nodes and m = 88k edges. Since the true diffusion model is unavailable, we assume the

diffusion model D is either the independent cascade (IC) model or the linear threshold
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(LT) model, and sample the edge influence probabilities independently from the uniform
distribution U(0,0.1). We also choose T' = 5k rounds.

We compare DILinUCB against the CUCB algorithm (Chen et al., 2016b) in both the
IC model and the LT model, with K = 10. CUCB (referred to as CUCB(K) in plots)
assumes the IC model, edge-level feedback and learns the influence probability for each
edge independently. We demonstrate the performance of three variants of DILinUCB - the
tabular case with X = I, independent estimation for each source node using target features
(Algorithm 3) and Laplacian regularized estimation with target features (Section 2.4.6).
In the subsequent plots, to emphasize the dependence on K and d, these are referred
to as TAB(K), I(K,d) and L(K,d) respectively. We construct features as described in
Section 2.4.6. Similar to spectral clustering (Von Luxburg, 2007), the gap in the eigenvalues
of the unweighted Laplacian can be used to choose the number of eigenvectors d. In our
case, we choose the bottom d = 50 eigenvectors for constructing target features and show
the effect of varying d in the next experiment. Similar to (Gentile et al., 2014), all hyper-
parameters for our algorithm are set using an initial validation set of 500 rounds. The best
validation performance was observed for A = 10~% and ¢ = 1.

We now briefly discuss the performance metrics used in this section. For all S C V and
allt =1,2..., we define r4(S) = >, oy, I (S,v,D(wy)), which is the realized reward at time
t if S is chosen at that time. One performance metric is the per-step reward. Specifically,

22:1 s
t

in one simulation, the per-step reward at time ¢t is defined as . Another performance
metric is the cumulative regret. Since it is computationally intractable to derive §*, our
regret is measured with respect to Sj, the a-approximation solution. In each simulation,
the cumulative regret at round ¢ is defined as R(t) = Y.'_; [75(8;) — 7s(Ss)]. All the
subsequent results are averaged across 5 independent simulations.

Figures 2.4a and 2.4b show the cumulative regret when the underlying diffusion model
is IC and LT, respectively. We have the following observations: (i) As compared to CUCB,
the cumulative regret increases at a slower rate for all variants of DILinUCB, under both the
IC and LT models, and for both the tabular case and the case with features. (ii) Exploiting
target features (linear generalization) in DILinUCB leads to a much smaller cumulative
regret. (iii) CUCB is not robust to model misspecification: it has a near linear cumulative
regret under LT model. (iv) Laplacian regularization has little effect on the cumulative
regret in these two cases. These observations clearly demonstrate the two main advantages

of DILinUCB: it is both statistically efficient and robust to diffusion model misspecification.
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Figure 2.5: Effects of varying d or K.

To explain (iv), we argue that the current combination of 7', K, d and n results in sufficient
feedback for independent estimation to perform well and hence it is difficult to observe
any additional benefit of Laplacian regularization. We provide additional evidence for this
argument in the next experiment.

In Figure 2.5a, we quantify the effect of varying d when the underlying diffusion model
is IC and make the following observations: (i) The cumulative regret for both d = 10 and
d = 100 is higher than that for d = 50. (ii) Laplacian regularization leads to observably
lower cumulative regret when d = 100. Observation (iii) implies that d = 10 does not
provide enough expressive power for linear generalization across the nodes of the network,
whereas it is relatively difficult to estimate 100-dimensional 6}, vectors within 5k rounds.
Observation (iv) implies that tying source node estimates together imposes an additional
bias which becomes important while learning higher dimensional coefficients. This shows
the potential benefit of using Laplacian regularization for larger networks, where we will
need higher d for linear generalization across nodes. We obtain similar results under the
LT model.

In Figures 2.5b and 2.5c, we show the effect of varying K on the per-step reward. We
compare CUCB and the independent version of our algorithm when the underlying model
is IC and LT. We make the following observations: (i) For both IC and LT, the per-step
reward for all methods increases with K. (ii) For the IC model, the per-step reward for
our algorithm is higher than CUCB when K = {5,10,20}, but the difference in the two
spreads decreases with K. For K = 50, CUCB outperforms our algorithm. (iii) For the
LT model, the per-step reward of our algorithm is substantially higher than CUCB for all
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K. Observation (i) is readily explained since both IC and LT are progressive models, and
satisfy Assumption 1. To explain (ii), note that CUCB is correctly specified for the IC model.
As K becomes higher, more edges become active and CUCB observes more feedback. It is
thus able to learn more efficiently, leading to a higher per-step reward compared to our
algorithm when K = 50. Observation (iii) again demonstrates that CUCB is not robust to

diffusion model misspecification, while DILinUCB is.

2.5 Related Work

The IMB problem has been studied in several recent papers (Wang and Chen, 2017; Chen
et al., 2016b; Vaswani et al., 2015; Carpentier and Valko, 2016). In (Chen et al., 2016b),
Chen et al studied it under edge semi-bandit feedback and the IC diffusion model. They
formulated it as a combinatorial multi-armed bandit problem and proposed the CUCB al-
gorithm. However, their bounds on the cumulative regret depend on the reciprocal of the
minimum observation probability of the edges and can be exponentially high. For example,
consider a line graph with m edges where all edge weights are 0.5. Then the minimum
observation probability is 27~!. In contrast, our derived regret bounds are polynomial in
all quantities of interest.

A recent result of Wang and Chen (Wang and Chen, 2017) removes this dependence on
the minimum observation probability in the tabular case. They present a worst-case bound
of (5(nm\/T ), which in the case of a complete graph, improves our result by (5(71) Unlike
us, their analysis does not depend on the structural properties of the network. Moreover,
both Chen et al. (2016a) and Wang and Chen (2017) do not consider generalization across
edges or nodes, and therefore their proposed algorithms are unlikely to be practical for real-
world social networks. Vaswani et al (Vaswani et al., 2015) address the IMB problem under
the more challenging node semi-bandit feedback model but they do not give any theoretical
guarantees. Moreover, all of the above work assumes the independent cascade model of
diffusion. In contrast, we also consider a model-agnostic setting for the IMB problem.

Carpentier and Valko (Carpentier and Valko, 2016) give a minimax optimal algorithm
for IM bandits under a local model of influence where only the immediate neighbours
of a seed node can be influenced. In the related work on networked bandits (Fang and
Tao, 2014), the learner chooses a node and its reward is the sum of the rewards of the

chosen node and its immediate neighbourhood. In (Lei et al., 2015), Lei et alconsider the
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related, but different problem of maximizing the number of unique activated nodes across
multiple rounds. The algorithms do not have theoretical guarantees and do not consider
any generalization model across nodes or edges. Lagrée et al (Lagrée et al., 2017) consider
a persistent extension of IM bandits when some nodes become persistent over the rounds
and no longer yield rewards. Singla et al. (2015) considers the IM setting with additional
observability constraints, where we face a restriction on which nodes we can choose at each
round. This setting is related to the wvolatile multi-armed bandits where the set of possible
arms changes (Bnaya et al., 2013) across rounds.

Furthermore the IMB problem is also a generalization and extension of recent work
on cascading bandits (Kveton et al., 2015a.b), since cascading bandits can be viewed as

variants of online influence maximization problems with special topologies (chains).

2.6 Conclusion and Future Work

In the first part of this chapter, we studied the IMB problem under the independent cas-
cade model and edge semi-bandit feedback. In the second part, we developed a novel
parametrization for IMB that enables our framework to be agnostic to the underlying
model of diffusion. This parametrization allows us to use a weaker model of feedback from
the network, while retaining the ability to learn in a statistically efficient manner. For
each of these settings, we proposed a UCB-based algorithm, analysed it theoretically and
empirically verified its effectiveness.

Our IMB framework can be easily extended to the contextual bandit setting where the
activation probabilities depend on the context of the product being marketed. In the future,
it would be interesting to experiment with alternate bandit algorithms such Thompson
sampling, and feedback models such as the node semi-bandit feedback in Vaswani et al.
(2015). We also plan to conduct an extensive empirical study to test the effectiveness of

the algorithms proposed in this chapter on large real-world datasets.

40



Chapter 3

Content-based Recommendation

In this chapter, we use the contextual bandit framework for content-based recommendation

in the presence of a user-user network.

3.1 Introduction

Let us consider a newly established recommender system that has little or no information
about the preferences of its users. Since it has not collected enough rating data from the
users, it is unable to use traditional collaborative filtering based methods (Su and Khosh-
goftaar, 2009) to infer the users’ preferences in order to make good recommendations. Such
a scenario, known as the cold-start problem in the recommender system (RS) literature, is
especially common for newly formed E-commerce or social media companies. One approach
for addressing this problem is to adopt the bandit framework (Li et al., 2010), wherein the
new system attempts to learn the users’ preferences while simultaneously making recom-
mendations to them.

Let us first map this problem to the generic bandit framework described in Algorithm 1.
In this case, the RS is the agent making decisions about recommendations, the environment
consists of the system’s users and a possible action is recommending an item to a particular
target user. The feedback consists of the rating given by the user to the recommended
product. The agent chooses an item to recommend (SELECT), receives a corresponding
rating from the user (OBSERVE) and revises its estimation of the user’s preferences (UP-

DATE). In this case, exploration consists of recommending items that have not been rated

41



or seen by a particular user in order to better learn their preferences. At the same time,

7

the RS should recommend “relevant” items that will be liked by and elicit higher ratings
from its users and this constitutes exploitation.

Since the number of available items (arms in this case) is large, it is useful to share infor-
mation to quickly infer a user’s preferences for similar items. To model this, we assume that
each item can be described by its content; for example, a set of tags or keywords describing
a news article or a movie. An additional complication in the scenario of personalized news
recommendation or in recommending trending Facebook posts is that the set of available
items is not fixed but changing continuously. To handle these challenges, previous work
in (Li et al., 2010) (Li et al., 2011) makes use of the contextual bandit framework described
in Chapter 1.

However, this framework assumes that users interact with the RS in an isolated man-
ner, when in fact the RS might have an associated social component. This has become
increasingly common and popular sites such as Goodreads, Quora and Facebook are a few
examples where a recommender system has an associated social network of users. Instead of
learning the preferences of the large number of users in isolation, the basic idea is to leverage
the relationships between them in order to facilitate learning with fewer interactions.

A recent approach that leverages a social network of users to improve recommendations
is the gang of bandits (GOB) model (Cesa-Bianchi et al., 2013). In particular, the GOB
model exploits the homophily effect (McPherson et al., 2001) that suggests users with simi-
lar preferences are more likely to form links in a social network. It models the social network
as a graph where the nodes correspond to users and the edges correspond to relationships
(friendship on Facebook or “following” on Twitter). Given this graph, homophily implies
that user preferences vary smoothly across the social graph and tend to be similar for users
connected with each other. This assumption allows us to transfer information between
users implying that we can learn about a user from his or her friends’ ratings. However,
the recommendation algorithm proposed in (Cesa-Bianchi et al., 2013) has a computational
complexity quadratic in the number of nodes and thus can only be used for networks with
a small number of users. Several recent works have tried to improve the scaling of the
GOB model by clustering the users into groups (Gentile et al., 2014; Nguyen and Lauw,
2014), but this approach limits the flexibility of the model and loses the ability to model
individual users’ preferences.

In Section 3.2, we cast the problem in the framework of Gaussian Markov random
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fields (GMRFs). This connection enables us to scale the GOB framework to much larger
graphs, while retaining the ability to model individual users. Specifically, we interpret the
GOB model as the optimization of a Gaussian likelihood on the users’ observed ratings
and interpret the user-user graph as the prior inverse-covariance matrix of a GMRF. From
this perspective, we can efficiently estimate the users’ preferences by performing MAP es-
timation in a GMRF. In Section 3.3, we propose a Thompson sampling algorithm that
exploits the recent sampling-by-perturbation idea from the GMRF literature (Papandreou
and Yuille, 2010) to scale to even larger problems. This idea is fairly general and might
be of independent interest in the efficient implementation of Thompson sampling meth-
ods. We establish regret bounds for Thompson sampling as well as an e-greedy strategy.
Our theoretical bounds show that using the user-user graph can provably lead to a lower
cumulative regret. Experimental results in Section 3.4 indicate that our methods are as
good as or significantly better than approaches which ignore the graph or those that clus-
ter the nodes. Finally, when the graph of users is not available, we propose a heuristic
for learning the graph and user preferences simultaneously in an alternating minimization
framework detailed in Appendix B. We conclude this chapter by surveying the related work

in Section 3.5 and giving some ideas for future research in Section 3.6.

3.2 Scaling up Gang of Bandits

In this section, we first describe the general GOB framework, then discuss the relationship
to GMRFs, and finally show how this leads to more scalable method. In this chapter, Tr(A)
denotes the trace of matrix A, A ® B denotes the Kronecker product of matrices A and B,
I; refers to the d-dimensional identity matrix, and vec(A) is the operation of stacking the

columns of a matrix A into a vector.

3.2.1 Gang of Bandits Framework

Recall that in the contextual bandit framework, a set of features C; = [x14, %2 ... XK 1]
becomes available in each round ¢. In the recommendation setting, the set C; refers to
the features for the available items at round t. These might be features corresponding to
movies released in a particular week, news articles published on a particular day, or trending
stories on Facebook. For ease of notation, when the round is fixed and implied, we use x;

to refer to the feature vector for item j in round ¢. We denote the number of users by n
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and assume that |C;| = K for all ¢. Furthermore, we denote the (unknown) ground-truth
vector of preferences for user i as §f € R%. The user to whom a recommendation is being
made in round t is referred to as the target user and is denoted by i;. *

Given the target user i;, the RS recommends an available item j; € C; to them. The
user i; then provides feedback on the recommended item j; in the form of a rating 7, j,.
Based on this feedback, the estimated preference vector for user i; is updated. In this case,
the cumulative regret measures the loss in recommendation performance due to lack of
knowledge of the users’ preferences. In particular, the expected cumulative regret E[R(T)]

after T rounds is given by:

T
BIR(TY) = 3 | ma 65,7 (65,0 | (3.)
= Lx;eC

We make the following assumptions for our analysis:
Assumption 3. The £5-norms of the true preference vectors and item feature vectors are
bounded from above. Without loss of generality we assume that ||zj||l2 < 1 for all j and
110%|l2 < 1 for all i. Also without loss of generality, we assume that the ratings are in the
range [0, 1].
Assumption 4. The true ratings can be given by a linear model (Li et al., 2010), meaning
that r; j = (07,%;) +n;j for some noise term 1n; ;.

These are standard assumptions in the literature. We denote the history of observations
until round ¢ as Hy—1 = {(4r, j7, 74, j, ) }r=1,2.-t—1 and the union of the set of available items
until round ¢ along with their corresponding features as C;_.
Assumption 5. The noisen; j is conditionally sub-Gaussian (Agrawal and Goyal, 2012b)(Cesa-
Bianchi et al., 2013) with zero mean and bounded variance, meaning that E[n; ; | C,—1,Hy—] =
0 and that there exists a ¢ > 0 such that for all v € R, we have Elexp(yn; ;) | Hi—1, Ci—1] <
exp(T5).

This assumption implies that for all i and j, the conditional mean is given by E[r; ;|Cy—1, Hy—1] =
(07,x;) and that the conditional variance satisfies V[r; j|C;—1, H;—1] < o2

In the GOB framework, we assume access to a (fixed) graph G = (V,€) of users in

the form of a social network (or a “trust graph”). Here, the nodes V correspond to users,

Throughout the paper, we assume there is only a single target user per round. It is straightforward
extend our results to multiple target users.
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whereas the edges £ correspond to friendships or trust relationships. The homophily effect
implies that the true user preferences vary smoothly across the graph, so we expect the
preferences of users connected in the graph to be close to each other. Specifically, we make
the following assumption:

Assumption 6. The true user preferences vary smoothly according to the given graph, in

the sense that we have a small value of the quantity

> e, — 6512

(il,iz)eg

In other words, we assume that the graph acts as a correctly-specified prior on the
users’ true preferences. Note that this assumption implies that nodes in dense subgraphs
will have a higher similarity than those in sparse subgraphs (since they will have a larger
number of neighbours).

This assumption can be violated in some datasets. For example, in our experiments we
consider one dataset in which the available graph is imperfect, in that user preferences do not
seem to vary smoothly across all graph edges. Intuitively, we might think that transferring
information between users might be harmful in this case (compared to ignoring the graph
structure). However, in our experiments, we observe that even in these cases, the GOB
approach still lead to results as good as ignoring the graph.

The GOB model in (Cesa-Bianchi et al., 2013) solves a contextual bandit problem
for each user, where the mean vectors in the different problems are related according to
the Laplacian of the graph. If A is the adjacency matrix for the graph G and D is the
diagonal matrix of node degrees in the graph, then the normalized Laplacian L = I; —
D~Y2AD~Y2 In practice, to ensure invertibility, we add the identity matrix I,, to the
normalized Laplacian.

Let 0;; be the preference vector estimate for user ¢ at round ¢. Let 6; and 6" € Rdn
(respectively) be the concatenation of the vectors 6;; and 6 across all users. Note that
Assumption 6 implies that the term 6"(L ® I;)0 should be small. The GOB model thus

solves the following regression problem to estimate the mean preference vector at round ¢,

0; = argmin [Z Z (05, x1) — 7)) + MN(L @ I,)0], (3.2)
0 i=1 kEM;,
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where M, ; is the set of items rated by user 7 up to round t.

The first term is a data-fitting term and models the observed ratings. The second term is
the Laplacian regularization equal to }; jce All6i: — 0;+|3. This term models smoothness
across the graph and A > 0 is a tunable hyper-parameter that controls the strength of this
regularization. Note that the same objective function has also been explored for graph-

regularized multi-task learning in (Evgeniou and Pontil, 2004).

3.2.2 Connection to GMRFs

Unfortunately, for the approach proposed in (Cesa-Bianchi et al., 2013), solving Equa-
tion 3.2 has a computational complexity of O(d?n?). To solve it more efficiently, we now
show that the above optimization problem can be interpreted as performing MAP estima-
tion in a GMRF. This will allow us to apply the GOB model to much larger datasets, and
lead to an even more scalable algorithm based on Thompson sampling (Section 3.3).

Consider the following generative model for the ratings r; ; and the user preference
vectors 6;,

rij ~N({0:,%x5),0%), 0~N(O,AL® ;).

This GMRF model assumes that the ratings 7; ; are independent given 6; and x;, which
is the standard regression assumption. Under this assumption, the first term in Equa-
tion 3.2 is equal to the negative log-likelihood for all of the observed ratings r; at time ¢,
log P(ry | 0,%¢,0), up to an additive constant and assuming o = 1. Similarly, the negative
log-prior P(6 | A, L) in this model gives the second term in Equation 3.2 (again, up to an
additive constant that does not depend on 6). Thus, by Bayes rule minimizing the objective
in Equation 3.2 is equivalent to maximizing the posterior in this GMRF model.

To characterize the posterior, it is helpful to introduce the notation ¢;; € R to
represent the “global” feature vector corresponding to recommending item j to user 7. In
particular, let ¢, ; be the concatenation of n d-dimensional vectors where the ith vector
is equal to x; and the others are zero. The rows of the ¢t x dn dimensional matrix ®;
correspond to these “global” features for all the recommendations made until time ¢. Under
this notation, the posterior p(@ | ry, 6, ®;) is given by a N (6, Et_l) distribution with 3; =
0—12<I>tT(I>t +AML®1I;) and 0, = U%Efbt with by = ®/r;. We can view the approach in (Cesa-
Bianchi et al., 2013) as explicitly constructing the dense dn x dn matrix X, ! leading to an

O(d?n?) memory requirement. A new recommendation at round ¢ is thus equivalent to a
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rank-1 update to ¥, and even with the Sherman-Morrison formula this leads to an O(d?n?)

time requirement in each iteration.

3.2.3 Scalability

Rather than treating ¥; as a general matrix, we propose to exploit its structure to scale up
the GOB framework to problems where n is very large. In particular, solving Equation 3.2
corresponds to finding the mean vector of the GMRF, which corresponds to solving the
linear system 3,0 = b;. Since ¥ is positive-definite, the linear system can be solved
using conjugate gradient (Hestenes and Stiefel, 1952). Conjugate gradient notably does
not require ¥, !, but instead uses matrix-vector products v = (®] ®;)v + ML @ I4)v for
vectors v € R, Note that ®] ®; is block diagonal and has only O(nd?) non-zeroes. Hence,
®J®;v can be computed in O(nd?) time. For computing (L ® I;)v, we use the fact that
(BT ® A)v = vec(AV B), where V is an n X d matrix such that vec(V') = v. This implies
(L ® I;)v can be written as VLT which can be computed in O(d - nnz(L)) time, where
nnz(L) is the number of non-zeroes in L and is equal to the number of edges in the graph.
This approach thus has a memory requirement of O(nd? + nnz(L)) and a time complexity
of O(k(nd?+d-nnz(L))) per mean estimation. Here, x is the number of conjugate gradient
iterations which depends on the condition number of the matrix (we used warm-starting by
the solution in the previous round for our experiments, which meant that x = 5 was enough
for convergence). Thus, the algorithm scales linearly in n and in the number of edges of
the network (which tends to be linear in n due to the sparsity of social relationships). This

enables us to scale to large networks, of the order of 50K nodes and millions of edges.

3.3 Alternative Bandit Algorithms

The above structure can be used to speed up the mean estimation for any algorithm in
the GOB framework. However, the LINUCB-like algorithm in (Cesa-Bianchi et al., 2013)
needs to estimate the confidence intervals \/¢£j2t_ ld)i’j for each available item j in the set
C;. Using the above scalability idea, estimating these requires O(|C¢|k(nd? + d - nnz(L)))
time since we need solve the linear system with |C¢| right-hand sides, one for each available
item. But this becomes impractical when the number of available items in each round is
large.

We propose two approaches for mitigating this: first, in this section we adapt the Epoch-
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greedy (Langford and Zhang, 2008) algorithm to the GOB framework. We also propose a
GOB variant of Thompson sampling (Li et al., 2010) and further exploit the connection to
GMRFs to scale it to even larger problems by using the recent sampling-by-perturbation
trick (Papandreou and Yuille, 2010). This GMRF connection and scalability trick might

be of independent interest for Thompson sampling in other large-scale problems.

3.3.1 Epoch-Greedy
Epoch-greedy (Langford and Zhang, 2008) is a variant of the popular e-greedy algorithm

that explicitly differentiates between exploration and exploitation rounds. In this case, an
“exploration” round consists of recommending a random item from C; to the target user
it. The feedback from these exploration rounds is used to learn 6*. An “exploitation”
round consists of choosing the available item ]At which maximizes the expected rating, j; =
argmax;.c, /O\,STQSZ-M-. Epoch-greedy proceeds in epochs, where each epoch ¢ consists of 1
exploration round and s, exploitation rounds.

Scalability: The time complexity for Epoch-Greedy is dominated by the exploitation
rounds that require computing the mean and estimating the expected rating for all the
available items. Given the mean vector, this estimation takes O(d|C;|) time. The overall
time complexity per exploitation round is thus O(k(nd? + d - nnz(L)) + d|Cy|).

Regret: We assume that we incur a maximum regret of 1 in an exploration round,
whereas the regret incurred in an exploitation round depends on how well we have learned
0*. The attainable regret is thus proportional to the generalization error for the class
of hypothesis functions mapping the context vector to an expected rating (Langford and
Zhang, 2008). In our case, the class of hypotheses is a set of linear functions (one for each
user) with Laplacian regularization. We characterize the generalization error in the GOB
framework in terms of its Rademacher complexity (Maurer, 2006), and use this to bound
the expected regret. For ease of exposition in the regret bounds, we suppress the factors
that don’t depend on either n, L, A or T. The complete bound is stated in Appendix B.
Theorem 4. Under the additional assumption that (a) ||0¢||2 < 1 for all rounds t and that
(b) the regularization parameter X\ is a constant that can not depend on the horizon T, the

expected regret obtained by epoch-greedy in the GOB framework is given as:

=0 (e () : ri)
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Proof Sketch. Let H be the class of valid hypotheses of linear functions (the preference
vector for each user i) coupled with Laplacian regularization (because of the network struc-
ture). Let Err(q,H) be the generalization error for H after obtaining ¢ unbiased samples
in the exploration rounds. We adapt Corollary 3.1 from (Langford and Zhang, 2008) to our
context:

Lemma 1. If s, = ETT(qu)J and Qr is the smallest QQ such that QQ + 25:1 sq > T, the

regret obtained by Epoch-Greedy can be bounded as R(T) < 2Qr.
We use the result in (Maurer, 2006) to bound the generalization error of our class of

hypotheses in terms of its empirical Rademacher complexity 7%3 (H). With probability 1—4,

Err(q,H) < RMH) + 1/ 91’“2(2/5) (3.3)

Using Theorem 2 in (Maurer, 2006) and Theorem 12 from (Bartlett and Mendelson, 2003),

we obtain

~ 2 [12Tr(LY)
Ry < —/—. 3.4
) < [P (3.4

Using (3.3) and (3.4) we obtain
- 91In(2/9
{2 12Tr(L1)/A + / 2/0) )}

Err(q,H) < 3.5
(¢, H) NG (3.5)
The theorem follows from (3.5) along with Lemma 1. O

Note that this theorem assumes that preference vectors 6 are smooth according to the

given graph structure. The effect of the graph in the regret bound is reflected through

1 . Tr(L™1)
the term Tr(L~"). For a connected graph, we have the following upper-bound —— <

(1-1/n)
v
The value v, represents the algebraic connectivity of the graph (Fiedler, 1973). For a more

‘s hi Tr(L~Y)
connected graph, 12 is higher, the value of ——

+ % (Maurer, 2006). Here, 15 is the second smallest eigenvalue of the Laplacian.

is lower, resulting in a smaller regret.

Note that although this result leads to a sub-optimal dependence on T’ (T% instead of T%),
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our experiments incorporate a small modification that gives similar performance to the

more-expensive algorithm in (Cesa-Bianchi et al., 2013).

3.3.2 Thompson sampling
A common alternative to LINUCB and Epoch-Greedy is Thompson sampling (TS). In this

case, each iteration TS uses a sample gt from the posterior distribution at round ¢, gt ~
N6, 27 1). It then selects the item based on the obtained sample, j; = arg max,.c, gthbZ T
We show below that the GMRF connection makes TS scalable, but unlike Epoch-Greedy
it also achieves the optimal regret.

Scalability: The conventional approach for sampling from a multivariate Gaussian
posterior involves forming the Cholesky factorization of the posterior covariance matrix.
But in the GOB model the posterior covariance matrix is a dn-dimensional matrix where the
fill-in from the Cholesky factorization can lead to a computational complexity of O(d?n?). In
order to implement Thompson sampling for large networks, we adapt the recent sampling-
by-perturbation approach (Papandreou and Yuille, 2010) to our setting, and this allows
us to sample from a Gaussian prior and then solve a linear system to sample from the
posterior.

Let 50 be a sample from the prior distribution and let r; be the perturbed (with standard
normal noise) rating vector at round ¢, meaning that ¥y = ry +y; for y; ~ N(0,1;). In

order to obtain a sample §t from the posterior, we can solve the linear system
5.0, = (L @ 1;)0 + 7 Ty (3.6)

Let S be the Cholesky factor of L so that L = SST. Note that L® Iy = (S® I)(S® I)T.
If z ~ N(0, I4,), we can obtain a sample from the prior by solving (S ® Id)gg = z. Since
S tends to be sparse (using for example (Davis, 2005; Kyng and Sachdeva, 2016)), this
equation can be solved efficiently using conjugate gradient. We can pre-compute and store
S and thus obtain a sample from the prior in time O(d-nnz(L)). Using that ® 1, = b;+®]y,
in (3.6) and simplifying we obtain

S40; = (L ® 13)00 + by 4+ Ty (3.7)

As before, this system can be solved efficiently using conjugate gradient. Note that solv-
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ing (3.7) results in an exact sample from the dn-dimensional posterior. Computing ®} y;
has a time complexity of O(dt). Thus, this approach is faster than the original GOB frame-
work whenever ¢ < dn?. Since we focus on the case of large graphs, this condition will tend
to hold in our setting.

We now describe an alternative method for constructing the right side of Equation 3.7
that doesn’t depend on ¢. Observe that computing ®7 y; is equivalent to sampling from the
distribution A/ (0, ®] ®;). To sample from this distribution, we maintain the Cholesky factor
P, of <I>tT<I>t. Recall that the matrix <I>tT<I>t is block diagonal (one block for every user) for
all rounds ¢. Hence, its Cholesky factor P; also has a block diagonal structure and requires
O(nd?) storage. In each round, we make a recommendation to a single user and thus make
a rank-1 update to only one d x d block of P;. This is an order O(d?) operation. Once
we have an updated P;, sampling from N(0, ®] ®;) and constructing the right side of (3.7)
is an O(nd?) operation. The per-round computational complexity for our TS approach is
thus O(min{nd?,dt} + d - nnz(L)) for forming the right side in (3.7), O(nd* + d - nnz(L))
for solving the linear system in (3.7) as well as for computing the mean, and O(d - |C;|) for
selecting the item. Thus, our proposed approach has a complexity linear in the number of
nodes and edges and can scale to large networks.

Regret: To analyze the regret with TS, observe that TS in the GOB framework is
equivalent to solving a single dn-dimensional contextual bandit problem, but with a mod-
ified prior covariance equal to (AL ® I;)~! instead of Iy,. We obtain the result below by
following a similar argument to Theorem 1 in (Agrawal and Goyal, 2012b). The main chal-
lenge in the proof is to make use of the available graph to bound the variance of the arms.
We first state the result and then sketch the main differences from the original proof.
Theorem 5. Under the following additional technical assumptions: (a) log(K) < (dn —
1)In(2), (b) A < dn, and (c) log (W) <log(KT)log(T/é), with probability 1 — 9§, the

regret obtained by Thompson Sampling in the GOB framework is given as:

~ [ dnVT 3Tr(L-1)  Te(L-H)T
R(T):O< iy \/Iog< " + dnZo? ))

Proof Sketch. To make the notation cleaner, for the round ¢ and target user ¢; under con-

sideration, we use j to index the available items. Let the index of the optimal item at
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round ¢ be j; whereas the index of the item chosen by our algorithm is denoted j;. Let

st(j) be the standard deviation in the estimated rating of item j at round ¢. It is given as

5¢(j) = \/(i)T M 1(1)] Further, let [, = \/dn log <3+t/)‘dn) + v/3X\. Let EX(t) be the event

such that for all j,

E(1) (01 bj) — (07,7 < lisu(j)

We first prove that, for § € (0,1), p(E#(t)) > 1 — 6.

Define g; = +/4log(tK)p; + Iy, where p; = 1/9dlog (£). Let v = ﬁ. Given that
the event £#(t) holds with high probability, we follow an argument similar to Lemma 4

of (Agrawal and Goyal, 2012b) and obtain the following bound:
T T
3 . 2 1 6
< ﬂzst(gtwﬂz + 29T T n2/s (3.8)
7= 7= v

To bound the variance of the selected items, Zthl st(jt), we extend the analysis in (Dani
et al., 2008; Wen et al., 2015b) to include the prior covariance term. We thus obtain the

following inequality:

d L—l) T
ZSt]t ) < VdnT x Clog >+log<3+2>
pt Adno

where C' = ——1 . Substituting this into (3.8) completes the proof. O
Alog(1+ﬁ)

Note that this theorem assumes that preference vectors 6 are smooth according to
the given graph structure, implying that the Laplacian term serves as a correctly speci-
fied prior. Also, observe that since n is large in our case, assumption (a) for the above
theorem is reasonable. Assumptions (b) and (c) define the upper and lower bounds on
the regularization parameter A. Similar to Epoch-greedy, transferring information across
the graph reduces the regret by a factor dependent on Tr(L~'). Note that compared to
epoch-greedy, the regret bound for Thompson sampling has a worse dependence on n, but
its O(v/T) dependence on T is optimal. If L = Iy,, we match the O(dny/T) regret bound
for a dn-dimensional contextual bandit problem (Abbasi-Yadkori et al., 2011). Note that

we have a dependence on d and n similar to the original GOB paper (Cesa-Bianchi et al.,
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2013) and that this method performs similarly in practice in terms of regret. However, as

will see, our algorithm is much faster.

3.4 Experiments

3.4.1 Experimental Setup

Data: We first test the scalability of various algorithms using synthetic data and then
evaluate their regret performance on two real datasets. For synthetic data we generate
random d-dimensional context vectors and ground-truth user preferences, and generate
the ratings according to the linear model. We generated a random Kronecker graph with
sparsity 0.005 (which is approximately equal to the sparsity of our real datasets). It is well
known that such graphs capture many properties of real-world social networks (Leskovec
et al., 2010).

For the real data, we use the Last.fm and Delicious datasets which are available as part
of the HetRec 2011 workshop. Last.fm is a music streaming website where each item corre-
sponds to a music artist and the dataset consists of the set of artists each user has listened
to. The associated social network consists of 1.8K users (nodes) and 12.7K friendship re-
lations (edges). Delicious is a social bookmarking website, where an item corresponds to a
particular URL and the dataset consists of the set of websites bookmarked by each user. Its
corresponding social network consists of 1.8K users and 7.6K user-user relations. Similar
to (Cesa-Bianchi et al., 2013), we use the set of associated tags to construct the TF-IDF
vector for each item and reduce the dimension of these vectors to d = 25. An artist (or
URL) that a user has listened to (or has bookmarked) is said to be “liked” by the user.
In each round, we select a target user uniformly at random and make the set C; consist of
25 randomly chosen items such that there is at least 1 item liked by the target user. An
item liked by the target user is assigned a reward of 1 whereas other items are assigned a
zero reward. We use a total of T' = 50 thousand recommendation rounds and average our
results across 3 runs.

Algorithms: We denote our graph-based epoch-greedy and Thompson sampling algo-
rithms as G-EG and G-TS, respectively. For epoch-greedy, although the analysis suggests
that we update the preference estimates only in the exploration rounds, we observed better

performance by updating the preference vectors in all rounds (we use this variant in our
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experiments). We use 10% of the total number of rounds for exploration, and we “exploit”
in the remaining rounds. Similar to (Gentile et al., 2014), all hyper-parameters are set
using an initial validation set of 5 thousand rounds. The best validation performance was
observed for A = 0.01 and ¢ = 1. To control the amount of exploration for Thompson
sampling, we the use posterior reshaping trick (Chapelle and Li, 2011) which reduces the

variance of the posterior by a factor of 0.01.

|Runtime ys Number of nod¢ |

10°

:8-chan ,)‘ B—EGfIND
2| = LINUCB-IND 2| = LINUCB-IND
10 X TS-IND 10 TS-IND
/ —¥=G-EG *® =¥ =G-EG
)( == GOBLIN++ ' == GOBLIN++
\ G-Ts N / G-TS
10t /7 == CLUB 10! =y CLUB
x F o7 =TT = = GOBLIN £ =3 = GOBLIN

Runtime vs Dimensio L

-
A

100 -

Runtime (in s/iter)

Runtime (in s/iter)

._,
N
1

-

o
°
|

0 0.5 1 15 2 2.5 3 3.5 0 100 200 300 400 500
Number of nodes x10% Dimension

(a) (b)

Figure 3.1: Synthetic network: Runtime (in seconds/iteration) vs (a) Number of
nodes (b) Dimension

Baselines: We consider two variants of graph-based UCB-style algorithms: GOBLIN
is the method proposed in the original GOB paper (Cesa-Bianchi et al., 2013) while we use
GOBLIN++ to refer to a variant that exploits the fast mean estimation strategy we develop
in Section 3.2.3. Similar to (Cesa-Bianchi et al., 2013), for both variants we discount the
confidence bound term by a factor of o = 0.01.

We also include baselines which ignore the graph structure and make recommendations
by solving independent linear contextual bandit problems for each user. We consider 3
variants of this baseline: the LINUCB-IND proposed in (Li et al., 2010), an epoch-greedy
variant of this approach (EG-IND), and a Thompson sampling variant (TS-IND). We also
compared to a baseline that does no personalization and simply considers a single bandit
problem across all users (LINUCB-SIN). Finally, we compared against the state-of-the-
art online clustering-based approach proposed in (Gentile et al., 2014), denoted CLUB.
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Figure 3.2: Regret Minimization

This method starts with a fully connected graph and iteratively deletes edges from the
graph based on UCB estimates. CLUB considers each connected component of this graph
as a cluster and maintains one preference vector for all the users belonging to a cluster.
Following the original work, we make CLUB scalable by generating a random Erdos-Renyi
graph G, with p = 31(’%.2 In all, we compare our proposed algorithms G-EG and G-TS

with 7 reasonable baseline methods.

3.4.2 Results

Scalability: We first evaluate the scalability of the various algorithms with respect to
the number of network nodes n. Figure 3.1a shows the runtime in seconds/iteration when
we fix d = 25 and vary the size of the network from 16 thousand to 33 thousand nodes.
Compared to GOBLIN, our proposed GOBLIN-++ is more efficient in terms of both time
(almost 2 orders of magnitude faster) and memory. Indeed, the existing GOBLIN method
runs out of memory even on very small networks and thus we do not plot it for larger
networks. Further, our proposed G-EG and G-TS methods scale even more gracefully in
the number of nodes and are much faster than GOBLIN++ (although not as fast as the

2We reimplemented CLUB. Note that one of the datasets from our experiments was also used in that
work and we obtain similar performance to that reported in the original paper.
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clustering-based CLUB or methods that ignore the graph).

We next consider scalability with respect to d. Figure 3.1b fixes n = 1024 and varies d
from 10 to 500. In this figure it is again clear that our proposed GOBLIN++ scales much
better than the original GOBLIN algorithm. The EG and TS variants are again even faster,
and other key findings from this experiment are (i) it was not faster to ignore the graph
and (ii) our proposed G-EG and G-TS methods scale better with d than CLUB.

Regret Minimization: We follow (Gentile et al., 2014) in evaluating recommendation
performance by plotting the ratio of cumulative regret incurred by the algorithm divided
by the regret incurred by a random selection policy. Figure 3.2a plots this measure for the
Last.fm dataset. In this dataset we see that treating the users independently (LINUCB-
IND) takes a long time to drive down the regret (we do not plot EG-IND and TS-IND
as they had similar performance) while simply aggregating across users (LINUCB-SIN)
performs well initially (but eventually stops making progress). We see that the approaches
exploiting the graph help learn the user preferences faster than the independent approach
and we note that on this dataset our proposed G-TS method performed similar to or slightly
better than the state of the art CLUB algorithm.

Figure 3.2b/shows performance on the Delicious dataset. On this dataset personalization
is more important and we see that the independent method (LINUCB-IND) outperforms the
non-personalized (LINUCB-SIN) approach. The need for personalization in this dataset also
leads to worse performance of the clustering-based CLUB method, which is outperformed
by all methods that model individual users. On this dataset the advantage of using the
graph is less clear, as the graph-based methods perform similar to the independent method.
Thus, these two experiments suggest that (i) the scalable graph-based methods do no worse
than ignoring the graph in cases where the graph is not helpful and (ii) the scalable graph-
based methods can do significantly better on datasets where the graph is helpful. Similarly,
when user preferences naturally form clusters our proposed methods perform similarly to
CLUB, whereas on datasets where individual preferences are important our methods are

significantly better.

3.5 Related Work

Social Regularization: Using social information to improve recommendations was first

introduced by Ma et al. (Ma et al., 2011). They used matrix factorization to fit existing
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rating data but constrained a user’s latent vector to be similar to their friends in the social
network. Other methods based on collaborative filtering followed (Rao et al., 2015; Delporte
et al., 2013), but these works assume that we already have rating data available. Thus,
these methods do not address the exploration-exploitation trade-off faced by a new RS that
we consider.

Several graph-based methods to model dependencies between the users have been ex-
plored in the (non-contextual) multi-armed bandit framework (Caron et al., 2012; Mannor
and Shamir, 2011; Alon et al., 2014; Maillard and Mannor, 2014), but the GOB model
of Cesa-Bianchi et al. (Cesa-Bianchi et al., 2013) is the first to exploit the network be-
tween users in the contextual bandit framework. They proposed a UCB-style algorithm
and showed that using the graph leads to lower regret from both a theoretical and prac-
tical standpoint. However, their algorithm has a time complexity that is quadratic in the
number of users. This makes it infeasible for typical RS that have tens of thousands (or
even millions) of users.

To scale up the GOB model, several recent works propose to cluster the users and assume
that users in the same cluster have the same preferences (Gentile et al., 2014; Nguyen and
Lauw, 2014). But this solution loses the ability to model individual users’ preferences,
and indeed our experiments indicate that in some applications clustering significantly hurts
performance. In contrast, we want to scale up the original GOB model that learns more
fine-grained information in the form of a preference-vector specific to each user.

Another interesting approach to relax the clustering assumption is to cluster both items
and users (Li et al., 2016), but this only applies if we have a fixed set of items. Some works
consider item-item similarities to improve recommendations (Valko et al., 2014; Kocak et al.,
2014), but this again requires a fixed set of items while we are interested in RS where the set
of items may constantly be changing. There has also been work on solving a single bandit
problem in a distributed fashion (Korda et al., 2016), but this differs from our approach
where we are solving an individual bandit problem on each of the n nodes. Finally, we
note that all of the existing graph-based works consider relatively small RS datasets (~ 1k

users), while our proposed algorithms can scale to much larger RS.
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3.6 Discussion

This work draws a connection between the GOB framework and GMRFSs, and uses this to
scale up the existing GOB model to much larger graphs. We also proposed and analyzed
Thompson sampling and epoch-greedy variants. Our experiments on recommender systems
datasets indicate that the Thompson sampling approach in particular is much more scalable
than existing GOB methods, obtains theoretically optimal regret, and performs similar to
or better than other existing scalable approaches.

In many practical scenarios we do not have an explicit graph structure available. In the
appendix, we consider a variant of the GOB model where we use L1-regularization to learn
the graph on the fly. Our experiments there show that this approach works similarly to or
much better than approaches which use the fixed graph structure. It would be interesting

to explore the theoretical properties of this approach.
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Chapter 4
Bootstrapping for Bandits

In the previous chapters, we have seen the effectiveness of the linear bandit framework
for recommender systems and social networks. However, applications with rich structured
data such as images or text require modelling complex non-linear feature-reward map-
pings. For example, each product (arm) in a recommender system might be associated
with an unstructured text review that is useful to infer the arm’s expected reward. The
common bandit algorithms studied in the literature are not effective or efficient in these
complex settings. In this chapter, we propose a bootstrapping based approach to address

the exploration-exploitation trade-off for complex non-linear models.

4.1 Introduction

We first highlight the difficulties of the common bandit algorithms in addressing the exploration-
exploitation trade-off for non-linear feature-reward mappings. As explained in Chapter 1,
the e-greedy (EG) algorithm is simple to implement and can be directly used with any non-
linear function from feature to rewards. However, its performance heavily relies on choosing
the right exploration parameter and the strategy for annealing it. The Optimism-in-the-
Face-of-Uncertainty (OFU) based strategies are statistically optimal and computationally
efficient in the bandit (Auer et al., 2002) and linear bandit (Abbasi-Yadkori et al., 2011)
settings. However, in the non-linear setting, we can construct only approximate confidence
sets (Filippi et al., 2010b; Li et al., 2017; Zhang et al., 2016; Jun et al., 2017) that re-

sult in over-conservative uncertainty estimates (Filippi et al., 2010b) and consequently in
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worse empirical performance. Similarly, Thompson sampling (TS), which requires drawing
a sample from the Bayesian posterior is computationally efficient when we have a closed-
form posterior like in the case of Bernoulli or Gaussian rewards. For reward distributions
beyond those admitting conjugate priors or for complex non-linear feature-reward map-
pings, it is not possible to have a closed form posterior or obtain exact samples from it.
In these cases, we need to resort to computationally-expensive approximate sampling tech-
niques (Riquelme et al., 2018).

To address the above difficulties, bootstrapping (Efron, 1992) has been used in the
bandit (Baransi et al., 2014; Eckles and Kaptein, 2014), contextual bandit (Tang et al.,
2015a; McNellis et al., 2017) and deep reinforcement learning (Osband and Van Roy, 2015;
Osband et al., 2016) settings. This previous work uses the classic non-parametric boot-
strapping procedure (detailed in Section 4.3.1) as an approximation to TS. As opposed
to maintaining the entire posterior distribution for TS, bootstrapping requires computing
only point-estimates (such as the maximum likelihood estimator). Bootstrapping thus has
two major advantages over other existing strategies: (i) Unlike OFU and TS, it is simple
to implement and does not require designing problem-specific confidence sets or efficient
sampling algorithms. (ii) Unlike EG, it is not overly sensitive to hyper-parameter tuning.

In spite of its advantages and good empirical performance, bootstrapping for bandits is
not well understood theoretically, even under special settings such as the K-armed bandit
problem with Bernoulli or Gaussian rewards. Indeed, to the best of our knowledge, McNel-
lis et al. (2017) is the only work that attempts to theoretically analyze the non-parametric
bootstrapping (referred to as NPB) procedure. For the bandit setting with Bernoulli re-
wards and a Beta prior (henceforth referred to as the Bernoulli bandit setting), they prove
that both TS and NPB will take similar actions as the number of rounds increases. However,
they do not provide any explicit regret bounds for NPB.

In this chapter, we first show that the NPB procedure used in the previous work can
be provably inefficient in the Bernoulli bandit setting (Section 4.3.2). In particular, we
establish a near-linear lower bound on the incurred regret. In Section 4.3.3, we show that
NPB with an appropriate amount of forced exploration, typically done in practice in (Mc-
Nellis et al., 2017; Tang et al., 2015a), can result in a sub-linear upper bound on the regret,
which nevertheless remains suboptimal. As an alternative to NPB, we propose the weighted
bootstrapping (abbreviated as WB) procedure. For Bernoulli (or more generally categori-

cal) rewards, we prove that WB with multiplicative exponential weights is mathematically
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equivalent to TS and thus results in near-optimal regret. Note that this connection was
made independently in the earlier work of Osband and Van Roy (2015). However, unlike
us, they do not experimentally evaluate the effectiveness of the weighted bootstrapping
algorithm in the bandit setting. Moreover, we also show that for Gaussian rewards, WB
with additive Gaussian weights is equivalent to TS with an uninformative prior and also
attains near-optimal regret.

In Section 4.5, we first experimentally compare the performance of WB, NPB and TS in
the the multi-armed bandit setting. We show that for several reward distributions on [0, 1],
WB (and NPB) outperforms a modified TS procedure proposed in (Agrawal and Goyal,
2013b). In the contextual bandit setting, we experimentally evaluate the bootstrapping
procedures with several parametric models and real-world datasets. In this setting, we
give practical guidelines for making computationally efficient updates to the model and for
initializing the bootstrapping procedure.

For computational efficiency, prior work (Eckles and Kaptein, 2014; McNellis et al.,
2017; Tang et al., 2015a) approximated the bootstrapping procedure by making incremen-
tal updates to an ensemble of models. Such an approximation requires additional hyper-
parameter tuning, such as choosing the size of the ensemble; or problem-specific heuristics,
for example McNellis et al. (2017) use a lazy update procedure specific to decision trees.
In contrast, we find that with appropriate stochastic optimization, bootstrapping (with-
out any approximation) for parametric models is computationally efficient and simple to
implement.

Another design decision involves the initialization of the bootstrapping procedure. Prior
work (Eckles and Kaptein, 2014; McNellis et al., 2017; Tang et al., 2015a) uses forced
exploration at the beginning of bootstrapping. For this, the work in (Eckles and Kaptein,
2014) uses pseudo-examples in order to simulate a Beta prior before starting the NPB
procedure for the MAB problem. In the contextual bandit setting, both McNellis et al.
(2017); Tang et al. (2015a) initialize the bootstrapping procedure by pulling each arm a
minimum number of times or by generating a “sufficient” number of pseudo-examples. It
is not clear how to generate pseudo-examples in this setting; for example, McNellis et al.
(2017) recommend using features of the context vector in the first round for generating the
pseudo-examples. However, we observe that such a procedure results in under-exploration
and worse performance.

In Section 4.5, we propose a simple method for generating such examples. We empir-
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ically validate that both NPB and WB in conjunction with this initialization results in
consistently good performance. Our contributions result in a simple and efficient imple-
mentation of the bootstrapping procedure that has theoretical guarantees in the simple

Bernoulli and Gaussian MAB setting.

4.2 Background

In this section, we give the necessary background on bootstrapping and then explain its

adaptation to bandits in Section 4.2.2.

4.2.1 Bootstrapping

Bootstrapping is typically used to obtain uncertainty estimates for a model fit to data.
The general bootstrapping procedure consists of two steps: (i) Formulate a bootstrapping
log-likelihood function Z(H, Z) by injecting stochasticity into the log-likelihood function £(-)

via the random variable Z such that Ez [E(G, Z)] = L(#). (ii) Given Z = z, generate a

bootstrap sample 0 as: 0 € arg maxg Z(G, z). In the offline setting (Friedman et al., 2001),
these steps are repeated B (usually B = 10%) times to obtain the set {6%,62,...65}. The
variance of these samples is then used to estimate the uncertainty in the model parameters
9. Unlike a Bayesian approach that requires characterizing the entire posterior distribution
in order to compute uncertainty estimates, bootstrapping only requires computing point-
estimates (maximizers of the bootstrapped log-likelihood functions). In Sections 4.3 and 4.4,

we discuss two specific bootstrapping procedures.

4.2.2 Bootstrapping for Bandits

Algorithm 4 Bootstrapping for contextual bandits
1: Input: K arms, Model class m
2: Initialize history: Vj € [K], D; = {}
3: fort=1to T do
4: Observe context vector x; _
For all j, compute bootstrap sample 6; (According to Sections 4.3 and 4.4)

Select arm: jy = arg max;e (g m(x¢, 6;)
Observe reward r;
Update history: Dj, = D;, U {x¢, ¢}
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In the bandit setting, the work in (Eckles and Kaptein, 2014; Tang et al., 2015a; McNellis
et al., 2017) uses bootstrapping as an approximation to Thompson sampling (TS). The
basic idea is to compute one bootstrap sample and treat it as a sample from an underlying
posterior distribution in order to emulate TS. In Algorithm 4, we describe the procedure
for the contextual bandit setting. At every round ¢, the set D; consists of the features and
observations obtained on pulling arm j in the previous rounds. The algorithm (in line 5)
uses the set D; to compute a bootstrap sample 5] for each arm j. Given the bootstrap
sample for each arm, the algorithm (similar to T'S) selects the arm j; maximizing the reward
conditioned on this bootstrap sample (line 6). After obtaining the observation (line 7), the
algorithm updates the set of observations for the selected arm (line 8). In the subsequent
sections, we instantiate the procedures for generating the bootstrap sample 5] and analyze

the performance of the algorithm in these settings.

4.3 Non-parametric Bootstrapping

We first describe the non-parametric bootstrapping (NPB) procedure in Section 4.3.1. We
show that NPB used in conjunction with Algorithm 4 (Eckles and Kaptein, 2014) can be
provably inefficient and establish a near-linear lower bound on the regret incurred by it in
the Bernoulli bandit setting (Section 4.3.2). In Section 4.3.3, we show that NPB with an

appropriate amount of forced exploration can result in an O(T' 2/ 3) regret in this setting.

4.3.1 Procedure

In order to construct the bootstrap sample 5] in Algorithm 4, we first construct a new
dataset 5j by sampling with replacement, |D;| points from the set D;. The bootstrapped
log-likelihood is equal to the log-likelihood of observing ZSj. Formally,

L(0) =" log [P(yiz:,0)] (4.1)
i€D;

The bootstrap sample is computed as 5] € argmaxy 5(0) Observe that the sampling
with replacement procedure is the source of randomness for the bootstrapping and that
E[D;] = D;.

For the special case of Bernoulli rewards without features, a common practice is to
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use Laplace smoothing where we generate positive (1) or negative (0) pseudo-ezamples to
be used in addition to the observed rewards. Laplace smoothing is associated with two
non-negative integers ayg, By, where o (and fp) is the pseudo-count, equal to the number
of positive (or negative) pseudo-examples. These pseudo-counts are used to “simulate” the
prior distribution Beta(ag, o). For the NPB procedure with Bernoulli rewards, generating
gj is equivalent to sampling from a Binomial distribution Bin(n,p) where n = |D;| and the
success probability p is equal to the fraction of positive observations in D;. Formally, if the

number of positive observations in D; is equal to «, then

. oy + ~ A
A~Bino(n+ao+pp, — 2T ) apd §i=— 2 42
in <n ” ﬁonm%) nd G (42)

4.3.2 Inefficiency of Non-Parametric Bootstrapping

In this subsection, we formally show that Algorithm 4 used with NPB might lead to an
Q(T7) regret with ~ arbitrarily close to 1. Specifically, we consider a simple 2-arm bandit
setting, where at each round ¢, the reward of arm 1 is independently drawn from a Bernoulli
distribution with mean p1 = 1/2, and the reward of arm 2 is deterministic and equal to
1/4. Furthermore, we assume that the agent knows the deterministic reward of arm 2,
but not the mean reward for arm 1. Notice that this case is simpler than the standard
two-arm Bernoulli bandit setting, in the sense that the agent also knows the reward of arm
2. Observe that if 51 is a bootstrap sample for arm 1 (obtained according to equation 4.2),
then the arm 1 is selected if 6; > 1 /4. Under this setting, we prove the following lower
bound:

Theorem 6. If the NPB procedure is used in the above-described case with pseudo-counts
(oo, Bo) = (1,1) for arm 1, then for any v € (0,1) and any T > exp {% exp (%)}, we
obtain

T

32

Proof. Please refer to Appendix C.1 for the detailed proof of Theorem 6. It is proved

E[R(T)] > =Q(T').

based on a binomial tail bound (Proposition 2) and uses the following observation: un-
der a “bad history”, where at round 7 NPB has pulled arm 1 for m times, but all of
these m pulls have resulted in a reward 0, NPB will pull arm 1 with probability less
than exp (—mlog(m)/20) (Lemma 21). Hence, the number of times NPB will pull the
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suboptimal arm 2 before it pulls arm 1 again or reach the end of the T' time steps fol-
lows a “truncated geometric distribution”, whose expected value is bounded in Lemma 22.
Based on Lemma 22, and the fact that the probability of this bad history is 27™, we have
E[R(T)] > 2~ (™+3) min {exp (mlog(m)/20),T/4} in Lemma 23. Theorem 6 is proved by
setting m = [ylog(T)/2]. O

Theorem 6 shows that in the Bernoulli bandit setting, when 7T is large enough, the NPB
procedure used in previous work (Eckles and Kaptein, 2014; Tang et al., 2015a; McNellis
et al., 2017) can incur an expected cumulative regret arbitrarily close to a linear regret
in the order of T. It is straightforward to prove a variant of this lower bound with any
constant (in terms of 7') number of pseudo-examples. Next, we show that NPB with forced

exploration that depends on the horizon T can result in sub-linear regret.

4.3.3 Forced Exploration

In this subsection, we show that NPB, when coupled with an appropriate amount of forced
exploration, can result in sub-linear regret in the Bernoulli bandit setting. In order to force
exploration, we pull each arm m times before starting Algorithm 4. Note that a similar
procedure for forcing exploration is used in the contextual bandit setting in (McNellis et al.,
2017; Tang et al., 2015a). The following theorem shows that for an appropriate value of m,
this strategy can result in an O(TQ/ 3) upper bound on the regret.

. . . . 16log T 3
Theorem 7. In any 2-armed bandit setting, if each arm is initially pulled m = —7

times before starting Algorithm 4, then
E[R(T)] = O(T*?).

Proof. The claim is proved in appendix C.2 based on the following observation: If the gap
of the suboptimal arm is large, the prescribed m steps are sufficient to guarantee that the
bootstrap sample of the optimal arm is higher than that of the suboptimal arm with a high
probability at any round ¢. On the other hand, if the gap of the suboptimal arm is small,

no algorithm can have high regret. O

Although forced exploration is able to remedy the NPB procedure, we can prove only

a sub-optimal regret bound for this strategy. In the next section, we consider a simple
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weighted bootstrapping approach and show that it can lead to a near-optimal regret bound

in the Bernoulli bandit setting.

4.4 Weighted Bootstrapping

In this section, we propose weighted bootstrapping (WB) as an alternative to the non-
parametric bootstrap. We first describe the weighted bootstrapping procedure in Sec-
tion 4.4.1. For the bandit setting with Bernoulli rewards, we show the mathematical
equivalence between WB and TS, hence proving that WB attains near-optimal regret (Sec-
tion 4.4.2).

4.4.1 Procedure

In order to formulate the bootstrapped log-likelihood, we use a random transformation of
the labels in the corresponding log-likelihood function. First, consider the case of Bernoulli
observations where the labels y; € {0,1}. In this case, the log-likelihood function is given
by:

L(0) =" yilog (g ((x:,0))) + (1 = yi) log (1 — g ((xs,6)))

1€D;

where the function g(-) is the inverse-link function. For each observation i, we sample a
random weight w; from an exponential distribution, specifically, for all i € Dj, w; ~ Exp(1).
We use the following transformation of the labels: y; :— w; - y; and (1 —y;) i — w; - (1 — ;).
Since we transform the labels by multiplying them with exponential weights, we refer to
this case as WB with multiplicative exponential weights. Given this transformation, the

bootstrapped log-likelihood function is defined as:

LO) =Y wilyilog(g({xi0)) + (1 —y)log (1 — g ((x;,0))] = > wi-li()  (4.3)

i€D; ) i€D;

Here ¢; is the log-likelihood of observing point i. As before, the bootstrap sample is com-
puted as: é} € argmax, L(6).

In WB, the randomness for bootstrapping is induced by the weights w and that E,,[£(0)] =

L(0). Let us consider a special case, in the absence of features, when g ((x;,0)) = 6 for all
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i. Assuming o positive and [y negative pseudo-counts and denoting n = |D;| , we obtain

the following closed-form expression for computing the bootstrap sample:

Z?:Jrlaowo Wi

Observe that the above transformation procedure extends the domain for the labels from
values in {0,1} to those in R and does not result in a valid probability mass function.
However, this transformation has the following advantages: (i) Using equation 4.3, we can
interpret £(6) as a random re-weighting (by the weights w;) of the observations. This
formulation is equivalent to the weighted likelihood bootstrapping procedure proposed and
proven to be asymptotically consistent in the offline case in (Newton and Raftery, 1994). (ii)
From an implementation perspective, computing 5] involves solving a weighted maximum
likelihood estimation problem. It thus has the same computational complexity as NPB and
can be solved by using black-box optimization routines. (iii) In the next section, we show
that using WB with multiplicative exponential weights has good theoretical properties in
the bandit setting. Furthermore, such a procedure of randomly transforming the labels
lends itself naturally to the Gaussian case and in Appendix C.3.2, we show that WB with

an additive transformation using Gaussian weights is equivalent to TS.

4.4.2 Equivalence to Thompson sampling

We now analyze the theoretical performance of WB in the Bernoulli bandit setting. In
the following proposition proved in appendix C.3.1, we show that WB with multiplicative
exponential weights is equivalent to T'S.
Proposition 1. If the rewards y; ~ Ber(0*), then weighted bootstrapping using the esti-
mator in equation 4.4 results in 5] ~ Beta(a + ag, 8+ Po), where o and 8 is the number
of positive and negative observations respectively; cg and [y are the positive and negative
pseudo-counts. In this case, WB is equivalent to Thompson sampling under the Beta(ayg, Bo)
prior.

Since WB is mathematically equivalent to TS, the bounds in (Agrawal and Goyal,
2013a) imply near-optimal regret for WB in the Bernoulli bandit setting.

In Appendix C.3.1, we show that this equivalence extends to the more general categorical

(with C categories) reward distribution i.e. for y; € {1,...C}. In appendix C.3.2, we prove
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that for Gaussian rewards, WB with additive Gaussian weights, i.e. w; ~ N(0,1) and
using the additive transformation y; :— y; + w;, is equivalent to TS under an uninformative
N (0, 00) prior. Furthermore, this equivalence holds even in the presence of features, i.e. in
the linear bandit case. Using the results in (Agrawal and Goyal, 2013b), this implies that

for Gaussian rewards, WB with additive Gaussian weights achieves near-optimal regret.

4.5 Experiments

In Section 4.5.1, we first compare the empirical performance of bootstrapping and Thomp-
son sampling in the bandit setting. In Section 4.5.2, we describe the experimental setup for
the contextual bandit setting and compare the performance of different algorithms under

different feature-reward mappings.

4.5.1 Bandit setting

We consider K = 10 arms (refer to Appendix C.4 for results with other values of K'), a hori-
zon of T' = 10* rounds and average our results across 10% runs. We perform experiments for
four different reward distributions - Bernoulli, Truncated Normal, Beta and the Triangular
distribution (Kotz and Van Dorp, 2004), all bounded on the [0, 1] interval. In each run and
for each arm j, we choose the expected reward p; (mean of the corresponding distribution)
to be a uniformly distributed random number in [0,1]. For the Truncated-Normal distri-
bution, we choose the standard deviation to be equal to 10~ (we also experimented with
other values of the standard deviation and observed similar trends), whereas for the Beta
distribution, the shape parameters of arm j are chosen to be o = pj and 8 =1 — pj. We
use the Beta(1,1) prior for TS. In order to use TS on distributions other than Bernoulli,
we follow the procedure proposed in (Agrawal and Goyal, 2013a): for a reward in [0, 1]
we flip a coin with the probability of obtaining 1 equal to the reward, resulting in a bi-
nary “pseudo-reward”. This pseudo-reward is then used to update the Beta posterior as
in the Bernoulli case. For NPB and WB, we use the estimators in equations 4.2 and 4.4
respectively. For both of these, we use the pseudo-counts ag = By = 1.

In the Bernoulli case, NPB obtains a higher regret as compared to both TS and WB
which are equivalent. For the other distributions, we observe that both WB and NPB (with
WB resulting in consistently better performance) obtain lower cumulative regret than the

modified TS procedure. This shows that for distributions that do not admit a conjugate

68



Cumulative Regret
pow
Cumulative Regret

— TS 0 — TS
10 —— NPB —— NPB

— WB — WB
0 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
No of rounds No of rounds
(a) Bernoulli (b) Truncated-Normal
140 TS
40 1204 —— NPB
g 100 it
E’Jn éu
o o 80
B 5
=20 2w
El F]
£ £
3, s 3
—— NPB 20
— WB
0 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
No of rounds No of rounds
(c) Beta (d) Triangular

Figure 4.1: Cumulative Regret vs Number of rounds for TS, NPB and WB in a
bandit setting with K = 10 arms for (a) Bernoulli (b) Truncated-Normal (c)
Beta (d) Triangular reward distributions bounded on the [0, 1] interval. WB
results in the best performance in each these experiments.

prior, WB (and NPB) can be directly used and results in good empirical performance as

compared to making modifications to the TS procedure.

4.5.2 Contextual bandit setting

We adopt the one-versus-all multi-class classification setting for evaluating contextual ban-
dits (Agarwal et al., 2014; McNellis et al., 2017; Riquelme et al., 2018). In this setting, arm
k corresponds to class k € [K]. At time ¢, the algorithm observes context vector z; € R%*!
and then pulls an arm. It receives a reward of one if the pulled arm corresponds to the
correct class, and zero otherwise. Each arm maintains an independent set of statistics that
map x; to the observed binary reward. We use four multi-class datasets from (Riquelme
et al., 2018): Statlog (d =9, K =7), CovType (d = 54, K = 7), MNIST(d = 784, K = 10)
and Adult (d = 94, K = 14). We preprocess these datasets by adding a bias term and
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Figure 4.2: Expected per-step reward vs Number of Rounds for (a) Statlog (b) Cov-
Type (c) MNIST (d) Adult datasets. Bootstrapping approaches with linear
regression consistently perform better than LinUCB, LinTS and Linear EG.
Whereas the performance of NPB and WB with non-linear models is close to
or better than that of the corresponding non-linear EG models.

standardizing the feature vectors.

The time horizon is T' = 50000 steps and our results are averaged over 5 runs. We com-
pare the performance of non-parametric bootstrapping (NPB) and weighted bootstrapping
(WB) to LinUCB (Abbasi-Yadkori et al., 2011), linear TS (LinTS) (Agrawal and Goyal,
2013b), e-greedy (EG) (Langford and Zhang, 2008). We also implemented GLM-UCB (Li
et al., 2017). GLM-UCB consistently over-explored and had worse performance that EG
or LinTS. Therefore, we do not report these results. We run EG, NPB and WB with three
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classes of models: linear regression (suffix lin in plots), logistic regression (suffix log in
plots), and a single hidden-layer fully-connected neural network (suffix nn in plots); with
10 hidden neurons for the Statlog, CovType and Adult datasets and with 100 hidden neu-
rons for the MNIST dataset. We experimented with different exploration schedules in EG.
The best performing schedule across all three datasets was e, = b/t, where b is set to achieve
1% exploration in T steps. Note that this gives EG an unfair advantage, since such tuning
cannot be done for a new online problem.

For EG and the bootstrapping approaches, we solve the maximum likelihood estimation
(MLE) problem at each step using stochastic optimization, which is warm-started with the
solution from the previous step. For linear and logistic regression, we optimize until the
error drops below 1073, For neural networks, we make one pass over the dataset at each
step. To ensure that our results do not depend on the specific choice of optimization, we use
publicly available optimization libraries. For linear and logistic regression, we use scikit-
learn (Buitinck et al., 2013) with stochastic optimization and its default options. For neural
networks, we use the Keras library (Chollet, 2015) with the ReLU non-linearity for the
hidden layer and a sigmoid output layer, along with SGD and its default configuration. This
is in contrast to (McNellis et al., 2017; Tang et al., 2015a), who approximate bootstrapping
by maintaining an ensemble of models. Our preliminary experiments suggested that our
procedure yields similar or better solutions than the method proposed in (McNellis et al.,
2017) with a better run time, and yields better solutions than (Tang et al., 2015a) without
any hyper-parameter tuning. We defer these comparison results to Appendix C.4.2. For
both NPB and WB, we use log(7")(~ 4 for the datasets considered) pseudo-examples in all
our experiments. For the features corresponding to the pseudo-examples, we independently
sample each dimension from a standard normal distribution. We generate equal number
of positive (with label 1) and negative pseudo-examples (with label 0). We find this that
choice results in good empirical performance across model-classes and datasets.

Since we compare multiple bandit algorithms and model-classes simultaneously, we use
the expected per-step reward in T steps, EZtT:1 r¢/T, as our performance metric. The
expected per-step reward in all three datasets is reported in 4.2. We observe the following
trends: first, both linear methods, LinTS and LinUCB, perform the worst!. Second, linear
variants of both NPB and WB perform comparably to linear EG on the Statlog, CovType
and MNIST datasets. On the Adult dataset in fig. 4.2d, EG does not explore enough for

1To avoid clutter in the plots, we only plot the better performing method among LinTS and LinUCB.
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Dataset | EG-log | EG-nn | NPB-log | NPB-nn | WB-log | WB-nn
Statlog 0.15 0.11 0.035 0.093 0.032 0.10

CovType | 0.30 0.19 0.062 0.14 0.061 0.14
MNIST 1.8 2.98 0.29 0.77 0.66 0.52
Adult 0.49 - 0.72 - 0.50 -

Table 4.1: Runtime in seconds/round for non-linear variants of EG, NPB and WB.

the relatively larger number of arms. In contrast, both WB and NPB explore enough and
perform well. Third, non-linear variants of EG, NPB and WB typically perform better than
their linear counterparts. The most expressive generalization model, the neural network,
outperforms logistic regression on the Statlog, CovType and MNIST datasets. This shows
that even for relatively simple datasets, like Statlog and CovType, a more expressive non-
linear model can lead to better performance. This effect is more pronounced for the MNIST
dataset in figure 4.2c. Finally, on the Adult dataset, the neural network, which we do not
plot, performs the worst. To investigated this further, we trained a neural network offline
for each arm with all available data. Even in this case, we observed that the neural network
performs worse than linear regression. We conclude that the poor performance is because
of the lack of training data for all the arms, and not because of the lack of exploration.

In order to showcase the computational efficiency of the bootstrapping approaches, we
present the run-times for the non-linear variants of EG, NPB and WB for the four datasets
in Table 4.1.

4.6 Discussion

We showed that the commonly used non-parametric bootstrapping procedure can be prov-
ably inefficient. As an alternative, we proposed the weighted bootstrapping procedure,
special cases of which become equivalent to TS for common reward distributions such as
Bernoulli and Gaussian. On the empirical side, we showed that the WB procedure has bet-
ter performance than a modified T'S scheme for several bounded distributions in the bandit
setting. In the contextual bandit setting, we provided guidelines to make bootstrapping
simple and efficient to implement and showed that non-linear versions of bootstrapping have
good empirical performance. Our work raises several open questions: does bootstrapping

result in near-optimal regret for generalized linear models? Under what assumptions or
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modifications can NPB be shown to have good performance? On the empirical side, evalu-
ating bootstrapping across multiple datasets and comparing it against T'S with approximate

sampling is an important future direction.
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Chapter 5

Discussion

In this thesis, we used the framework of structured bandits to address decision-making
under uncertainty for problems arising primarily in social networks and recommender sys-
tems. In Chapter 2, we addressed the influence maximization problem in social networks.
We shed light on the inherent complexity of the IM bandits problem. Furthermore, we
developed a learning framework that is independent of the underlying model of diffusion.
Our framework ensures that the diffusion model can be learnt efficiently, both from a sta-
tistical and computational point of view. We believe that our framework addresses some
key challenges in making influence maximization practical in the real-world.

Similarly, in Chapter 3, we addressed the problem of using additional network infor-
mation to make better recommendations in the contextual bandit setting. Our proposed
algorithms are able to scale to large-scale real-world problems and have regret guarantees
under reasonable assumptions. We hope that this work provides practical ideas and theo-
retical insight to better incorporate social information for addressing the cold-start problem
in recommender systems.

Finally, in Chapter 4, we attempted to relax the linear bandit assumption made in
the earlier chapters by turning to the classic notion of bootstrapping. We showed that
the common idea of non-parametric bootstrapping for bandit problems can be provably
inefficient and devised a weighted bootstrapping algorithm that has guarantees in simple
yet realistic settings. In our opinion, it is extremely important for the community to be
able to efficiently construct uncertainty estimates and develop principled ways of inducing

exploration with complex machine learning models. We hope that these techniques will have
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wide-spread applications to not only bandits, but also to active learning and reinforcement
learning.

All in all, we strongly believe that by making the right structural assumptions, it is
possible to devise scalable data-driven approaches that not only address important practical
problems, but are also principled from a theoretical point of view. To that end, we discuss
some future extensions of the work presented in this thesis. These are presented on a

chapter by chapter basis as follows:
e Chapter 2

— Alternative diffusion models: We have considered only discrete-time progres-
sive diffusion models in our bandit framework. It will be interesting to quan-
tify the exploration-exploitation trade-off for continuous-time diffusion mod-
els (Gomez Rodriguez et al., 2012; Du et al., 2013) or non-progressive models

where activated nodes can become inactive again (Lou et al., 2014).

— Adaptive IM bandits: It is important to study the effects of interventions
as the diffusion is taking place and adapt the seed-selection to it (Vaswani and
Lakshmanan, 2016; Han et al., 2018). Being able to model such effects brings the
framework of IM bandits closer to reinforcement learning since an intervention
changes the “state” of the diffusion. Such a setting has been recently studied in

the context of point processes (Upadhyay et al., 2018).

— Contextual bandits and feature construction: The proposed IMB frame-
work allows for any set of features that are predictive of the influence proba-
bilities. It can thus be used to model product-specific features (for instance,
topics (Aslay et al., 2014)) as context vectors in a contextual bandit framework
and also allow the probabilities to change across rounds (Bao et al., 2016).
Furthermore, one can exploit the recent advances in graph embeddings (Grover
and Leskovec, 2016; Kipf and Welling, 2016; Hartford et al., 2018) for construct-
ing better features that may results in a lower regret in practice. It might
be possible to learn these embeddings in an end-to-end manner for the precise
task of influence maximization. For the model-independent IMB framework in

Section 2.4, if we can obtain reasonable features for predicting the reachability
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probabilities, we do not even need to know the graph structure. This framework

can also be used to model dynamic graphs changing across the IM attempts.

e Chapter 3

— Theory for learning the graph: In Appendix B, we showed that it is pos-
sible to learn the graph on-the-fly within the bandit framework. An important
direction for future work would be to provide regret guarantees for this scheme

that learns both the user preferences and graph structure simultaneously.

— Semi supervised and Multi-task learning: The HOB framework can be
used beyond content-based recommendation. In particular, it could be useful in
the graph-based semi-supervised learning (Zhu, 2005) or multi-task learning (Ev-
geniou et al., 2005) in the bandit setting.

— Prior misspecification: Our regret guarantees in Chapter 3 assume that the
graph acts as a correctly specified prior, in that the user preferences are smooth
according to the given graph. An important extension of this work would be to
quantify the effect of prior misspecification on the cumulative regret (for example,

using the techniques in (Liu and Li, 2016)).

— User selection: We assume that the target user (to whom recommendations
are made) is chosen randomly in every round. Given a set of prospective users to
which recommendations can be made, is it possible to learn the user preferences
faster by considering interactions between this set of target users? Alternatively,
if some users are “available” for recommendation more often than others, is it

possible to use the graph to learn the preferences for all the users uniformly well?

— Combining with collaborative filtering: An important practical exten-
sion would be to have a systematic procedure for combining our framework
for content-based recommendation with traditional collaborative filtering ap-
proaches, for example using the approaches in (Rao et al., 2015; Gentile et al.,
2017).

e Chapter 4

— Scalability: The computational complexity for the proposed bootstrapping ap-

proaches is linear in the number of observations. An interesting future direction
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would be to exploit techniques such as Bag-of-Little-Bootstraps (Kleiner et al.,
2014) in order to approximate the non-parametric bootstrapping procedure, use
influence functions (Koh and Liang, 2017) in order to quickly estimate the boot-
strap estimator or use techniques for the online estimation of the MLE and still

provide regret guarantees (Jun et al., 2017).

— Provable algorithms for generalized linear models: We showed that the
proposed bootstrapping approaches have provable regret guarantees for the Bernoulli
MAB and linear bandit problems. An important future contribution would be
to show that the bootstrapping approaches can lead to provably better regret
as compared to the UCB or Thompson sampling approaches in the context of

generalized linear models.

— Uncertainty estimates in other applications: We have used bootstrapping
for estimating the uncertainty in order to trade-off exploration and exploitation
in the bandit setting. It will be interesting to use the proposed bootstrapping
approaches and their corresponding uncertainty estimates for active learning or

reinforcement learning (Osband et al., 2016).

e Further extensions: Finally, both the applications in Chapters 2 and 3 can benefit
from using more expressive non-linear models and using the bootstrapping approach
for trading off exploration and exploitation. We leave these extensions as important

practical directions to explore.

Other important future work includes studying the pure-exploration (Bubeck et al.,
2009; Soare et al., 2014; Chen et al., 2014) setting and be able to model safety or

other constraints (Wu et al., 2016; Kazerouni et al., 2017) in our bandit frameworks.
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Appendix A

Supplementary for Chapter 2

A.1 Proof of Theorem 1

In the appendix, we prove a slightly stronger version of Theorem 1, which also uses another
complexity metric F, defined as follows: Assume that the graph G = (V,€) includes m
disconnected subgraphs G, = (V1,&1),G2 = (V2,&2),...,Gm = (Vin, Em), which are in the
descending order based on the number of nodes |&;|’s. We define E, as the number of edges

in the first min{m, K} subgraphs:

min{m,K}
E.= Y & (A1)
i=1
Note that by definition, F, < m. Based on FE,, we have the following slightly stronger
version of Theorem 1.
Theorem 8. Assume that (1) p(e) = xl0* for all e € £ and (2) ORACLE is an («,7)-
approzimation algorithm. Let D be a known upper bound on ||0*||2. If we apply ICLinUCB

with o =1 and

TE,
CZ\/dlog<1+d>+21og(T(n+1—K))+D, (A.2)
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then we have

vy

Rov(T) < 20 \/dTE* log, <1 + Tf*) +1=0 (dc*\/ETT/(m)) . (A.3)

Moreover, if the feature matriz is of the form X =1 € R™*™ (i.e., the tabular case), we

have

2

RV(T) <

zg VTmlog,(1+T)+1= 0 (mc*ﬁ/(a’y)> : (A4)

Since E, < m, Theorem 8 implies Theorem 1. We prove Theorem 8 in the remainder
of this section.

We now define some notation to simplify the exposition throughout this section.
Definition 1. For any source node set S C V, any probability weight function w : € — [0, 1],
and any node v € V, we define f(S,w,v) as the probability that node v is influenced if the
source node set is S and the probability weight function is w.

Notice that by definition, f(S,w) = )", y, f(S,w,v) always holds. Moreover, if v € S,
then f(S,w,v) =1 for any w by the definition of the influence model.

Definition 2. For any round t and any directed edge e € £, we define event
O¢(e) = {edge e is observed at round t}.

Note that by definition, an directed edge e is observed if and only if its start node is

influenced and observed does not necessarily mean that the edge is active.

A.1.1 Proof of Theorem 8

Proof. Let H; be the history (o-algebra) of past observations and actions by the end of

round ¢. By the definition of R}, we have
. 1
E (R |Hi—1] =£(S",p) — ijE[f(St,p)!Ht—l]j (A.5)
where the expectation is over the possible randomness of S;, since ORACLE might be a

randomized algorithm. Notice that the randomness coming from the edge activation is
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already taken care of in the definition of f. For any ¢ < T', we define event &_; as

&1 = {\@(97—1 — 09| < ey/2IM 2., Ve € E, VT < t} , (A.6)

and Et_l as the complement of &_1. Notice that & _1 is H;_i1-measurable. Hence we have

E[R}"] < P(&-1) E[f(S™,p) = f(St;p)/(@)§—1] + P (§-1) [n — K].

Notice that under event &1, p(e) < U(e), Ve € &, for all t < T, thus we have

1
S*.p) < f(S*,Uy) < S, U) < —EI[f(S,U)| Hi1],
f(S™,p) < f( t)_&f%?fo( t)_a,y [f(St, Up)| Hi-1]
where the first inequality follows from the monotonicity of f in the probability weight, and
the last inequality follows from the fact that ORACLE is an («,y)-approximation algorithm.
Thus, we have

P(&-1)

E[R;"] < TWE [f(Se, Up) = f(St,p)[é—1] + P (&) [n — K]. (A.7)

Notice that based on Definition 1, we have

F(S6Un) = f(Sup) = Y (S, Us,v) = £(Sep,v)].

vEV\St

Recall that for a given graph G = (V,€) and a given source node set S C V, we say an edge
e € £ and a node v € V\ S are relevant if there exists a path p from a source node s € S
to v such that (1) e € p and (2) p does not contain another source node other than s. We
use Es, C € to denote the set of edges relevant to node v under the source node set S,
and use Vs, C V to denote the set of nodes connected to at least one edge in s ,. Notice
that Gs 2 (Vs,v,Es,v) is a subgraph of G, and we refer to it as the relevant subgraph
of node v under the source node set S.

Based on the notion of relevant subgraph, we have the following theorem, which bounds
f(Se, Uy, v) — f(S, p,v) by edge-level gaps Uy(e) — p(e) on the observed edges in the relevant
subgraph Gs, ,, for node v;

Theorem 9. For any t, any history Hi—1 and S; such that &_1 holds, and any v € V\ &,
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we have

F(StUnv) = f(Stpv) < > E[1{Ox(e)} [Use) — ple)][Hi-1, S,

eegst v

where Es, ,, is the edge set of the relevant subgraph Gs, .
Please refer to Section A.1.2 for the proof of Theorem 9. Notice that under favorable

event &_1, we have Uy(e) — p(e) < 2¢y/2IM; Yz, for all e € £. Therefore, we have

E[R?”]sj;m_lm S Y Yoo M eg 1| +PE ) - K]

veEV\S; e€€s, v

< ﬁE Z Z I{Ot(e)} l'th__llwe +P (gt—l) [n - K]

| vEV\S; €€Es; v

=2 | S oM X 1ee tsa| +PE) - K]
ecf

veEV\St
2c [ — _
— Q—VE > 1{O04(e)}Ns, e/ 2IM; 7| + P (€,_1) [n — K], (A.8)
Lec&

where Ns, e = > ey\s 1{€ € Es,v} is defined in Equation 2.2. Thus we have

RY(T) < —IE [ZZI{Ot )}Ns, e/ 2TM; L 2,

t=1 ec&

T
= K]Y P(&). (A9
t=1

In the following lemma, we give a worst-case bound on ZZ;I > ece H{Ou(e)}Ns, ey /2IM; Y 2.

Lemma 2. For any round t =1,2,...,T, we have
T T 4+ IE
- dE, log (1 + 575)
> > " 1{Ou(e)}Ns, e/ 2IM, 2 < (Z > 1{Ot(e)}N§t,e> 0 i) '
t=1 ec& t=1 ec& 08 ( 2
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Moreover, if X =1 € R™ ™ then we have

mlo 12
ZZl{Ot }Nste\/mg (ZZI{Ot )}NZ )lolgg((l*))

1
t=1 ec€ t=1 ec€ 2

Please refer to Section A.1.3 for the proof of Lemma 2. Finally, notice that for any ¢,

E > 1{O:(e)}NE,

el

] ZNSte 1{Ot( ) ’St ZNSt ePSte < C*v

ecf ec€

thus taking the expectation over the possibly randomized oracle and Jensen’s inequality,

we get

T T
B ST 1o, | < zﬁlzl{ot >}N§t,e]§ Y-

t=1 ec& ec&
(A.10)
Combining the above with Lemma 2 and (A.9), we obtain
oy 2¢C, [dTE,log (14 LE) ro
RY(T) < g \/ tog (15 % +[n— K] ;IP’ (&-1) - (A.11)
For the special case when X = I, we have
T T
RO(T) < 2;: \/ TZ;O(gl(i ;T) 40— K] ; P ). (A.12)

Finally, we need to bound the failure probability of upper confidence bound being wrong
Zthl P (Et_l). We prove the following bound on P (Et_l):
Lemma 3. For anyt=1,2,...,T, any o > 0, any § € (0,1), and any

1 TE, 1 .
CZU\/dlog<1 - 2>+210g<5>+|]9 |2,

we have P (Et_l) <.
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Please refer to Section A.1.4 for the proof of Lemma 3. From Lemma 3, for a known up-
per bound D on ||6*||2, if we choose 0 = 1 and ¢ > \/d log (14 L&) + 2log (T(n + 1 — K))+

D, which corresponds to § = in Lemma 3, then we have

1
T(n+1-K)

[n—K]> P(§ ) <1

t=1

This concludes the proof of Theorem 8. O

A.1.2 Proof of Theorem 9

Recall that we use Gs,» = (Vs,v,Es,v) to denote the relevant subgraph of node v under
the source node set S;. Since Theorem 9 focuses on the influence from S; to v, and by
definition all the paths from S; to v are in Gs, 4, thus, it is sufficient to restrict to Gs, ,, and
ignore other parts of G in this analysis.

We start by defining some useful notations.

Influence Probability with Removed Nodes: Recall that for any weight function
w : & — [0,1], any source node set S C V and any target node v € V, f(S,w,v) is the
probability that S will influence v under weight w (see Definition 1). We now define a
similar notation for the influence probability with removed nodes. Specifically, for
any disjoint node set V1, Vs C Vs, ,, €V, we define h(Vy, Vo, w) as follows:

e First, we remove nodes Vs, as well as all edges connected to/from Vs, from Gs, ,,, and

obtain a new graph G’.

e h(V1, Vs, w) is the probability that ), will influence the target node v in graph G’
under the weight (activation probability) w(e) for all e € G'.

Obviously, a mathematically equivalent way to define h(Vi, Vs, w) is to define it as the

probability that V; will influence v in Gg, , under a new weight w, defined as

~ { 0 if e is from or to a node in Vs

w(e) otherwise
Note that by definition, f(S,w,v) = h(St, 0, w). Also note that h(Vy, Ve, w) implicitly
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depends on v, but we omit v in this notation to simplify the exposition.

Edge Set £(V1,)V»): For any two disjoint node sets Vi,Vs C Vs, ,, we define the edge set
g(Vl, Vg) as

EWV1, Vo) ={e=(u1,u2) : € € Es, 0, u1 € V1, and ug ¢ Va}.

That is, £(V1,V2) is the set of edges in G, ,, from V; to Vs, , \ Va.

Diffusion Process: Note that under any edge activation realization w(e), e € Es, .,
on the relevant subgraph Gs, ,, we define a finite-length sequence of disjoint node sets
80,8187 as

S0 &8s,
S A {UQ EVs,n: Uz ¢ UL:OST/ and Je = (u1,u2) € €5, 8.t. w1 € S™ and w(e) = 1} ,
(A.13)
V7 =0,...,7 — 1. That is, under the realization w(e), e € &g, v, STt is the set of nodes

directly activated by ST. Specifically, any node us € S7™! satisfies ug ¢ (JI,_, S™ (ie. it
was not activated before), and there exists an activated edge e from S7 to ug (i.e. it is
activated by some node in ™). We define ST as the first node set in the sequence s.t. either
ST =0 or v e ST, and assume this sequence terminates at S7. Note that by definition,
T < |Vs, »| always holds. We refer to each 7 =0,1,...,7 as a diffusion step in this section.

To simplify the exposition, we also define S%7 2 Ul S™ for all 7 > 0 and S%~1 2 (.
Since w is random, (ST)izo is a stochastic process, which we refer to as the diffusion

process. Note that 7 is also random; in particular, it is a stopping time.
Based on the shorthand notations defined above, we have the following lemma for the

diffusion process (ST)jZO under any weight function w:

Lemma 4. For any weight function w : € — [0,1], any step 7 = 0,1,...,7, any S; and
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S%7=1 we have

ifveST
h(S7,8" L w)=¢ 0 ifST=0 ,
E [h (ST‘H,SO:T, w) }(ST,SOZT_l)} otherwise

where the expectation is over ST under weight w. Note that the tuple (S7,S%™1) in the
conditional expectation means that ST is the source node set and nodes in S*™~1 have been

removed.

Proof. Notice that by definition, h (ST,SO:T_I,w) =1ifv eS8 and h (ST,SO’T_l,w) =0
if ST = (). Also note that in these two cases, 7 = 7.

Otherwise, we prove that h (ST,SO:T_I,w) =E [h (STH,SO’T,w)‘(ST,SO‘T_I)]. Recall
that by definition, h (ST, Sor—1 w) is the probability that v will be influenced conditioning
on

source node set 87 and removed node set ST, (A.14)

that is
h(S7,8% 1 w) =E [1 (v is influenced)| (87,87 1)] (A.15)

Let w(e), Ve € £(S™,S8%7) be any possible realization. Now we analyze the probability

that v will be influenced conditioning on
source node set ST, removed node set S*771, and w(e) for all e € £(ST,8%7).  (A.16)

Specifically, conditioning on Equation A.16, we can define a new weight function w’ as

w(e) ifee€ &(S™,8%7)

w(e) = { w(e) otherwise (A.17)

then h (ST,SO‘T_I,w’ ) is the probability that v will be influenced conditioning on Equa-
tion A.16. That is,

h (ST,SOZT_I, w') =E[1(vis inﬂuenced)’(ST,SOZT_l),W(e)Ve € 5(87,5017)] . (A.18)

for any possible realization of w(e), Ve € £(S™,8%7). Notice that on the lefthand of Equa-
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tion A.18, w’ encodes the conditioning on w(e) for all e € £(S7,S"7T) (see Equation A.17).

From here to Equation A.20, we focus on an arbitrary but fixed realization of w(e),
Ve € £(87,8%7) (or equivalently, an arbitrary but fixed w’). Based on the definition of
S7*! conditioning on Equation A.16, St is deterministic and all nodes in S™*! can also

be treated as source nodes. Thus, we have
h (ST’SOZT—].’,LU/) = h (ST U Sﬂ'-l—l’SO:‘r—l7 w/) 7

conditioning on Equation A.16.

On the other hand, conditioning on Equation A.16, we can treat any edge e € £(S7,S%7)
with w(e) = 0 as having been removed. Since nodes in S”7~! have also been removed, and
v ¢ ST, then if there is a path from S7 to v, then it must go through S™*!, and the last
node on the path in S7! must be after the last node on the path in S™ (note that the path
might come back to 8™ for several times). Hence, conditioning on Equation A.16, if nodes
in S7*! are also treated as source nodes, then ST is irrelevant for influence on v and can

be removed. So we have
h (37780:771711)/) —h (ST U ST+1’SO:Tfl’w/) —h (8T+17SO:T,U)) ) (A19)

Note that in the last equation we change the weight function back to w since edges in

E(87,8%7) have been removed. Thus, conditioning on Equation A.16, we have

h (ST+1’SO:77 w) —h (ST’ 80:771’ w/)
=E [1 (v is influenced) |(S7, 8" 1), w(e) Ve € £(S7,8%7)] . (A.20)

Notice again that Equation A.20 holds for any possible realization of w(e), Ve € £(S7, S%7).

Finally, we have

[1 (v is inﬂuenced)‘(ST’ 50;7_1”
[E [1 (U is inﬂuenced)‘(gf, 80:‘1'71)7 W(€> Ye € 8(37’7 SO:T)] ‘(ST, 80:7'71)]
h (ST-l—l’ SO!T’ w)‘(ST’ SO:T—l)] 7 (AZl)

where (a) follows from Equation A.15, (b) follows from the tower rule, and (c) follows from
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Equation A.20. This concludes the proof. ]

Consider two weight functions U,w : € — [0,1] s.t.U(e) > w(e) for all e € £. The
following lemma bounds the difference h (57,80:7_1, U) —h (ST,SOZT_l,w) in a recursive
way.

Lemma 5. For any two weight functions w,U : &€ — [0,1] s.t. U(e) > w(e) for all e € €,

any step T =0,1,...,7, any Sy and S*71, we have
h (87,80:7_1, U) —h (ST7SO:T_1,'LU) =0
if ve ST or 8T =0; and otherwise

h(ST,8" L U) = h (ST, 8" Lw)y < > [Ule) —wle)]
e€E(S7,807)

+E [h (ST+1,SO:T,U) —h (STJrl’SO:T’w)‘(Srjs(J:Tfl)]

where the expectation is over STt under weight w. Recall that the tuple (S™,S%7~1) in the
conditional expectation means that S is the source node set and nodes in S®™~1 have been

removed.
Proof. First, note that if v € 8™ or 8™ = (), then
h (87780:7'—1’ U) —h (ST’SOZT—I’w) =0

follows directly from Lemma 4. Otherwise, to simplify the exposition, we overload the
notation and use w(S7T!) to denote the conditional probability of ST*! conditioning on
(87, 8%~1) under the weight function w, and similarly for U(S™*!). That is

w(ST+1) é Prob [ST+1‘(ST7 80:771); w]
U(S™H) £ Prob [STH(ST,8%7 1), U], (A.22)

where the tuple (S7,8%7~1) in the conditional probability means that ST is the source node
set and nodes in SY7~! have been removed, and w and U after the semicolon indicate the

weight function.
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Then from Lemma 4, we have

h (5‘1'7150:7'717 U Z U STJrl 8T+1 SOT U)
ST+l
h (87780:7‘71711)) — Z w(8T+1)h (ST+1’50:T’ U})

ST7+1

where the sum is over all possible realization of STT1.

Hence we have

h (ST’SOZ’T—l’ U) —h (ST’SOZT—I’w)

= [UETHR (ST, ST, U) — w(STTHR (ST, 80T, w)]
S7+1

— Z [U(ST-H)h (ST+178027" U) _ w(ST—I—l)h (ST+1,SO:T, U)]
ST+1

+ Z 87’—1—1 8T+1,SO:T, U) - ’U)(ST—H)h (ST+1780:T’ w)]
ST+

_ Z [U(87+1) _ w(87+1)] h (ST+1’SOZT, U)
St+1

4 Z S-,—+1 ST+1780:T’ U) —h (ST+17SO:T7U))} , (A23)

ST+1

where the sum in the above equations is also over all the possible realizations of S7*1.

Notice that by definition, we have

E [h (Sﬂ'Jrl’SO:‘r7 U) —h (STJrl’SO:T,w)‘(Srj‘SO:Tfl)] —
> w8 [h(STH, ST U) = h(STHL ST, w)], (A24)

ST+1

where the expectation in the lefthand side is over STt under weight w, or equivalently,
over w(e) for all e € £(S7,8%7) under weight w. Thus, to prove Lemma 5, it is sufficient

to prove that

S UE™) —wS™H A (ST ST U) < Y [Ue) —wle)] (A.25)
ST+1 ec&(87,80:7)
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Notice that

Z [U(ST+1) _ w(8T+1)] h (ST+1780:T’ U)

ST+1

< Z 87-+1 (STJrl)] h (ST+1,SO:T, U) 1 [U<8T+1) > w(87+1)]

ST+1

< Z ST+1 (87'-1-1)] 1 [U(8T+1) > ’UJ(ST—H)]

S‘r+1

é Z ‘U ST+1 ST+1)|, (A26)

57‘+1

where (a) holds since

Z [U(ST+1) - w(ST'H)] h (87‘-’-178027" U) _

ST+1

Z [U(Sr—i-l) _ w(ST"rl)] h (ST"F].’SO:T’ U) 1 [U(ST—H) > ’w(ST—H)]

ST+1
+ Z STJrl (S‘r+1)] h (ST+1?SOZT, U) 1 [U(ST+1) < ’LU(ST+1)] ,
ST+1

and the second term on the righthand side is non-positive. And (b) holds since 0 <
h (ST, 8%, U) <1 by definition. To prove (c), we define shorthand notations

At = Z [U(ST-H) N w(ST—H)] 1 [U(ST+1) > ’LU(ST+1)]

ST+1

AT = Z [U(ST-H) _ 'w(ST—H)] 1 [U(ST+1) < w(8T+1)]

ST+1

Then we have

AT+ A" = [UE™) —w(S™)] =0,

ST7+1
since by definition Y g1 U(S™TH) = 3" -1 w(S™H) = 1. Moreover, we also have
Z }U ST—H ST-‘rl)’

ST+1
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And hence AT = ¥ g1 [U(S™) — w(S7F1)|. Thus, to prove Lemma 5, it is sufficient

to prove

- Z U™ —w(S™[ < Y [Ule) —wle)]. (A.27)

S‘r+1 865‘(57,80:7)

Let w € {0, 1}'5(5T’SOIT)| be an arbitrary edge activation realization for edges in £(S7, S%7).
Also with a little bit abuse of notation, we use w(w) to denote the probability of w under

weight w. Notice that

ww@) = [ wE@¥ L —we) ™,

e€E(ST,80T)

and U(w) is defined similarly. Recall that by definition ST*! is a deterministic function of
source node set S7, removed nodes S7~!, and w. Hence, for any possible realized S™*1,
let W(S™+1) denote the set of w’s that lead to this S™*!, then we have

Us™= > UW) and w@)= > w@)

wEW(S7H1) wEW(S7H1)
Thus, we have

S WE uE =y Y 0 - ()

S7+1 ST+1 WeW(ST+1)

Z Y UMW) —w(w)

37+1 WEW (ST+1)

5 S V) - (@) (A.28)
Finally, we prove that

% YU —w@) < X [U(e) - we) (A.29)

e€E(ST,80:7)

by mathematical induction. Without loss of generality, we order the edges in £(S™,S"7)
as 1,2,...,|8(S7,8%7)|. For any k =1,...,|8(S7,8%7)|, we use Wi € {0,1}* to denote an
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arbitrary edge activation realization for edges 1,..., k. Then, we prove

k
1 ~ ~
5 Z U(Wi) — w(w)| < Zl [U(e) = w(e)] (A.30)
Wi e=
forallk =1,...,|E(S7,S8%7)| by mathematical induction. Notice that when k = 1, we have

(1) —wD]+ |1 =UM) = (1 —w@))]] = UQ) —w(l).

l\D\’—‘

3 I — ()| =

Now assume that the induction hypothesis holds for k, we prove that it also holds for k+ 1.
Note that

1 - - 1 - .

3 D UWkt1) — w(Wipr)] =3 D Uk +1) = w(wg)w(k +1)]

W1 Wi

+[UWe) (1 =U(k+1)) —w(wg)(1 —wlk+1))[]

(2 L D U W)Uk + 1) — w(S)U(k + 1)

+ Jw(wp)U(k + 1) — w(wg)w(k + 1)|
+ UMW) =U(k+1)) —w(wp)(1 - U(k+1))|
+ IUJ(V%)( Uk +1)) —w(wi)(1 —w(k+1))|]

ZUkJrl U (W) — w(Wi)| + w(Wg) Uk +1) — w(k + 1)

+(1- U(k + D)) U(W) —w(wi)| +w(Wi) [U(E+1) —w(k +1)]]

nyka w(Wy)| + Uk +1) —w(k +1)]

S

=
=

M= .Y

[U(e) —w(e)]+ [U(k+1) —w(k+1)]

=l
+ I
—_

[U(e) —w(e)], (A.31)

e=1

where (a) follows from the triangular inequality and (b) follows from the induction hypoth-
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esis. Hence, we have proved Equation A.30 by induction hypothesis. As we have proved

above, this is sufficient to prove Lemma 5. O

Finally, we prove the following lemma:
Lemma 6. For any two weight functions w,U : &€ — [0,1] s.t. U(e) > w(e) for all e € €,

we have

f(8t7 U: ’U) - f(Stv w, U) S E [Zz;(l) eeS(SﬁSOW) [U(e) - w(e)]‘st} ’

where T is the stopping time when ST = () or v € 8™, and the expectation is under the

weight function w.

Proof. Recall that the diffusion process (87)210 is a stochastic process. Note that by defi-
nition, if we treat the pair (S7,8%7~1) as the state of the diffusion process at diffusion step

7, and assume that w(e) ~ Bern (w(e)) are independently sampled for all e € &g, ,, then
the sequence (S?,S%~1), (8%, 8%71), ..., (S7,8%7 1) follows a Markov chain, specifically,

e For any state (S7,8%7 1) s.t. v ¢ S™ and ST # (), its transition probabilities to the
next state (S7H!, S%7) depend on w(e)’s for e € £ (87, 877).

e Any state (§7,8%7 1) s.t. v € 8™ or ST = ) is a terminal state and the state transition
terminates once visiting such a state. Recall that by definition of the stopping time

7, the state transition terminates at 7.

We define h(ST,SO:Tfl,U) — h(ST,SO:Tfl,w) as the “value” at state (S7,S8%71).
Also note that the states in this Markov chain is topologically sortable in the sense that
it will never revisit a state it visits before. Hence, we can compute h (87,80:7*1, U ) —
h (ST, Sor—1 w) via a backward induction from the terminal states, based on a valid topo-

logical order. Thus, from Lemma 5, we have

f(St7 U’U) - f(Stawvv) (g) h(SOa (Da U) - h(Sov @,’LU)

<ED D> [Ue) —w(e)]|s°], (A.32)

=0 665(87,80:7)

where (a) follows from the definition of h, and (b) follows from the backward induction.

Since S = S; by definition, we have proved Lemma, 6. O
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Finally, we prove Theorem 9 based on Lemma 6. Recall that the favorable event at

round ¢ — 1 is defined as

&1 = {\xZ(GT_l —07)| < c\/ach;_ll:re, Vee &, Vr < t} )

Also, based on Algorithm 2, we have
0 <ple) <Ule) < 1L,Ve €.
Thus, from Lemma 6, we have

f(8t7 Ut7 U) - f(St,p,U) S E Ei;(l) eeg(‘S‘T,SO:T) [Ut(e) - p(e)]’StaHt—l] 3

where the expectation is based on the weight function p. Recall that Oy(e) is the event that
edge e is observed at round ¢. Recall that by definition, all edges in £(S™, S"7) are observed
at round ¢ (since they are going out from an influenced node in 87, see Definition 2) and

belong to &s, ,, so we have

71
(S, U, v) — f(S,p,v) < E Z Z [Ui(e) — p(e)]|St, Hi—1

=0 cc€(ST,807)

<E| Y 1(0ue)) [Ui(e) — p(e)]|Se, He1 | - (A.33)

ee&s”,

This completes the proof for Theorem 9.

A.1.3 Proof of Lemma 2

Proof. To simplify the exposition, we define 2z, = \/mgM;flxe forall t =1,2...,T and
all e € £, and use &£ denote the set of edges observed at round t¢. Recall that

1 1
M, =M1+ — > wexf1{0u(e)} = My + = > wex). (A.34)
el ey
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Thus, for all (¢,e) such that e € & (i.e., edge e is observed at round ¢), we have that

1 1 1 _1 1
det [M] > det [Mt_l + Qace:cl} = det [Mf_l (I + M 1a:eac M, 2 > Mf—J

]

_ det [Mt_1]< M 1“) = et [Mt‘l]< ’ ?>

m\»—t

=det [M;_;] det [I+ —M,_ lxe:r: M,

Thus, we have

(det [M]) 1 > (det M1 )) 1 T ( a> .

e€&y

Remark 1. Notice that when the feature matriz X =1, My ’s are always diagonal matrices,

det [My] = det [M; 1] || ( 02 )

ey

and we have

which will lead to a tighter bound in the tabular (X =1) case.
Since 1) det [M;] > det[M;_1] from Equation A.34 and 2) || < E,, where E, is
defined in Equation A.1 and |£7| < E. follows from its definition, we have

(det M) > (det M 1)) ] ( )

U
ec&y

T 2
H Z.

g
t=1e€k&y

1 o 1 o TE
trace (My) = trace | I+ s Z Z zex) | =d+ o Z |zell3 < d+ 02*>
t=1ec&y t=1 ec&?

Therefore, we have

T
(det [M7])™ > (det [Mo])™ [T [] <

t=1e€k&y

since My = I. On the other hand, we have that

where the last inequality follows from the fact that ||z.|l2 < 1 and |£f| < E.. From the
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=

trace-determinant inequality, we have Ytrace (Mr) > [det(My)]4, thus we have

Pe
0'72 ) '
) (A.35)

zt2,e
. 2 T™nNf—1 Tnf—1 2 2 i S 1
Notice that 27, = 2IM, "z, < ]My . = [|zc]|3 < 1, thus we have z7, < a1 %)
52
o

25" [ e 1

t=1ec&y?

Taking the logarithm on the both sides, we have

Z]=r T s (1]

t=1 ec&?

dE, log [

Hence we have

Z2. _ dB.log [1+ TE:]
—_— 1 do- A.

t=1 ec&y t=1 ec&y

Remark 2. When the feature matriz X = I, we have d = m,

det [My] = ﬁH( ;),and mlog[l—i— ] iZglog( 2).

t=1e€f&y

This implies that

T

log [1+ L
Sy a2 < mlog [1+ 5] (A.37)

t=1 ec€? log (1 + %)

since By, < m.

Finally, from Cauchy-Schwarz inequality, we have that

T T
ZZ 1{Ot(€)}N$t,6\/m = Z Z N, e2t,e

t=1 ec& t=1 ec&y

os(1+7) A
og(l+% -

o

!Notice that for any y € [0, 1], we have y < k(y). To see it, notice that k(y) is a strictly

~—

concave function, and k£(0) = 0 and (1) = 1.
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IN

T T

2 2
DIDIR DI DL
t=1 ec&y

t=1 ec&y

— (ZZl{Ot(e)}N‘éJ DY 2R ] (A38)

t=1 ecE t=1 ec&p

Combining this inequality with the above bounds on Y7, ° cce? zf. (see Equations A.36
and A.37), we obtain the statement of the lemma. O

A.1.4 Proof of Lemma 3

Proof. We use £ denote the set of edges observed at round ¢. The first observation is that
we can order edges in £ based on breadth-first search (BFS) from the source nodes S;, as
described in Algorithm 5, where m(S;) is an arbitrary conditionally deterministic order of
S;. We say a node u € V is a downstream neighbor of node v € V if there is a directed edge
(v,u). We also assume that there is a fixed order of downstream neighbors for any node
ve.

Algorithm 5 Breadth-First Sort of Observed Edges
Input: graph G, m(S;), and wy

Initialization: node queue queueN + 7(S;), edge queue queueE « (), dictionary of
influenced nodes dictN + &;

while queueN is not empty do
node v < queueN.dequeue()
for all downstream neighbor u of v do
queueE.enqueue((v, u))
if wi(v,u) == 1 and u ¢ dictN then
queueN.enqueue(u) and dictN <— dictN U {u}

Output: edge queue queueE

Let J; = |&7|. Based on Algorithm 5, we order the observed edges in & as a¥, db, ..., a’; .
t

We start by defining some useful notation. For any ¢t = 1,2,..., any j = 1,2,...,J;, we
define

Mg = Wt(aé) —p(aj)-
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One key observation is that 7; ;’s form a martingale difference sequence (MDS).? Moreover,
nt,;’s are bounded in [—1,1] and hence they are conditionally sub-Gaussian with constant
R = 1. We further define that

t Js
V; =c’M,; = ¢’1 + g g xa;x}, and
J
T=1 j=1
t t

. J. t Jr
Y: :Zzl’a;nm =B — ZZxa;p(aﬁ-) =B - sza;‘m% 0.

=1 j=1 =1 j=1 =1 j=1

As we will see later, we define V; and Y; to use the self-normalized bound developed in
(Abbasi-Yadkori et al., 2011) (see Algorithm 1 of (Abbasi-Yadkori et al., 2011)). Notice
that

t J
— 1 1 1 - 1 .
My = B = SYi+ > Tay Ty 0*:§Yt+[Mt—I]9,
=1 j=1

where the last equality is based on the definition of M,;. Hence we have
n * -1 1 *
0, — 0 = M, {QYt—@ }
o
Thus, for any e € £, we have

_ . 1 N
(e, B, — 0%)| = < el =5 Y = 67l

1
zIM; ! [0214 — 0*]

1 «
el |5Vl + 107

where the first inequality follows from the Cauchy-Schwarz inequality and the second in-
equality follows from the triangle inequality. Notice that ||6*| Mot < ||9*HM51 = ||0*]|2, and
||£Y}HM;1 = %HYtHth (since M; ' = 02V 1), therefore we have

n * 1 *
(e, B — 0%)] < [lwellpg. [U\mnvt-l + 16 M . (A.39)

*Notice that the notion of “time” (or a round) is indexed by the pair (¢, j), and follows the lexicographical
order. Based on Algorithm 5, at the beginning of round (¢, j), a§- is conditionally deterministic and the
conditional mean of w¢(a}) is p(af).
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Notice that the above inequality always holds. We now provide a high-probability bound
on ||Y}||V:1 based on self-normalized bound proved in (Abbasi-Yadkori et al., 2011). From
Theorem 1 of (Abbasi-Yadkori et al., 2011), we know that for any § € (0, 1), with probability

at least 1 — 9, we have

1/2 —1/2
||n||vtlg\/210g<det(vt> CettVo) ) VE=0,1,... .

Notice that det(Vy) = det(c?I) = o). Moreover, from the trace-determinant inequality,

we have

toJ
1 ™ E, TE,
[det(V,)]V/4 < tmced(Vt) — o2 4 y ZZ H%;Hg <o+ % <o+ L
=1 j=1

where the second inequality follows from the assumption that ”va |l < 1 and the fact
Ji = |€7] < E., and the last inequality follows from ¢ < T. Thus, with probability at least

1 — 4, we have

TE, 1
[¥illy;+ < \/cuog (1+ 5 ) +20s(5) ve=o..T-1

That is, with probability at least 1 — §, we have

J\/allog <1+ d02> +2log <5) + |0 Hg]
forallt=0,1,...,7 — 1 and Ve € F.

Recall that by the definition of event &_1, the above inequality implies that, for any

t=1,2,....T,if
1 TE, 1
c> —y|dlog |1+ =—") +2log | = | + [|6%]2,
o do? )

then P(&_1) >1—6. That is, P(§_4) < 6. O

‘<$67§t - 9*>| < H‘/lje”Mf
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A.2 Proof for a Better Lemma 7

In this section, we prove the following lemma, which is an improved version of Lemma 2.
Lemma 7. Under the assumption that ||z.[|3 < L for all e € &, for any round t =
1,2,...,T, we have

- - 9 dlog (1 + %
33 1O (e)} N[ < (ZZl{Ot ()} VS, ) M

t=1 ec& t=1 ec&

Proof. To simplify the exposition, we define 2z, = \/mth__llxe forall t =1,2...,T and
all e € £, and use & denote the set of edges observed at round ¢. Recall that

1 1
M, = Mi + — > weall{0(e)} = My + — > weal. (A.40)
ee& ee&y

Thus, we have

1
det [My] = det [M;_; + 2 ; Tex
ecey

> LRt ARV >
= det | M} | det |T+ M, D wex] | M3 | det M7,

ec&y
1. -1 _1
= det [M;_q]det [T+ M, 3 Z zex, | M % | . (A.41)
g ec&y
t

_1
Let A1,...,Aq be the d eigenvalues of U—IQMtfl <Zeeg§. xeajz) M, _?, since the matrix is

N |=

positive semi-definite, we have Aq,..., Ay > 0. Hence we have

d
det [M;] = det M) [ J(1+ M)
=1

U

(@)
Z det [Mt_ 1]

1+ Z )\i]
=1
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[un

1 =
= det [M;_1] {1+ 7 Z trace [ s A rexlM, 2]
e€&y

1 _
= det [M;_q] |1+ o3 Z 0.Y
ety

1
= det My 1] {1+ — A (A.42)
ey

where (a) follows from the fact that Aj,..., Ay > 0. Recall that My = I, then we have

1
L4 —5 D e

t=1 ec&p

EH

det th

On the other hand, we have

1 o T
trace [My] = d + —QZ ||a:e||2<d+f

for all e € £. Notice

where the last inequality follows from the assumption that ||z |3 < %

that under this assumption, we have

S el < Yl <3 o =

ec&y ec& ecf

Combining the above results, we have

T d d

1 9 trace [Mr] T

tHl 1+ ;Zt’e < det [M7] < [d] < {1+02} .
eccy

Taking the logarithm, we have

dlog(l ) Zlog 1+ 2Zzte

ec&y
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Notice that

PDETED PELVETEED pEV IS DUIALES DT

ey ec& ecl ecf eel

Define auxiliary function x : R — RT as x(y) = log (1 + % ). Notice that (y) is concave
in y, and hence £(y) > log (14 —25) y for y € [0,1]. So we have

dlog(l ) Zlog 1+ Zzte Zﬁ Zzte >log<1—|— >ZZzt€,
ec&y ec&y t=1 ec&y

where the last inequality follows from . €9 z¢. €10,1]. This implies that

T 2 dlog(l

t=1e€&y

Finally, from Cauchy-Schwarz inequality, we have that

T T
ZZ 1{Ot(€)}N$t,e\/m = Z Z Ns,e2te

t=1 ec€ t=1 cegp
T T
2 2
SNEDID DL B DD IE#
t=1 ec&? t=1 ec&?

T T
— (ZZl{O%e)}Niﬁ) SN 2] (A43)

t=1 ec€ t=1 ec&?

Combining this inequality with the above bound on Zt »> zt -, We obtain the state-

ec&p
ment of the lemma.

O

115



A.3 Laplacian Regularization

As explained in section 2.4.6, enforcing Laplacian regularization leads to the following

optimization problem:

t
et = argmln Z Z Yu,j — 0. X + A2 Z Heul - 0’“2”%]
j=1ueS;

(u1,u2)€€E

Here, the first term is the data fitting term, whereas the second term is the Laplacian
regularization terms which enforces smoothness in the source node estimates. This can

optimization problem can be re-written as follows:

9t = arg min [Z Z (Yu,j — 0uX 2y )\QHT(L ® 14)0

=1 ueS;

Here, # € R is the concatenation of the n d-dimensional 6,, vectors and A ® B refers to
the Kronecker product of matrices A and B. Setting the gradient of equation A.44 to zero

results in solving the following linear system:
(XXT @I, + AL ® 150, = b, (A.44)

Here b; corresponds to the concatenation of the n d-dimensional vectors b, ;. This is the
Sylvester equation and there exist sophisticated methods of solving it. For simplicity, we
focus on the special case when the features are derived from the Laplacian eigenvectors
(Section 2.4.6).

Let 8; be a diagonal matrix such that Syu,u refers to the number of times node u has
been selected as the source. Since the Laplacian eigenvectors are orthogonal, when using
Laplacian features, X X7 ® I,, = f ® I;. We thus obtain the following system:

[(B+ AoL) ® 4]0y = by (A.45)

Note that the matrix (5 + A2L) and thus (8 + AoL) ® I is positive semi-definite and can
be solved using conjugate gradient (Hestenes and Stiefel, 1952).
For conjugate gradient, the most expensive operation is the matrix-vector multiplication

(B8 + Ao L)®14]v for an arbitrary vector v. Let vec be an operation that takes a d x n matrix
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and stacks it column-wise converting it into a dn-dimensional vector. Let V refer to the
d X n matrix obtained by partitioning the vector v into columns of V. Given this notation,
we use the property that (BT ® A)v = vec(AV B). This implies that the matrix-vector

multiplication can then be rewritten as follows:
(B+ ML) ® Igv = vee(V (B + ALT)) (A.46)

Since 3 is a diagonal matrix, V3 is an O(dn) operation, whereas VLT is an O(dm)
operation since there are only m non-zeros (corresponding to edges) in the Laplacian matrix.
Hence the complexity of computing the mean 8; is an order O((d(m + n))x) where & is the
number of conjugate gradient iterations. In our experiments, similar to (Vaswani et al.,
2017b), we warm-start with the solution at the previous round and find that x = 5 is
enough for convergence.

Unlike independent estimation where we update the UCB estimates for only the se-
lected nodes, when using Laplacian regularization, the upper confidence values for each
reachability probability need to be recomputed in each round. Once we have an estimate
of 6, calculating the mean estimates for the reachabilities for all u,v requires O(dn?) com-
putation. This is the most expensive step when using Laplacian regularization.

We now describe how to compute the confidence intervals. For this, let D denote the
diagonal of (3 + AoL)~!. The UCB value Zuw,t can then be computed as:

Zu,t = V DunvHQ (A47)

The ¢5 norms for all the target nodes v can be pre-computed. If we maintain the D vector,
the confidence intervals for all pairs can be computed in O(n?) time.

Note that D; requires O(n) storage and can be updated across rounds in O(K) time
using the Sherman Morrison formula. Specifically, if D, ; refers to the ut? element in the

vector D;, then

Du t
— . ifues
Dyy1 = L+ Dug)
D,;, otherwise

Hence, the total complexity of implementing Laplacian regularization is O(dn?). We need

to store the 0 vector, the Laplacian and the diagonal vectors 8 and D. Hence, the total
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memory requirement is O(dn + m).

A.4 Proof of theorem 2

Proof. Theorem 2 can be proved based on the definitions of monotonicity and submodu-
larity. Note that from Assumption 1, for any seed set S € C, any seed node u € S, and any
target node v € V, we have f({u},v) < f(S,v), which implies that

f(S,U,p*) = rileag,(f({u}vv) < f(Sv'U)7

hence

FS8:p7) =Y f(Sv,p") <D F(S,0) = f(S).

veY veEY
This proves the first part of theorem 2.
We now prove the second part of the theorem. First, note that from the first part, we

have

F(8.p%) < F(S) < f(5),

where the first inequality follows from the first part of this theorem, and the second in-
equality follows from the definition of §*. Thus, we have p < 1. To prove that p > 1/K,
we assume that S = {uy,ug,...,ux}, and define Sy = {u1,ug,...,ux} for k=1,2,... K.
Thus, for any S C V with |S| = K, we have

K-1

FS) = 1)+ 3 F(Sken) — FS)

k=1

K K
<D fuh) =323 f{uv)
k=1

k=1vey

< ZKrgggf({U},v) = K J(S,v,p7) = Kf(S,p"),

veY vey

where the first inequality follows from the submodularity of f(-). Thus we have
F(87) < Kf(8"p") < KF(S.p7),
where the second inequality follows from the definition of S. This implies that p > 1/K. O
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A.5 Proof of theorem 3

We start by defining some useful notations. We use H; to denote the “history” by the end
of time ¢. For any node pair (u,v) € ¥V x V and any time t, we define the upper confidence
bound (UCB) Ui(u,v) and the lower confidence bound (LCB) L;(u,v) respectively as

Ui(u,v) = Projjo 1) <<§u,tlyxv> + q/%)

o~

Eifu,0) = Proji (Bu-1.) = ey xS, (A1)

Notice that U; is the same as the UCB estimate § defined in algorithm 3. Moreover, we
define the “good event” F as

F= {|x ( ut—1 — 0] <c\/a:TE 1%y, Yu,v €V, Vt<T} (A.49)

and the “bad event” F as the complement of F.

A.5.1 Regret Decomposition

Recall that the realized scaled regret at time ¢ is R{” = f(S*) — -= f(S;), thus we have
1 (@) 1~ 1 ® 1~ ~ 1 ~
R = (87 = 1180 LTG5~ 1) € SFE) - LFSr), (A0)

where equality (a) follows from the definition of p (i.e. p is defined as p = f(S, p*)/f(S*)),
and inequality (b) follows from f(S;, p*) < f(S;) (see theorem 2). Thus, we have

RP(T

—= T
}+P(pf {Z[ (8.p%) = F(Sip)/a

t=1
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< E{Z[ (S,p") — F(Sup )/a}

t=1

PP,
} St (A.51)

where the last inequality follows from the naive bounds P(F) < 1 and f(S, p*)—f(S;, p*) /o <

n. Notice that under “good” event F, we have
Li(u,v) < pt, = 210" < Up(u,v) (A.52)

for all node pair (u, v) and for all time ¢ < T. Thus, we have f(S, L) < f(S,p*) < f(S,U;)

for all S and ¢t < T under event F. So under event F, we have

~ (@) ~ (b)) ~ ~ (C) (d) ~
F(St.Le) < f(Sep*) < F(S.p%) < (S, Uh) <H1aXf(5 Ui) < f(St,Ut)

for all ¢ < T, where inequalities (a) and (c) follow from (A.52), inequality (b) follows
from S € arg maxgce F(S,p*), and inequality (d) follows from the fact that ORACLE is
an a-approximation algorithm. Specifically, the fact that ORACLE is an a-approximation
algorithm implies that f(St, U) > amaxsec f(S yUp).

Consequently, under event F, we have
~ 5 . 1~ N 1~ 1~
f(S,p%) — af(stap ) < *f(St, Ur) — *f(St,Lt)

— Z [max Ui(u,v) math(u,v)}

u€ESt UES:

< - Z Z Ui (w,v) — Li(u, v)]

vEV UES:

< Z Z %\/ .%Zz;%_ll'v. (A.53)

vEY UES:
So we have

e < 2SS Y o

t=1 ueS; vey

} nT. (A.54)

In the remainder of this section, we will provide a worst-case bound on 23:1 D oues, Dvey
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(see appendix A.5.2) and a bound on the probability of “bad event” P(F) (see appendix A.5.3).

A.5.2 Worst-Case Bound on Y|, > ues, Povey \/ T 1Ty

Notice that

T
NESHETSED 35 SEUMER) SN e s
u€y t=1

vey

T
t=1u

€St veEY

For each u € V, we define K,, = Zthl 1 [u € & as the number of times at which u is chosen
as a source node, then we have the following lemma:

Lemma 8. For all u € V, we have

dnlog (1 + gjé)

)\log 1+ /\02) .

T
Zl[uest]z ¥, 1w, < \/nK\/

Moreover, when X = I, we have

T
nlo 1 +
Zlue&gz xTElle<\/ \/g>‘2)
pot = Aog (1+ 122)
Proof. To simplify the exposition, we use ; to denote ¥, ¢, and define z;, = :L'TEu -1y

for all t < T and all v € V. Recall that

1[u € S 1[u e S
Zt = Zt,l + TXXT = Etfl + 02§}$U$UT
v

Note that if u ¢ S;, ¥¢ = X4—1. If u € S, then for any v € V, we have
1 T
det [X;] > det | X4 + —5 Ty,
1 1 1
= det [Zf_l (I—l— Zt 1:L‘v:n Zt 1> X2 1}

1 1 _1
= det [¥;_1] det [I QEt ATy Etﬂ
o
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g

1 21,
= det [Et—l] <1 -+ szfzt__llxv> = det [Et—l] (1 + t ;7 ) .

Hence, we have

2
det [S)" > det [£,]" [ (1 + Ztg;’”> . (A.55)

veY
Note that the above inequality holds for any X. However, if X = I, then all ¥;’s are

diagonal and we have

det [%] = det [Z;_4] H (1 + z’?‘l’”> . (A.56)

vey

As we will show later, this leads to a tighter regret bound in the tabular (X = I) case.

Let’s continue our analysis for general X. The above results imply that

z152—1,11
nlog (det [X¢]) > nlog (det [Xi—1]) + 1 (u € S) Zlog 1+ =
veV

and hence

T 22
nlog (det [S7]) > nlog (det [So]) + ) 1 (ue Sp) Y log <1 + t_;v>

ag
t=1 veY

T 52
=ndlog(\) + Z 1(ueS Z log (1 + t;’”) . (A.57)

t=1 veY g
On the other hand, we have that

d 1[u € S
Tr[S7] = Tr Eo—i—ZUQtZwvxg]

t=1 veY

T
= Tr %] + Z l[uiezé}] Z Tr [mvaT]

t=1 veY

T

1 [u € St} nky,

:Ad+ZTZHva2§)\d+7, (A.58)
t=1 veY
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where the last inequality follows from the assumption that ||z,| < 1 and the definition of

K,. From the trace-determinant inequality, we have 2 Tr [S7] > det [ET] Thus, we have

dnlog ( nky ) > dnlog (cli Tr [ET]> > nlog (det [X7]) > dn log()\)—i—zT: (ueS) Zlog (1 + =t > .
t=1 veV
That is . ,
tzz; 1(ue St)glog (1 + zt;21,v> < dnlog <1 + ZKZ;)
Notice that 27, = eIy 2, <2Iygte, = HIXHQ < . Moreover, for all y € [0,1/], we

have log (1 + %) > Alog (1 + /\%2) y based on the concavity of log(-). Thus, we have

nk,
/\log(1—|—>\ 2)Zl (u € S) Zzt Mgdnlog(l—i—d/\ 2)

veY

Finally, from Cauchy-Schwarz inequality, we have that

T
Zl UGSt Zztfl,vg Z]_UESt Zzt lw-
t=1

veY veY

Combining the above results, we have

T
Zl(uest)z,zt_l’vg %\/dnlog 1+ d\o 2) (A.59)
t=1

1
= Mog (14 52=)

This concludes the proof for general X. Based on (A.56), the analysis for the tabular

(X = I) case is similar, and we omit the detailed analysis. In the tabular case, we have

T 1 K
Zl UESt Zzt 1v < /n \/M (AGO)
t=1 Ao?

veEV A log o? )

O
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We now develop a worst-case bound. Notice that for general X, we have

dn log 1+"I§“
ZZluGStZ\/fETEu% 120 < ) VK Alog((1+dA3)

uey t=1 veEY u€y

(%)n\/dlog(l—i-d?\gz VR,

Aog (1 + 1) =

g, [ .

)\log( +)\ 2) uey

(o) 3\/dKTlog(

_ d
PV T N (14 1)

), (A.61)

where inequality (a) follows from the naive bound K, < T, inequality (b) follows from
Cauchy-Schwarz inequality, and equality (c) follows from ) ), K\, = KT. Similarly, for

the special case with X = I, we have

N)

nlog (1+ &%) 5 [KTlog(1+ +L;)
1[u€ 8] m< VK, —S xo?)
;; Zew:» - zea:; Mog (1 + 552) Mog (14 55z)

(A.62)

This concludes the derivation of a worst-case bound.

A.5.3 Bound on P (?)

We now derive a bound on P (f) based on the “Self-Normalized Bound for Matrix-Valued
Martingales” developed in appendix A.6 (see theorem 10). Before proceeding, we define F,,
for all u € V as

Fu = {|:L“ ( ut—1 —05,)] <cw/mTE;t 1%y, YU €V, Vt<T} (A.63)

and the F, as the complement of F,. Note that by definition, F = Uuev F.. Hence, we
first develop a bound on P (7u), then we develop a bound on P (.f) based on union bound.
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Lemma 9. Forallu €V, allo,\ >0, all § € (0,1), and all

1 nT 1
> = 1 1 21 - .
c_U\/dn 0g< +a2/\d>+ Og(6>+\/X||0u”2

we have P (.fu) <.

Proof. To simplify the expositions, we omit the subscript u in this proof. For instance,
we use 0%, Y, y; and b; to respectively denote 0, ¥, ¢, yu+ and b, ;. We also use H; to
denote the “history” by the end of time ¢, and hence {#H;};~, is a filtration. Notice that Uy
is H¢—1-adaptive, and hence S; and 1 [u € &] are also H;_1-adaptive. We define

X ifues

0 otherwise

€ R (A.64)

B yi — XT0* ifues
= 0 otherwise

eR® and Xt:{

Note that X; is H;—1-adaptive, and n; is H-adaptive. Moreover, ||7:]|c < 1 always holds,
and E [n|H;—1] = 0. To simplify the expositions, we further define y; = 0 for all ¢ s.t.
u ¢ S;. Note that with this definition, we have 1, = y; — X/ 0* for all t. We further define

t
Vi=no’Sy =no’Al +nY X X[

s=1
t t
Sy =) Xm=> X,[ys— XI0*] =b,— 0[S, — M| 0* (A.65)
s=1 s=1
Thus, we have zt@ =0%by = 0725, + [8; — AI] 0%, which implies
0, — 0" =% [0725, — A7) (A.66)
Consequently, for any v € V, we have

zl (@t - 0*)

= |25 [07280 = 207]| < /2l S o2, — A0

<\Jol= wy [0Sl + 130 51 ] (A.67)

where the first inequality follows from Cauchy-Schwarz inequality and the second inequality
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follows from triangular inequality. Note that [[A0%[|y,-1 = A[|0"[|5,—1 < A[|07[|-1 = V0% 2.

On the other hand, since ¥; ! = na2Vt_1, we have H0'72§t”2t—1 = @Hgt"v—l. Thus, we
t

have
T (@ - 9*) < /2T 1z, [\fustuvtl + ﬁue*u% . (A.68)

From theorem 10, we know with probability at least 1 — ¢, for all ¢t <T', we have

—\1/2 -1/2 — \1/2 —1)2
det (V det (V det (V det (V
I1Sel5-1 < 210g< (V) 5 ) ) < 210g< (V) 5 @) ) :

where V = no?AI. Note that from the trace-determinant inequality, we have

=

Tr [VT] < no2d + nT

det [VT :| S d >~ d 9

where the last inequality follows from Tr [ X, X/'| < n for all . Note that det [V] = [no?)] ‘9
with a little bit algebra, we have

nT 1
— 1 < - <
1Sellg+ < \/dlog <1+ Jgkd> +2log <5> Vi< T

with probability at least 1 — §. Thus, if

1 nT 1 N
c> U\/dnlog (1 + 02)\d> + 2log (5> + V672,

then F, holds with probability at least 1 — §. This concludes the proof of this lemma. [

Hence, from the union bound, we have the following lemma:
Lemma 10. For all o, A >0, all § € (0,1), and all

1 nT n
> = = y :
c_a\/dnlog <1+02/\d>+210g<5)+\r)\g1€a5<\|9u|]2 (A.69)

we have P (?) <.

Proof. This lemma follows directly from the union bound. Note that for all ¢ satisfying

126



Equation A.69, we have P (.fu) < % for all w € V, which implies P (.f) =P (UuEV .Tu) <
ZuEVP (?“) < 0. O
A.5.4 Conclude the Proof
Note that if we choose
> L Jdntog (14 75 ) 4 210g (n27) + VA max 03] (A.70)
2 gyfdnios 1+ 5g ) + 2o (8T + Vgl -

we have P (.T) < % Hence for general X, we have

LCEES103) ) ouvE s

t=1 ueS; veV }

2 dKTlog(Hdm)Jr}_ (AT1)
Alog (1 —I-)\Uz) p

2/\d) + 2log (n2T)+v/Amax,cy |62, this regret bound

is O ("dei VaKT> Similarly, for the special case X = I, we have

Note that with ¢ = %\/dn log (1

2 KTlog (14 +5) 1
RP(T) < Cni\/ o8 {1+ 377) + - (A.72)
P

Note that with ¢ = \/log 1+ 02)\) + 2log (n2T)+vV A maxy,ey |02 < \/log 1+ 2)\) + 2log (n?T)+
Vv An, this regret bound is 9] <"§ VKT)

[0}

A.6 Self-Normalized Bound for Matrix-Valued Martingales

In this section, we derive a “self-normalized bound” for matrix-valued Martingales. This
result is a natural generalization of Theorem 1 in Abbasi-Yadkori et al. (2011).

Theorem 10. (Self-Normalized Bound for Matriz- Valued Martingales) Let {H};-, be a fil-
tration, and {n};2, be a RE -valued Martingale difference sequence with respect to {Hi}52,.
Specifically, for allt, n, is Hy-measurable and satisfies (1) E [ne|He—1] = 0 and (2) ||nt]lco < 1

127



with probability 1 conditioning on Hy—1. Let {X;}:2, be a R*X valued stochastic process
such that Xy is Hi—1 measurable. Assume that V € R4 is q positive-definite matriz. For
any t > 0, define

t t
Vi=V+K Z XX s = szns. (A.73)
s=1 s=1

Then, for any § > 0, with probability at least 1 — §, we have

(A.74)

77\ 1/2 —1/2
det (V det (V
HStHQthl < 2log ( (V1) S ) ) vt > 0.

We first define some useful notations. Similarly as Abbasi-Yadkori et al. (2011), for any
A € R and any t, we define D} as

K
D} = exp (ATth By A||§) , (A.75)

and M} = Hizl D} with convention Mg = 1. Note that both D} and M} are H;-
measurable, and {Mt’\}zo is a supermartingale with respect to the filtration {#},~,. To

see it, notice that conditioning on H;_1, we have
AT Xy = (XN e < X Mhlmelloo < IXT A < VE(X] A2

with probability 1. This implies that AT X, is conditionally v/ K || X \||2-subGaussian.

Thus, we have
K K K
B (D7 1] = B [exp (87 Xom) [ exp (G IXENE) < exp (5 IXEAIE - SIXTAR) 1.

Thus,
E [Mﬁ‘?—[t_l} — M} \E [D?(Ht_l] < M},

So {Mt’\}zo is a supermartingale with respect to the filtration {#;};-,. Then, following
Lemma 8 of Abbasi-Yadkori et al. (2011), we have the following lemma:

Lemma 11. Let 7 be a stopping time with respect to the filtration {H:};2,. Then for any
A€ R4, M2 is almost surely well-defined and E [MTA] <1.
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Proof. First, we argue that M} is almost surely well-defined. By Doob’s convergence
theorem for nonnegative supermartingales, M, g\o = limy_, o M,?‘ is almost surely well-defined.
Hence MT)‘ is indeed well-defined independent of 7 < oo or not. Next, we show that
E [MN < 1. Let Qi‘ = Mé\nn{T,t} be a stopped version of {Mt)‘}zl By Fatou’s Lemma, we

have E [MTA] =FE [lim inf; oo Qf‘] <liminf; o E [Qi‘] <1. O

The following results follow from Lemma 9 of Abbasi-Yadkori et al. (2011), which uses
the “method of mixtures” technique. Let A be a Gaussian random vector in ¢ with mean
0 and covariance matrix V!, and independent of all the other random variables. Let Hoo
be the tail o-algebra of the filtration, i.e. the o-algebra generated by the union of all events
in the filtration. We further define M; = E [MtA‘”Hoo] forallt =0,1,... and t = co. Note
that M, is almost surely well-defined since M2 is almost surely well-defined.

Let 7 be a stopping time with respect to the filtration {#;},-,. Note that M, is
almost surely well-defined since M, is almost surely well-defined. Since E [MT)‘] <1 from
Lemma 11, we have

E[M,] =E[M}] =E[E [M2A]] < 1.

The following lemma follows directly from the proof for Lemma 9 of Abbasi-Yadkori et al.
(2011), which can be derived by algebra. The proof is omitted here.
Lemma 12. For all finitet =0,1,..., we have

M, = ( ;j‘:((VVt ))>1/2 exp <;|St||vt_1) . (A.76)

0

7. \1/2 —1/2
Note that Lemma 12 implies that for finite ¢, ||St||2v,1 > 2log <det(vi) dettV) >
t

and M; > % are equivalent. Consequently, for any stopping time 7, the event

7 \1/2 —1/2
det (V; det (V
{T<OO, HSTH‘2/1>2log< et (V7) 56 ) >}

is equivalent to {7‘ < oo, M, > %} Finally, we prove Theorem 10:
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Proof. We define the “bad event” at time ¢t =0,1,... as:

—\1/2 1y
Bt(é)z{\stu@t_l > 2log (det (V2) ™ det (V) ”)}‘

o

We are interested in bounding the probability of the “bad event” |J;=; B:(d). Let Q de-
note the sample space, for any outcome w € 2, we define 7(w) = min{t > 0 : w €
B(d)}, with the convention that min() = +o0o. Thus, 7 is a stopping time. Notice
that (J;2, Bi(6) = {7 < oo}. Moreover, if 7 < oo, then by definition of 7, we have

7 \1/2 —1/2
det(V;) " det(V L . .
||ST||3/71 > 2log < et(Vr) A (V) )7 which is equivalent to M, > % as discussed above.

Thus we have
P (U Bt(5)> Wp(r <o)
t=1

77 \1/2 —1/2
det (V, det (V'
:P<||S7-Hf/_1>210g< et (Vr) t (V) ),T<OO>

—
=

0

—

Cc

~

(M;>1/6, T < 00)

P
<P (M, >1/6)

—
=

<0,

where equalities (a) and (b) follow from the definition of 7, equality (c) follows from
Lemma 12, and inequality (d) follows from Markov’s inequality. This concludes the proof

for Theorem 10. O

We conclude this section by briefly discussing a special case. If for any ¢, the elements
of n; are statistically independent conditioning on H;_1, then we can prove a variant of
Theorem 10: with V; =V + Zzzl X, XT and Sy = 2221 X¢ns, Equation A.74 holds with
probability at least 1 — . To see it, notice that in this case

K
E [exp (A" Xyme) |Hi—1] =E H exp (X7 N) (k)ne(k)) ‘Ht1]
k=1
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)HE [exp (X N)(K)ne(k)) [Hi1]
k=1

T T2
< Hexp( (XTN) (k)? > — exp (HX752)‘H> 7 (A.77)

where (k) denote the k-th element of the vector. Note that the equality (a) follows from the
conditional independence of the elements in 7, and inequality (b) follows from |7 (k)| < 1 for
all t and k. Thus, if we redefine D} = exp (AT Xy, — 3| XFA||3), and M)} = [1._, D2, we
can prove that {Mt)‘}t is a supermartingale. Consequently, using similar analysis techniques,
we can prove the variant of Theorem 10 discussed in this paragraph.
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Appendix B

Supplementary for Chapter 3

B.1 Learning the Graph

In the main paper, we assumed that the graph is known, but in practice such a user-user
graph may not be available. In such a case, we explore a heuristic to learn the graph on the
fly. The computational gains described in the main paper make it possible to simultaneously
learn the user-preferences and infer the graph between users in an efficient manner. Our
approach for learning the graph is related to methods proposed for multitask and multilabel
learning in the batch setting (Gongalves et al., 2015; Goncalves et al., 2014) and multitask
learning in the online setting (Saha et al., 2011). However, prior works that learn the graph
in related settings only tackle problem with tens or hundreds of tasks/labels while we learn
the graph and preferences across thousands of users.

Let V; € R™ ™ be the inverse covariance matrix corresponding to the graph inferred
between users at round ¢. Since zeroes in the inverse covariance matrix correspond to
conditional independences between the corresponding nodes (users) (Rue and Held, 2005),
we use L1 regularization on V; for encouraging sparsity in the inferred graph. We use
an additional regularization term A(V;||V;—1) to encourage the graph to change smoothly
across rounds. This encourages V; to be close to V;_1 according to a distance metric A.
Following (Saha et al., 2011), we choose A to be the log-determinant Bregman divergence
given by A(X||Y) = Tr(XY 1) —log | XY | —dn. If W, € R¥™ = [0105 .. .0,] corresponds
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to the matrix of user preference estimates, the combined objective can be written as:

0, V4] = ar%min |[re — @:0()3 + Tr (VOWIW + V,21)) + Xo||[V[1 — (dn + 1) In|V| (B.1)
,V

The first term in (B.1) is the data fitting term. The second term imposes the smoothness
constraint across the graph and ensures that the changes in V; are smooth. The third
term ensures that the learnt precision matrix is sparse, whereas the last term penalizes the
complexity of the precision matrix. This function is independently convex in both 6 and
V' (but not jointly convex), and we alternate between solving for 6; and V; in each round.
With a fixed V4, the 6 sub-problem is the same as the MAP estimation in the main paper
and can be done efficiently. For a fixed 6y, the V' sub-problem is given by

Vi = argmin Tr (VIAW, W1+ V;°5)) + Al |Vl = (dn + 1) In|V] (B.2)
\%

Here W, refers to the mean subtracted (for each dimension) matrix of user preferences. This
problem can be written as a graphical lasso problem (Friedman et al., 2008), minx Tr(SX)-+
Xo|| X ||1 —log | X|, where the empirical covariance matrix S is equal to )\WtTWt + Vo1 We
use the highly-scalable second order methods described in (Hsieh et al., 2011, 2013) to
solve (B.2). Thus, both sub-problems in the alternating minimization framework at each
round can be solved efficiently.

For our preliminary experiments in this direction, we use the most scalable epoch-greedy
algorithm for learning the graph on the fly and denote this version as L-EG. We also con-
sider another variant, U-EG in which we start from the Laplacian matrix L corresponding
to the given graph and allow it to change by re-estimating the graph according to (B.2).
Since U-EG has the flexibility to infer a better graph than the one given, such a variant
is important for cases where the prior is meaningful but somewhat misspecified (the given
graph accurately reflects some but not all of the user similarities). Similar to (Saha et al.,
2011), we start off with an empty graph and start learning the graph only after the prefer-
ence vectors have become stable, which happens in this case after each user has received 10
recommendations. We update the graph every 1K rounds. For both datasets, we allow the
learnt graph to contain at most 100K edges and tune A2 to achieve a sparsity level equal
to 0.05 in both cases.

To avoid clutter, we plot all the variants of the EG algorithm, L-EG and U-EG, and
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Figure B.1: Regret Minimization while learning the graph

use EG-IND, G-EG, EG-SIN as baselines.
Last.fm dataset (Figure B.1b(a)), U-EG performs slightly better than G-EG, which already
performed well. The regret for L-EG is lower compared to LINUCB-IND indicating that
learning the graph helps, but is worse as compared to both CLUB and LINUCB-SIN. On
the other hand, for Delicious (Figure B.1b(b)), L-EG and U-EG are the best performing

methods.

We also plot CLUB as a baseline.

For the

L-EG slightly outperforms EG-IND, underscoring the importance of learning

the user-user graph and transferring information between users. It also outperforms G-

EG, which implies that it is able to learn a graph which reflects user similarities better

than the existing social network between users. For both datasets, U-EG is among the

top performing methods, which implies that allowing modifications to a good (in that it

reflects user similarities reasonably well) initial graph to model the obtained data might

be a good method to overcome prior misspecification. From a scalability point of view,

for Delicious the running time for L-EG is 0.1083 seconds/iteration (averaged across T') as

compared to 0.04 seconds/iteration for G-EG. This shows that even in the absence of an

explicit user-user graph, it is possible to achieve a low regret in an efficient manner.
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B.2 Regret bound for Epoch-Greedy

Theorem 11. Under the additional assumption that ||we||2 < 1 for all roundst, the expected
regret obtained by epoch-greedy in the GOB framework is given as:

R(T) =0 <n1/3 <W> ’ T§> (B.3)

n

Proof. Let H be the class of hypotheses of linear functions (one for each user) coupled
with Laplacian regularization. Let u(#,q,s) represent the regret or cost of performing s
exploitation steps in epoch ¢. Let the number of exploitation steps in epoch ¢ be s,.

Lemma 13 (Corollary 3.1 from (Langford and Zhang, 2008)). If s, = LWJ and Qr
18 the minimum Q) such that Q) + Zqul sq > T, then the regret obtained by Epoch Greedy is
bounded by R(T) < 2Qr.

We now bound the quantity u(H,q,1). Let Err(q, H) be the generalization error for H

after obtaining ¢ unbiased samples in the exploration rounds. Clearly,
M(Hv q, S) =$8- ET”I”(q, H) (B4)

Let /15 be the least squares loss. Let the number of unbiased samples per user be equal
to p. The empirical Rademacher complexity for our hypotheses class H under ¢;g can be
given as ﬁg ({15 o H). The generalization error for H can be bounded as follows:

Lemma 14 (Theorem 1 from (Maurer, 2006)). With probability 1 — 9,

91n(2/90)

Err(q,H) <R,y(lrsoH) + opn

(B.5)

Assume that the target user is chosen uniformly at random. This implies that the
expected number of samples per user is at least p = L%J For simplicity, assume ¢ is exactly
divisible by n so that p = L (this only affects the bound by a constant factor). Substituting
p in (B.5), we obtain

Err(q,H) < A;L(KLS oH)+ 91n2(2/5) (B.6)
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The Rademacher complexity can be bounded using Lemma 15 (see below) as follows:

Ri(tus o) < o[ i) - 2[R (B.7)

Substituting this into (B.6) we obtain

1 48 Tr(L—1 9In(2/6
Ew@%ngJ D fomei] B5)
We set s, = m. Denoting [\/48TYAL + \/91n 2/5)] as C, s, = \g

Recall that from Lemma 13, we need to determine Q7 such that

QT Qr
QT+qu >T = Z(l—{—sq) >T
q=1 q=1

Since s4 > 1, this implies that ZQQ:TI 2s4 > T'. Substituting the value of s, and observing

that for all g, sq4+1 > s4, we obtain the following:

3/2
2QrsQr > T = 2QT >T = Qr > (CT>

2
2
12 Tr(L-1 9In(2/9) 13
Qr = \/ X >+\/ n(2/0)] " pg (B.9)
A 8
Using the above equation with Lemma 13, we can bound the regret as
2
12 Tr(L-1 9In(2/6) |3
R(T) < 2[\/ ri ) +\/ H(S/ )] T3 (B.10)
To simplify this expression, we suppress the term M in the O notation, implying

that

win

R(T) =0 (2 [HT&"A(L”] %T

) (B.11)
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To present and interpret the result, we keep only the factors which are dependent on n, A,
L and T. We then obtain

R(T) =0 <n1/3 (Tr(ALn_l)> ’ T§> (B.12)

O

This proves Theorem 11. We now prove Lemma 15, which was used to bound the
Rademacher complexity.
Lemma 15. The empirical Rademacher complexity for H under £15 on observing p unbi-

ased samples for each of the n users can be given as:

- 1 [48Tr(L1)
n <y == B.1
Rp(zLSoﬂrt)_\/]3 ;v (B.13)

Proof.

The Rademacher complexity for a class of linear predictors with graph regularization for a

0/1 loss function £y ; can be bounded using Theorem 2 of (Maurer, 2006). Specifically,

R2(lo1 0 M) < 2\% Tr((AnL)l) (B.14)

. L2yy* . .
where M is the upper bound on the value of % and W* is the d X n matrix corre-

1
sponding to the true user preferences. We now upper bound %

1 1
L2 W7 Jg < [[L2 || W]

n
> w3
i=1

[[W*2 < v/n (Using assumption 1: For all ¢, ||w}|]2 < 1)

IWZl2 < IW7[F =
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1 1
1L3]] < Vmas(LF) = V/omaa (L) < V3

(The maximum eigenvalue of any normalized Laplacian Lg is 2 (Chung) and recall that L = Lg + I,,)

1 *
— HLQWH2§\/§:>M:\/§
Vn

Since we perform regression using a least squares loss function instead of classification, the
Rademacher complexity in our case can be bounded using Theorem 12 from (Bartlett and

Mendelson, 2003). Specifically, if p is the Lipschitz constant of the least squares problem,
Ri(lrsoH) < 2p-RE(lo1 0 H) (B.15)

Since the estimates w;; are bounded from above by 1 (additional assumption in the theo-
rem), p = 1. From Equations B.14, B.15 and the bound on M, we obtain that

~ 4 [3Tr(L71)
n < _Z .
Rp (lpsoH) 7 n (B.16)

O

B.3 Regret bound for Thompson Sampling

Theorem 12. Under the following additional technical assumptions: (a) log(K) < (dn —
1)In(2) (b) A < dn (c) log (M) <log(KT)log(T/é), with probability 1 — 9§, the regret
obtained by Thompson Sampling in the GOB framework is given as:

R(T)=0 (\d/nxx/f\/log <Tr(i_1)> +log (3 + Miag)) (B.17)

Proof. We can interpret graph-based T'S as being equivalent to solving a single dn-dimensional

contextual bandit problem, but with a modified prior covariance ((L® I;)~! instead of Iy,).
Our argument closely follows the proof structure in (Agrawal and Goyal, 2012b), but is mod-
ified to include the prior covariance. For ease of exposition, assume that the target user at

each round is implicit. We use j to index the available items. Let the index of the optimal
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item at round ¢ be j;, whereas the index of the item chosen by our algorithm is denoted j;.

Let 7(j) be the estimated rating of item j at round ¢. Then, for all j,

Fu) ~ N (00, 6. 05) (B.18)

Here, s.(j) is the standard deviation in the estimated rating for item j at round ¢. Recall

that ¥;_; is the covariance matrix at round t. s;(j) is given as:

si(i) = 675, o, (B.19)

We drop the argument in s.(j;) to denote the standard deviation and estimated rating for

the selected item j; i.e. s; = s:(j¢) and 7 = 7 (ji).

Let A; measure the immediate regret at round ¢ incurred by selecting item j; instead of

the optimal item j;. The immediate regret is given by:
Ap= (0", ¢jx) — (0", ¢5,) (B.20)
Define £(t) as the event such that for all j,

EX() {0 ) — (0%, )] < lesi () (B.21)

Here [; = \/dn log <w> + V3. If the event £#(t) holds, it implies that the expected
rating at round ¢ is close to the true rating with high probability.

Recall that |C;| = K and that 6, is a sample drawn from the posterior distribution at round
t. Define p; = 1/9dnlog (4) and g; = min{\/4dn1n(t), \/41log(tK)}p; + l;. Define £(t) as
the event such that for all j,

E(t): |01, ) — (61, ;)| < min{\/dnIn(D), /Fog(tK) }prsi () (B.22)
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If the event £%(¢) holds, it implies that the estimated rating using the sample gt is close to

the expected rating at round t.
(B.23)

In lemma 18, we prove that the event £#(t) holds with high probability. Formally, for
0 €(0,1),

p(EFE)) > 1-4 (B.24)

To show that the event £%(t) holds with high probability, we use the following lemma
from (Agrawal and Goyal, 2012b).
Lemma 16 (Lemma 2 of (Agrawal and Goyal, 2012b)).
P 1
pE D) Fi1) 2 1= (B.25)
Next, we use the following lemma to bound the immediate regret at round t.

Lemma 17 (Lemma 4 in (Agrawal and Goyal, 2012b)). Let v = ﬁ. If the events EF(t)
and E%(t) are true, then for any filtration F;_1, the following inequality holds:

2g4

i (B.26)

3
E[A|Fi-1] < %E[Sﬂftq] +

Define Z(€) to be the indicator function for an event £. Let regret(t) = A - Z(EX(t)). We
use Lemma 19 (proof is given later) which states that with probability at least 1 — g
T T T 36
Zregret Z — —|— 22 9¢ In(2/9) (B.27)
V2
t=1 t=1 t=1
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From Lemma 18, we know that event £¥(t) holds for all ¢ with probability at least 1 — %
This implies that, with probability 1 — g, for all ¢

regret(t) = Ay (B.28)

From Equations B.27 and B.28, we have that with probability 1 — 9,

ZAt<Z3gt Zigt 223%1 (2/6)

Note that g; increases with t i.e. for all ¢, g; < gr

3g 291 1 Ggr
TZ st + ZtQ + VAT (/d) (B.29)

Using Lemma 20 (proof given later), we have the following bound on EtT:l s¢, the variance

of the selected items:

XT: z < \/W\/c log (Tr(il)) + log (3 + MTMQ> (B.30)

t=1

_ 1
where C' = 7)\log<1+ﬁ>.

(B.31)

Substituting this into Equation B.29, we get

T
39T Tr(L71) T 29r 5~ 1 bgr
R(T) < —vVd \/Clog - + log 3+W + E " 5 2T 1In(2/96)

2

Using the fact that Y7, t% <%

39T L_l) T 7729T 6gr
1 In
R(T) < —=—+Vdn T\/Clog +log | 3+ dng? + 3 > 2T 1n(2/96)

(B.32)
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We now upper bound gr. By our assumption on K, log(K) < (dn — 1)In(2). Hence for all
t > 2, min{y/4dnn(t), /4log(tK)} = \/4log(tK). Hence,

gr = 6y/dnlog(KT)log(T/8) + It

= 6+/dnlog(KT)log(T/d) + \/dn log <3+7;//\dn> +V3)

By our assumption on A, A < dn. Hence,

0

gr < 8y/dnlog(KT) log(T/6) + \/dn log (3+T/Ad”)

Using our assumption that log (W) <log(KT)log(T/9),

gr < 9v/dnlog(KT)log(T/s)
(B.33)

Substituting the value of gr into Equation B.32, we obtain the following:

_ 27dn -1 T
R(T) f\/m >+log<3+)\dn02>
37r2\/dn In(T/5) In(KT) 54\/dn In(T/8) In(KT)+/2T In(2/5)
v gl

For ease of exposition, we keep the just leading terms on d, n and T'. This gives the following
bound on R(T).

R(T)=0 (anﬁ\/Clog <Tr(i1)> +log < Ad3;02>>

Rewriting the bound to keep only the terms dependent on d, n, A\, T and L. We thus obtain
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the following equation.

R(T) =0 <j’;\/:? log (Tr(i1)> +log (3 + MTMQ>> (B.34)

This proves the theorem. ]

We now prove the the auxiliary lemmas used in the above proof.
In the following lemma, we prove that £¥(¢) holds with high probability, i.e., the ex-
pected rating at round ¢ is close to the true rating with high probability.

Lemma 18.
The following statement is true for all 6 € (0,1):

Pr(EX(t) > 16 (B.35)

Proof.

Recall that r, = (6%, ¢jt>+77t (Assumption 2) and that ¥.6; = %. Define S;_1 = Z'lf;% me;,-

t—1 t—1

Se-1=) (= (0,60 b5, = D (rie;, — ¢,,65,6")
=1 =1
t—1

St—1="bt—1 — Z (¢, 87,) 0% = b1 — 0°(S4-1 — D)0 = 0*(Z-10; — Ty 10" + Tob")
=1

6, —0* =%} (S’;; - 209*>

The following holds for all j:

00 6) — (0% 6)] = (.00 — 07)]

Si—

Ty —1 t—1 *
DINEAY (Rt S Y.
JH(ffZ 0)‘
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Si—1 .
< Hd’j“z;}l <H02 — 200

) (Since X!} is positive definite)

—1
Zt—l

By triangle inequality,

S
(00 B5) — (07, 50| < 1#5l51, (Hé?l

R ||zt-ll> (B.36)

t—1

We now bound the term ||X]06?"‘||Z;11

||EO¢9*||E:1 < HEOG*HZO—I = \/H*TEOTEalEOH* (Since ¢jt¢§t is positive definite for all )

=1/0"T3,0* (Since ¥ is symmetric)

< VVimaz(0)|167|12

Vmaa (AL ® 1) (16%[l2 < 1)
= VVmaz(AL) (Vimaz(A @ B) = Vmaaz(A)  Vinaz(B))
< VA Vinax (L)

Zof|lg 1 < V3\

(The maximum eigenvalue of any normalized Laplacian is 2 (Chung) and recall that L = Lg + I,,)

IA

For bounding HqﬁjHEt_jl, note that

[®jlls-1, = 1/0]Sit1dj = s:())

Using the above relations, Equation B.36 can thus be rewritten as:
(1
160:67) — 08511 < 5i) (S Stcall, + V3R (B.37)

To bound HSt_luzt—_ll, we use Theorem 1 from (Abbasi-Yadkori et al., 2011) which we

restate in our context. Note that using this theorem with the prior covariance equal to Iy,
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gives Lemma 8 of (Agrawal and Goyal, 2012b).
Theorem 13 (Theorem 1 of (Abbasi-Yadkori et al., 2011)). For any 6 > 0, t > 1, with
probability at least 1 — 6,

det ()2 det(3g) /2
HSt_lHQEt_11§202]og< (%) : (2o)

181112, < 20% 1o (der(5:)172) + fo (der(51)172) ~ () )

Rewriting the above equation,
180117, < 0% (T (det(20) + 1o (der(5 ) — 2105(0))

n
We now use the trace-determinant inequality. For any n X n matrix A, det(A) < <M>

n

which implies that log(det(A4)) < nlog <TT(A)) . Using this for both ¥, and ¥, we obtain:

n

ISl < dn02<log ((Tréft)» +log <<Tr(i51)>> _ d2nlog(5)>

(B.38)

Next, we use the fact that

t
D=0+ > ¢;,¢, = Tr(Ty) < Tr(So) +1¢ (Since ||, |2 < 1)
=1
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Note that Tr(A ® B) = Tr(A) - Tr(B). Since g = AL ® I, it implies that Tr(Xy) =
Ad - Tr(L). Also note that Tr(25') = Tr((A\L) "' @ I;) = %Tr(L‘l). Using these relations
in Equation B.38,

AdTr(L) +t (L)) 2
||St,1||2t,_11 < dno (log <dn > + log < o o log(0)

r r(L! r(L~1 2
< dn02<log <T (L)s; (L7) + tT)\c(isz )> - log(édn)>
(log(a) + log(b) = log(ab))

(Redefining ¢ as 0 %)

Tr(L) Tr(L7Y) tTr(L—l))

_ 2
=dno log( 25 + dn2s

If L =1, Tr(L) = Tr(L™!) = n, we recover the bound in (Agrawal and Goyal, 2012b) i.e.

(B.39)

14t/ Adn
||St—1||2g;11 < dno®log </>

0

The upper bound for Tr(L) is 3n, whereas the upper bound on Tr(L~!) is n. We thus

obtain the following relation.

3 t
27 < 2 —
HSt_lHEt—ll < dno”log (6 + /\dn(5>

3+t/Adn
H&—ﬂbjlﬁav@nbg<(5) (B.40)

Combining Equations B.37 and B.40, we have with probability 1 — 4,

[0 ) — (07, )| < s1(k) (\/dnlog <3+t§/Adn> + \/?TA)

[(0r.6) — {07, b7)] < su(Rs

where [; = \/ dnlog (W) + v/ 3. This completes the proof.

(B.41)
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Lemma 19. With probability 1 — 6,

d Sg 2g d 3697 . 2

by t i
g regret(t) g g e +412 E 2 lng (B.42)
t=1 t=1 t=1

Proof.

Let Z; and Y; be defined as follows:

391 29,
Z = regret(l) — 22
1 = regret(l) 5] — D
¢
=> .7 (B.43)
=1
3 2
E[Y; — Yi_1|Fi—1] = E[X¢] = E[regret(t)| Fi—1] — %St - Tg;

E[regret(t)|Fi—1] < E[A|F—1] < 78,5 - —=
(Definition of regret(t) and using lemma 17)

E[Y; = Y;—1|F-1] <0

Hence, Y; is a super-martingale process. We now state and use the Azuma-Hoeffding

inequality for Y;
(B.44)

Definition 3 (Azuma-Hoeffding). If a super-martingale Y; (with t > 0) and its the corre-
sponding filtration Fy_1, satisfies |Yy — Yi_1| < ¢ for some constant ¢, for allt =1,...T,
then for any a > 0,

Pr(Yr —Yo>a) <exp ( (B.45)
2 23:1 ci
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We define Yy = 0. Note that |Y; — Y;_1| = |Z;| is bounded by 1+ @ - @ Hence, ¢; = 63’5.
Setting a = \/ 21n(2/9) Zthl c? in the above inequality, we obtain that with probability

[
1-9,

L 3642
Yr<,|23° Vgt In(2/6)

T T
39t 2gt> 3692

regret(t) — —s¢ — —= | < 4|2 In(2/6 B.46
Z( S > S n(2/9) (B.46)
T T

2 2
Zregret Z 3gt Z gty 22 36? In(2/6) (B.47)
Y

t=1 t=1

Lemma 20.

Zf: \/C’ log (Tr(i1)> + log <3 + )\dZ;UQ> (B.48)

Proof.

Following the proof in (Dani et al., 2008; Wen et al., 2015b),
1 T
det [¥] > det | X1 + 7¢jt it
1 1 1
=det [Etz 1 <I+ Et 1¢]t 2,2
1 -1 A
=det [X;_1] det [I + ﬁztflq-”jt jtzt—21:|
L r¢1 3%
det [X¢] =det [Xy—1] [ 1+ ;qutzt*lqut =det[Xiq] 1+ =

o2

2
log (det [3;]) > log (det [2;—1]) + log (1 + 0152)
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T 2

log (det [Y7]) > log (det [Xo]) + Z log (1 + sg> (B.49)
t=1 g

If Ais an n x n matrix, and B is an d x d matrix, then det[A® B] = det[A]¢ det[B]™. Hence,

det[So] = det[\L ® I,] = det[\L]*
det[¥0] = [N\ det(L)]? = A" [det(L)]?
log (det[X0]) = dnlog (A) + dlog (det[L]) (B.50)

From Equations B.49 and B.50,

T 2
log (det [E7]) > (dnlog (M) + dlog (det[L])) + Z log <1 + j’;) (B.51)
t=1
We now bound the trace of Tr(X741).

1 1 .
Tr(Bip1) = Tr(Z;) + 7¢jt¢§ = Tr(Xi1) < Tr(X) + = (Since ||¢jt|| <1)
o t o

T
Tr(Xr) < Tr(3o) + o

Since Tr(A ® B) = Tr(A) - Tr(B)

T

Tr(3r) S Tr (ML ® Ig) + = = Tr(X7r) < MdTr(L) + — (B.52)
o o

Using the determinant-trace inequality, we have the following relation:
1 dn
(3 mEn) > (derlr)
1
dnlog <dn Tr(ZT)> > log (det[X7]) (B.53)
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Using Equations B.51, B.52 and B.53, we obtain the following relation.

A Tr(L) + 5
dnlog | —— ===

T 2
) > (dnlog () + dlog (det[L])) + Zlog (1 + at2>
t=1
) — dnlog (\) — dlog (det[L])

(det[L~] = 1/det[L))

T
WL)W) — dnlog () + dnlog (:L Tr(L—1)>

(Using the determinant-trace inequality for log(det[Z~1]))

A\ -1y 4 LT
TI“(L) Tr()\Ldnz) + o ) (log(a) + log(b) = log(ab))

<Tr(L) Tr(L71) N Tr(L—l)T>

< dnlog (AdTr(L)—i—ﬂ) — dnlog (\) + dlog (det[L ™)

n? Adn20?

The maximum eigenvalue of any Laplacian is 2. Hence Tr(L) is upper-bounded by 3n.

T 2 -1 -1
s 3Tr(L™)  Te(L™)T
log (14 =5 ) <dnl B.54
tz; ©8 < + 02> = nos < n T Ndn2o? (B-54)

(B.55)

si=¢i% b < 0i5 ¢
(Since we are making positive definite updates at each round t)
2 —1
< H‘ﬁj” Vmaz(Zq )

1
— .12

1

m (Umin(A ® B) = Vpmin(A)Vmin(B))

— ;P
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1

(Minimum eigenvalue of a normalized Laplacian Lg is 0. L = Lg + I,,)

IN
>l >

(llgll2 < 1)

2
sy <

Moreover, for all y € [0,1/)], we have log (1 + %) > Alog (1 + )\%2) y based on the concav-

ity of log(-). To see this, consider the following function:
+ %)

=— 9/ _ B.56
e (B.56)

Clearly, h(y) is concave. Also note that, h(0) = h(1/A) = 0. Hence for all y € [0,1/A], the
function h(y) > 0. This implies that log (1 + %) > Alog (1 + ﬁ) y. We use this result by

setting y = s2.
57 1
1 52
< —— _log |14+ 2L B.57
L Nog (1+ 45) ° o (B57)

Hence,

T
1 1 B.58
Z = Mog (1+ L) 1+A02 ZOg( " ) (B.58)

t=1

By Cauchy Schwartz,

D 2SVT D s (B.59)

From Equations B.58 and B.59,

T
<VT log [ 1+
;z— Mog 1+A02 Z Og( >

2

T T
Zz <VT CZlog <1 + j’;) (B.60)
=1 t=1

151



where C = ——-—. Using Equations B.54 and B.60,
Alog(l—&—ﬁ)

1 1
< VvdnT,/Clog 3Tr(L )+Tr(L )T
n Adn202
d

\/ﬁ\/c log (TT(L1)> +log <3 + T> (B.61)

IN

n Adno?

T
PR
t=1

T
D
t=1
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Appendix C

Supplementary for Chapter 4

C.1 Proof for Theorem 6

We prove Theorem 6 in this section. First, we have the following tail bound for Binomial
random variables:
Proposition 2 (Binomial Tail Bound). Assume that random variable X ~ Bino(n,p), then

for any k s.t. np < k <n, we have

pix 2o <o (-0 ().

where D (%Hp) is the KL-divergence between % and p.

Please refer to (Arratia and Gordon, 1989) for the proof of Proposition 2.

Notice that for our considered case, the “observation history” of the agent at the begin-
ning of time ¢ is completely characterized by a triple H; = (c¢—1, fi—1,t), where a;_1 is the
number of times arm 1 has been pulled from time 1 to t—1 and the realized reward is 1, plus
the pseudo count ag; similarly, 5;_1 is the number of times arm 1 has been pulled from time
1 to t —1 and the realized reward is 0, plus the pseudo count fy. Moreover, conditioning on
this history H;, the probability that the agent will pull arm 1 under the NPB only depends
on (eay—1,fi—1). To simplify the exposition, we use P(as—1,5¢—1) to denote this conditional
probability. The following lemma bounds this probability in a “bad” history:

Lemma 21. Consider a “bad” history H; with cy—1 = 1 and By—1 = 1+m for some integer
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m > 15, then we have
P(ai—1,Bi—1) < exp (—(m + 2)log(m + 2)/20) < exp (—mlog(m)/20).
Proof. Recall that by definition, we have

P(ai—1,Bi-1) =P(1,m + 1)

fP(wt21/4|at,1:1 Bt,1:m+1)
=P((m+2w >(m+2)/4|ay—1=1,6i-1 =m+1)

(gexp< (m+2)D <H >> (C.1)

where (a) follows from the NPB procedure in this case, and (b) follows from Proposition 2.
Specifically, recall that (m+2)w; ~ Bino(m+2,1/(m+2)), and (m+2)/4 > (m—{—2)m—+2 1
for m > 15. Thus, the conditions of Proposition 2 hold in this case. Furthermore, we have

D (5e) =3oe (*2) + Froe ()
1

1 3 3
>-lo 2) — —log(4) + - 1 -
o8 +2) ~ log0) + 5 1o (%)
1 1 1 3 3
%1 og(m+2)+ [5 log(m + 2) — 1 log(4) + 1 log <4>}
(C 1

where (c) follows from the fact that %log(m +2) — 1log(4) + 2log (2) > 0 for m > 15.

Thus we have

Plar.fior) < o (~m+20 (3] 15))
—(m + 2)log(m + 2)/20)

—mlog(m)/20). (C.3)

< exp(
< exp (
O

The following technical lemma derives the expected value of a truncated geometric
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random variable, as well as a lower bound on it, which will be used in the subsequent
analysis:

Lemma 22 (Expected Value of Truncated Geometric R.V.). Assume that Z is a truncated
geometric r.v. with parameter p € (0,1) and integer | > 1. Specifically, the domain of Z is
{0,1,...,1}, and P(Z = i) = (1 —p)ip fori =0,1,...,1—1 and P(Z = 1) = (1 —p)'. Then

we have
1

E(Z) = [—1} [1—(1—;;)1} > ;min{;—l, l(l—p)}.

b
Proof. Notice that by definition, we have

-1

E(Z) = p [Zi(l —p)’

1=0

+1(1 - p)’

A

Define the shorthand notation A = Zé;[l) i(1 —p)?, we have

(1-p)A=>i(l-p)=> (i-1)(1-p)

=0 =1
l
=it - 51| - a-]
=0
:A—I—l(l—p)l—[l—l] [1_(1_p)}. (C.4)

Recall that E(Z) = pA + (1 — p)!, we have proved that E(Z) = [% - 1] [1-(1-p).
Now we prove the lower bound. First, we prove that

pl
1-p)l<1- C5
(1-p) <1- (©3)
always holds by induction on . Notice that when [ = 1, the LHS of equation (C.5) is 1 —p,
and the RHS of equation (C.5) is ﬁlp. Hence, this inequality trivially holds in the base
case. Now assume that equation (C.5) holds for I, we prove that it also holds for I + 1.
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Notice that

I+1 %l
p(l+1) P,y P
14 pl 14 pl 1+ pl
p(l+1)<1_ p(l+1)
1+pl — 1+p(l+1)°

(C.6)

where (a) follows from the induction hypothesis. Thus equation (C.5) holds for all p and .
Notice that equation C.5 implies that

- [-b-o)z - s

We now prove the lower bound. Notice that for any [ Pl is an increasing function of p,

» T4pl
thus for p > 1/1, we have

1 pl 1 1 (1
e N R i Y AR
[p }1+pl_{p }/ _Qmm{p U p)}

On the other hand, if p < 1/1, we have

[1 1] pl (1-p)

];_ L+pl  1+pl

> (1-p)i/2> ;min{; Y l(l—p)} .

Combining the above results, we have proved the lower bound on E(Z). O

We then prove the following lemma:
Lemma 23 (Regret Bound Based on m). When NPB is applied in the considered case, for

any integer m and time horizon T satisfying 15 < m < T, we have

E[R(T)] > %min {exp <”“(f0(m)) Z} .

Proof. We start by defining the bad event G as

G={3t=1,2,... s.t. y-1 =1l and f_1 =m+ 1} .
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Thus, we have E[R(T)] > P (G)E[R(T)|G]. Since ay > 1 for all t = 1,2,..., with prob-
ability 1, the agent will pull arm 1 infinitely often. Moreover, the event G only depends
on the outcomes of the first m pulls of arm 1. Thus we have P (G) = 27"™. Furthermore,

conditioning on G, we define the stopping time 7 as
T=min{t=1,2,... s.t. y—1 =1and By =m+1} .
Then we have

E[R(T)] =P (G E[R(T)|G] =2""E[R(T)|J]
=9 [P (r > T/2|G)E[R(T)| G, > T/2] + P (r < T/2|G)E[R(T)|G, T < T/2]]
> o mmin {E[R(T)|G,7 > T/2], E[R(T)| G, < T/2]} (C.7)

Notice that conditioning on event {G,7 > T'/2}, in the first |T/2| steps, the agent either

pulls arm 2 or pulls arm 1 but receives a reward 0, thus, by definition of R(T"), we have

17/2)

E[R(T)| G, >T/2] > =

On the other hand, if 7 < T/2, notice that for any time ¢t > 7 with history H; =
(ag—1, Br—1,1) s.t. (a¢—1,B¢—1) = (1,m + 1), the agent will pull arm 1 conditionally inde-
pendently with probability P(1,m+1). Thus, conditioning on H,, the number of times the
agent will pull arm 2 before it pulls arm 1 again follows the truncated geometric distribution

with parameter P(1,m + 1) and T'— 7 + 1. From Lemma 22, for any 7 < T'/2, we have

E[R(T)|G, 7] (g;mm{P i1 —1, (T—T~|—1)(1—P(1,m+1))}
®1 T
Eg n{ 1m+1 L2G—P@m+w%
(Q;mln{exp ((m+2)log(m + 2)/20) — Z;}
(d)
2 ém {exp (mlog(m)/20), Z} , (C.8)

notice that a factor of 1/4 in inequality (a) is due to the reward gap. Inequality (b) follows
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from the fact that 7 < T'/2; inequality (c) follows from Lemma 21, which states that for
m > 15, we have P(cy—1,8-1) < exp (—(m + 2)log(m + 2)/20) < 3; inequality (d) follows
from the fact that for m > 15, we have

exp ((m + 2)log(m + 2)/20) — 1 > exp (mlog(m)/20) .

Finally, notice that

E[R(T) G, 7 <T/2) = 3 P(r|g,7 < T/QE[R (T)|Q,T]>;min{exp<mlo2g0(m)>,i}.

<T/2

Thus, combining everything together, we have

27" min{E[R(T)|G,7 > T/2], E[R(T)|G,7 < T/2]}

27m (1 mlog(m)\ T T

>4mm{2eXp(20 ) 'S sz}
T

'8

2 i { e (M) T (C.9)

where the last equality follows from the fact that T < |L] for T > 15. This concludes the

proof. O

Finally, we prove Theorem 6.

Proof. For any given v € (0,1), we choose m = {ﬂ%@)—‘ Since
2 80
T > exp [exp( )] ,
Y Y

log(T 80
TS m— Pog(w > exp <7> > exp (80) > 15,

we have

2
thus, Lemma 23 is applicable. Notice that

SR > 22" i fnp () T ) o (i) T,
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Furthermore, we have
exp(—m)T > exp (—ylog(T))T = T*7,

where the first inequality follows from m = Pl%mw < vlog(T'). On the other hand, we

have

where the last inequality follows from the fact that mligo(m) > m, since m > exp(80). Notice

] log(T) log(210s(T)
exp(mﬁ(m)>2exp(vog( )gg( 5—) ST,

that we have

where the first inequality follows from the fact that m > M%(T)’ and the second inequality

follows from T > exp [% exp (%)} Putting it together, we have

1. T T
]E[R(T)]>8m1n{T, 1 }— 3

This concludes the proof for Theorem 6. O

C.2 Proof for Theorem 2

For simplicity of exposition, we consider 2 arms with means 1 > po. Let A = pg — po. Let
i (k) be the mean of the history of arm k at time ¢ and (k) be the mean of the bootstrap
sample of arm k at time ¢. Note that both are random variables. Each arm is initially
explored m times. Since f,(k) and [it(k) are estimated from random samples of size at
least m, we get from Hoeffding’s inequality (Theorem 2.8 in Boucheron et al (Boucheron
et al., 2013)) that

1 —¢) < exp[—2e°m],

+¢) < exp[—2¢%m],
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P(fie(2) = (2) + ) < exp|—2¢2m]

for any € > 0 and time ¢ > 2m. The first two inequalities hold for any p; and po. The
last two hold for any 7i,(1) and 1,(2), and therefore also in expectation over their random
realizations. Let £ be the event that the above inequalities hold jointly at all times ¢t > 2m

and € be the complement of event £. Then by the union bound,
P(E) < 4T exp[—2?m)].

By the design of the algorithm, the expected T-step regret is bounded from above as

T
ER(T) = Am+A S Bl1{j, =2}
t=2m+1

T
<Am+A Y E[M{j =2, £} + 4T exp[-2¢”m],
t=2m+1

where the last inequality follows from the definition of event £ and observation that the

maximum T-step regret is T'. Let

)

16 A
m:’rﬁlogT-‘ s 521

where A is a tunable parameter that determines the number of exploration steps per arm.

From the definition of m and A, and the fact that E[1{j; = 2, £}] = 0 when A < A, we
have that

16A _
MR@ﬂgg;hgT+AT+A+4

16log T

1
~ 3
Finally, note that A < 1 and we choose A = ( > that optimizes the upper bound.

C.3 Weighted bootstrapping and equivalence to TS

In this section, we prove that for the common reward distributions, WB becomes equivalent

to TS for specific choices of the weight distribution and the transformation function.
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C.3.1 Using multiplicative exponential weights

In this subsection, we consider multiplicative exponential weights, implying that w; ~
Exp(1) and T (y;, w;) = y; - w;. We show that in this setting WB is mathematically equiv-

alent to TS for Bernoulli and more generally categorical rewards.

Proof for Proposition 1
Proof. Recall that the bootstrap sample is given as:

g— Yoo [wi - yi] + D000 [wi
Z?:1a0+ﬂ0 w;

To characterize the distribution of 5, let us define Py and P; as the sum of weights for the

positive and negative examples respectively. Formally,

n

Py = Z [w; - T{y; = 0}] + Z[wi]

i=1
n Bo
P = Z [w; - Z{y; = 1}] + Z[wi]
i=1 i=1
The sample 0 can then be rewritten as:
~ P
g— -1
Py + P,

Observe that Py (and Pp) is the sum of a + o (and S + [y respectively) exponentially
distributed random variables. Hence, Py ~ Gamma(a+agp,1) and P, ~ Gamma(5+ o, 1).
This implies that 8 ~ Beta(a + ag, B+ Po)-

When using the Beta(ag,8y) prior for TS, the corresponding posterior distribution
on observing « positive examples and  negative examples is Beta(a + g, S + Sp). Hence
computing ] according to WB is the equivalent to sampling from the Beta posterior. Hence,

WB with multiplicative exponential weights is mathematically equivalent to TS. 0
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Categorical reward distribution

Proposition 3. Let the rewards y; ~ Multinomial(07,05,...0F) where C is the number
of categories and 07 is the probability of an example belonging to category i. In this case,
weighted bootstrapping with w; ~ Exp(l) and the transformation y; — y; - w; results in
0 ~ Dirichlet(ny + n1,n2 + na, ... ne + n.) where n; is the number of observations and n;
1s the pseudo-count for category i. In this case, WB is equivalent to Thompson sampling

under the Dirichlet(ny,na,...ng) prior.

Proof. Like in the Bernoulli case, for all ¢ € C, define P. as follows:
Po=> " [wi - I{yi = c}] + > _[wi]
i=1 i=1

The bootstrap sample 0 consists of C' dimensions i.e. § = (51, 52 .. 50) such that:

~ P,
=0 p
i1 Fe

Note that Zgzl 50 = 1. Observe that P. is the sum of n. + n. exponentially distributed
random variables. Hence, P, ~ Gamma(n. + n.,1). This implies that 0 ~ Dirichlet(ny +
ni,ng + ng...ng + ng).

When using the Dirichlet(ny,ng,...n¢) prior for TS, the corresponding posterior dis-
tribution is Dirichlet(ny + n1,n2 + na ... nyg + ng). Hence computing ] according to WB
is the equivalent to sampling from the Dirichlet posterior. Hence, WB with multiplicative

exponential weights is mathematically equivalent to TS. O

C.3.2 Using additive normal weights

In this subsection, we consider additive normal weights, implying that w; ~ N(0,1) and
T (yi,wi) = y; +w;. We show that in this setting WB is mathematically equivalent to T'S

for Gaussian rewards.
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Normal

Proposition 4. Let the rewards y; ~ Normal({x;,0%),1) where x; is the corresponding
feature vector for point i. If X is the n X d matriz of feature vectors and y is the vector of
labels for the n observations, then weighted bootstrapping with w; ~ N(0,1) and using the
transformation y; — y; + w; results in 0 ~ N(a, ¥) where 7' = XTX and =% [XTy}.
In this case, WB is equivalent to Thompson sampling under the uninformative prior 6 ~
N(0,00).

Proof. The probability of observing point ¢ when the mean is # and assuming unit variance,
P(yilxi,0) = N((x;,0),1)

The log-likelihood for observing the data is equal to:

The MLE has the following closed form solution:
0= (X"x)" xTy

The bootstrapped log-likelihood is given as:

L) = > (i +wi— (z:,6))°

i=1

If w = [wy,ws...wy,] is the vector of weights, then the bootstrap sample can be computed

as:
0= (X"X)" X" [y +w]

The bootstrap estimator 0 has a Gaussian distribution since it is a linear combination of

Gaussian random variables (y and w). We now calculate the first and second moments for
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0 wrt to the random variables w

Eff] = Ew [(X7X) " X7 [y +w]]
= (xX7X) ' XTy +E[(XTX) T XTw]

=0+ (X"X) " XTE[w]
0

Ey (6 —8)(@ - 8) }:Ew [[(XTX) 1xTw] [(XTX)*XTW}T}
=E[[(XTX)' XTww! X (XxTXx)"1]]
=E[(XTX) ' XTww! X(XTX)™ 7]
= (XTX)"'XTE [ww] X (XTX)™ T
= (XTx)'xTx(xTx)™ T (Since E[wwT] = 1)
= ( )M (XTX)T
= ( )"

— Ew |(6—0)(6—6)T =y

Thus 6 ~ N (5, Y). When using the uninformative prior N (0, coly) prior for TS, the poste-
rior distribution on observing D is equal to N (5, Y)). Hence computing ] according to WB

is the equivalent to sampling from the the Gaussian posterior. Hence, WB with additive

normal weights is mathematically equivalent to TS. O

C.4 Additional Experimental Results
C.4.1 Bandit setting

C.4.2 Contextual bandit setting - Comparison to the method proposed
in (McNellis et al., 2017)
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Figure C.1: Cumulative Regret for TS, NPB and WB in a bandit setting K = 2
arms for (a) Bernoulli (b) Truncated-Normal in [0,1] (c) Beta (d) Triangular
in [0, 1] reward distributions
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Figure C.2: Cumulative Regret for TS, NPB and WB in a bandit setting K = 5
arms for (a) Bernoulli (b) Truncated-Normal in [0,1] (c¢) Beta (d) Triangular

in [0, 1] reward distributions

Dataset | UAl-log | UAI-nn | NPB-log | NPB-nn | WB-log | WB-nn
Statlog 0.90 0.69 0.035 0.093 0.032 0.10
CovType 1.14 0.74 0.062 0.14 0.061 0.14

Table C.1: Runtime in seconds/round for non-linear variants of UAI, NPB and WB.
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Figure C.3: Comparison of the method proposed in (McNellis et al., 2017) (denoted
as UAI in the plots), NPB and WB. The proposed bootstrapping methods
tend to perform better than or equal to the method UAI. For UAI, we use an
ensemble size of 5, 10 Gaussian feature-vectors as pseudo-examples and use the
same stochastic optimization procedures as NPB and WB. In each round, we
independently add the feature-vector and reward to a model in the ensemble
independently with probability 0.5.
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