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Abstract

Reinforcement learning studies how agents learn to make sequential decisions by interacting
with an environment, receiving feedback, and using that feedback to improve their behavior
over time. A central challenge is that an agent must learn effectively from the experience it
has already collected, while also choosing actions that generate useful data for subsequent
learning. This thesis studies policy-gradient and actor-critic methods that address different
aspects of this challenge while aiming to be both theoretically principled and practical. First,
it introduces Softmax Policy Mirror Ascent (SPMA), a logit-space mirror-ascent policy-gradient
method with convergence guarantees in tabular and function-approximation settings. The
method achieves strong empirical performance in on-policy experiments on tabular Markov
decision processes, Atari, and MuJoCo. Second, it turns to discrete-action off-policy actor-
critic methods. In this setting, it identifies critic entropy regularization as a key bottleneck
in Discrete Soft Actor-Critic and develops a modular framework for designing more robust
actor-critic objectives. The framework includes an off-policy extension of SPMA, which is
empirically evaluated and shown to perform well in this setting. The thesis also establishes
tabular convergence guarantees for the broader class of objectives induced by the framework.
Finally, the thesis directly addresses exploration, which is not explicitly handled by the
preceding policy-optimization and actor-critic frameworks. It studies optimistic actor-critic
methods for finite-horizon linear Markov decision processes with explicit parametric policies.
The approach combines logit matching with Langevin-based optimistic value estimation,
leading to end-to-end sample-complexity guarantees. The method is evaluated on linear
MDP experiments that match the theoretical setting and illustrate the benefit of optimism
with parametrized actors. The thesis also presents preliminary practical adaptations of this
optimistic actor-critic algorithm for large-scale Atari experiments.

Keywords: Reinforcement Learning; Policy Gradient; Mirror Ascent; Off-Policy Discrete-
Action Actor-Critic; Entropy Regularized Policy Optimization; Optimism; Linear MDPs
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Chapter 1

Introduction

In standard supervised learning, the learner fits a model to a fixed dataset of observed
examples, and the process that generated those examples is usually treated as outside
the algorithmic problem. This perspective is well-suited to prediction tasks, but many
applications require more than predicting from fixed data. In robotics [Kober et al., 2013],
control [Todorov et al., 2012], games [Bellemare et al., 2013, Mnih et al., 2015], and learning
from human feedback in large language models [Ouyang et al., 2022, Uc-Cetina et al., 2023],
a learned system must often make decisions over time, with consequences that extend beyond
a single prediction. Reinforcement learning (RL) studies this sequential decision-making
setting: agents learn through interaction with an environment and use feedback from that
interaction to improve their behavior. Crucially, unlike in standard supervised learning, the
agent’s decisions affect both its immediate performance and the experience available for
future learning.

RL problems are commonly modeled using Markov decision processes (MDPs). At each
time step, the agent observes a state, which summarizes the information available for decision
making. The agent then selects an action and receives feedback in the form of a reward. The
reward function specifies this numerical feedback and is problem-dependent. After the action
is taken, the environment moves to a new state. The transition dynamics describe how the
next state is generated from the current state and action. For example, in a robotics task,
the state may include sensor readings and the position of the robot, the action may specify a
movement command, and the reward may measure progress toward a target. A state-action
pair refers to a particular state together with a particular action available at that state.

The agent’s behavior is described by a policy, which specifies how actions are selected
from states. The goal is to learn a policy that maximizes expected cumulative reward, often
called expected return: the average total reward accumulated over a sequence of interactions.
If the transition dynamics and reward function are known, the problem is to plan a good
sequence of actions. In most learning problems, however, this information is unknown and
must be learned through interaction with the environment.

1



Because the agent’s policy influences the experience it collects, policy improvement and
data collection are coupled. An agent may repeatedly choose actions that appear effective
based on its current experience, while failing to try alternatives that could reveal better long-
term behavior. An RL algorithm must therefore use the data already collected to improve
the policy, while also collecting experience that supports reliable future improvement. This
coupling is one reason RL algorithms are difficult to analyze and difficult to make reliable in
practice.

The rest of this introduction uses the coupling between policy optimization and data
collection as a common thread for the three technical directions studied in the thesis.
Section 1.1 discusses policy-gradient methods and the gap between theory and practice in
policy optimization. Section 1.2 turns to actor-critic methods that can use data collected
by previous policies, while combining policy optimization with estimates of the future
consequences of different decisions. Section 1.3 discusses exploration and the role of optimism
in actor-critic methods for collecting informative data. Section 1.4 then summarizes the
thesis contributions and explains how they connect to the three technical chapters.

1.1 Policy Gradient Methods in RL

Policy gradient (PG) methods are among the most widely used approaches for policy opti-
mization [Williams, 1992, Sutton et al., 1999, Konda and Tsitsiklis, 2000, Kakade, 2001].
These methods parameterize the policy directly and update its parameters using gradient
estimates of the expected return. This optimization viewpoint makes PG methods flexible:
they can represent stochastic policies and naturally incorporate function approximation.
In this setting, function approximation means representing the policy with a shared para-
metric model, such as a neural network, rather than with a tabular collection of separate
parameters for each state-action pair. Such shared representations are essential for scaling
RL algorithms beyond small tabular problems to large state-action spaces. As a result, PG
ideas underlie many practical deep RL algorithms, including Trust Region Policy Optimiza-
tion (TRPO), Proximal Policy Optimization (PPO), and Mirror Descent Policy Optimization
(MDPO) [Schulman et al., 2015a, 2017b, Tomar et al., 2020].

However, PG methods expose a persistent gap between theory and practice. On the
theoretical side, the policy optimization objective is generally non-concave, the gradients
are estimated from data generated by the current policy, and convergence guarantees
often require simplified settings such as tabular parameterizations, exact gradients, or
strong coverage assumptions [Agarwal et al., 2021a, Mei et al., 2020, Yuan et al., 2023, Lu
et al., 2024]. On the practical side, algorithms that perform well in large-scale experiments
often use surrogate objectives, trust regions, clipping, entropy regularization, and function
approximation [Schulman et al., 2015a, 2017b]. These design choices are important empirically,
but they also make the resulting methods hard to analyze. Consequently, theoretically elegant
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PG algorithms are not commonly used in practice, while many practical PG algorithms lack
sharp guarantees in realistic function approximation settings [Tomar et al., 2020].

This gap motivates the first part of the thesis. Chapter 2 asks whether one can design
a PG algorithm that has convergence guarantees beyond the tabular setting, while also
achieving strong performance on standard deep RL benchmarks without requiring algorithmic
modifications. The resulting method, Softmax Policy Mirror Ascent (SPMA), is first developed
in tabular settings and then extended to function approximation through a projected
mirror-ascent viewpoint.

1.2 Actor-Critic Methods and Off-Policy Learning

A practical limitation of policy-gradient methods is sample efficiency. These methods are
based on the gradient of the expected return with respect to the policy parameters. Since this
gradient is generally not available exactly, it is typically estimated from sampled trajectories.
The rewards observed along these trajectories provide a noisy signal about how the policy
parameters should change to improve return. These trajectory-based policy-gradient estimates
can have high variance, leading to slow learning and poor sample efficiency [Greensmith
et al., 2004, Xu et al., 2017].

Actor-critic methods aim to mitigate this issue by explicitly combining policy updates
with value estimation [Konda and Tsitsiklis, 1999, Peters et al., 2005, Bhatnagar et al.,
2009]. In these methods, the actor represents the policy being optimized, while the critic
estimates value functions that predict expected future return from states or state-action
pairs; the latter are often called action-value functions. The critic is typically learned through
bootstrapping, by updating it toward targets that combine observed rewards with learned
estimates of future return. The actor then uses the critic’s estimates to guide the policy
update. Thus, actor-critic methods remain closely related to policy-gradient methods, but
their behavior depends not only on the policy update itself, but also on the value estimates
used to construct it. This distinction is important throughout the thesis: Chapter 2 mainly
studies the policy-optimization update while treating the required value estimates as given
or externally approximated, whereas Chapters 3 and 4 make critic learning explicit and
study its interaction with the actor update.

This actor-critic structure appears in both on-policy and off-policy algorithms. On-policy
methods update the actor and critic using data generated by the current policy, which often
leads to stable learning but can be sample inefficient [Haarnoja et al., 2018b]. Off-policy
methods instead reuse data generated by previous policies or exploratory behavior. This can
improve sample efficiency, but it introduces a distinction between the behavior policy that
generates data and the target policy being optimized [Sutton and Barto, 2018]. When off-
policy learning is combined with bootstrapping and function approximation, this distinction
is part of a well-known source of instability in RL [Van Hasselt et al., 2018]. A successful
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example in continuous control is Soft Actor-Critic (SAC), an off-policy actor-critic algorithm
based on the maximum-entropy RL framework, where the objective augments expected
return with an entropy term [Haarnoja et al., 2018a].

The off-policy setting therefore raises a question complementary to the one studied
in Chapter 2. Even if one has principled ways to improve a policy, how should those
ideas be combined with critic learning and data reuse? This issue becomes especially
delicate in discrete-action domains. Although SAC is highly effective in continuous control,
its direct discrete-action counterpart, DSAC, performs poorly on standard benchmarks such
as Atari [Christodoulou, 2019]. Prior work proposes heuristics that can stabilize training
of DSAC [Xu et al., 2021, Zhou et al., 2022], but these modifications introduce interacting
components and additional hyperparameters, making it difficult to isolate the core bottleneck.
This added complexity also leaves the resulting methods difficult to analyze, and existing
variants lack theoretical guarantees even in the tabular setting.

This motivates the second part of the thesis. Chapter 3 studies off-policy actor-critic
methods for discrete actions by first dissecting DSAC to identify the bottleneck limiting its
performance. The extensive ablation study in this chapter shows that decoupling the entropy
terms in the actor and critic updates is key to improving DSAC’s performance, and motivates
the design of a general actor-critic framework that subsumes DSAC as a special case.

1.3 Optimistic Actor-Critic Methods with Parameterized Actors

The first two parts of the thesis focus on principled and practical approaches to policy
optimization and actor-critic design. However, understanding RL also requires addressing
exploration in a systematic manner. Many analyses of PG and actor-critic methods make
assumptions that ensure sufficient coverage of the relevant state-action space. For instance,
convergence rates for PG methods often depend on bounded distribution-mismatch co-
efficients [Agarwal et al., 2021a, Yuan et al., 2023, Alfano and Rebeschini, 2022b, Asad
et al., 2025b]. Similarly, analyses of actor-critic methods may assume reachability of the
state-action space, coverage of the collected data, bounded mismatch ratios, or mixing of
the induced Markov chain [Abbasi-Yadkori et al., 2019, Neu et al., 2017, Bhandari and
Russo, 2024, Agarwal et al., 2021a, Cen et al., 2022, Gaur et al., 2024, Hong et al., 2023, Fu
et al., 2021, Xu et al., 2020, Cayci et al., 2024, Khodadadian et al., 2022, Gaur et al., 2023].
These assumptions are useful for isolating the policy-optimization problem, but they do not
explain how the algorithm obtains informative data in the first place.

Alternatively, entropy regularization can be used to encourage exploration by promoting
action diversity, as in the actor-critic framework studied in Chapter 3. However, the theoretical
analysis in that chapter assumes one can obtain a good estimate of the action-value function
for every state-action pair in the tabular setting, and the exploration problem is assumed
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away. Moreover, in some environments (e.g., the N -chain), entropy regularization alone need
not ensure efficient exploration [Cesa-Bianchi et al., 2017, O’Donoghue, 2023].

The illustrative N -chain in Figure 1.1 makes this distinction concrete. Starting at s1, the
agent can either advance to the next state, incurring a small cost, or reset to s1 with zero
reward. A positive reward is available only upon reaching sN , and the cost of advancing is
small enough that reaching this terminal state is preferable to repeatedly resetting. Suppose
the agent has explored an initial prefix of the chain but has little information about the
remaining states. Encouraging action diversity within the visited prefix does not by itself
favour the sustained sequence of advances needed to discover the distant reward. Before that
reward has been discovered, the immediate costs of advancing may make resetting appear
preferable. The agent may therefore repeatedly revisit familiar states while the value of the
continuation remains uncertain.

s1 s2 s3 · · · sN

Visited prefix Uncertain continuation
advance

Treasure
r = 1

reset

Figure 1.1: An illustrative N -chain. Advancing incurs a small cost, resetting to s1 yields
zero reward, and reaching sN yields a positive terminal reward. The solid portion represents
the visited prefix; the dashed portion represents the uncertain continuation. The terminal
reward is shown for illustration and is unknown to the learner until discovered.

Optimism addresses this issue by using uncertainty in estimated values to favour actions
with high plausible returns. In the chain, an optimistic estimate of the value of the uncertain
continuation can make advancing attractive despite its immediate cost, even before the
terminal reward has been observed. Propagating these estimates back through the visited
states allows the critic to guide the actor toward further exploration. This motivates studying
how to collect informative experience while learning the actor and critic, with guarantees
that account for exploration explicitly.

Finite-horizon linear MDPs provide a tractable setting for studying exploration. In
this setting, the agent is given a feature representation for each state-action pair, and the
unknown rewards and transition dynamics are assumed to depend linearly on these features.
This structure allows data collected at one state-action pair to inform value estimates
at other state-action pairs with related features. At the same time, exploration remains
nontrivial: the learner must collect trajectories that are informative for the features that
affect long-term return. Recent work develops optimistic algorithms for this exploration
problem in linear MDPs [Cai et al., 2020, Jin et al., 2021, Zanette et al., 2021, Zhong and
Zhang, 2023, Agarwal et al., 2023, He et al., 2023, Liu et al., 2023, Sherman et al., 2023,
Cassel and Rosenberg, 2024, Tan et al., 2025]. However, many of these algorithms differ
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from practical actor-critic methods. Some use natural policy-gradient (NPG) updates that
define implicit policies from stored action-value functions, while others rely on confidence
bonuses or specialized algorithmic components that complicate implementation. In contrast,
practical actor-critic methods typically use explicit parametric policies and gradient-based
updates.

This creates another theory-practice gap. Chapter 4 addresses this gap by designing an
optimistic actor-critic algorithm for finite-horizon linear MDPs with an explicitly parame-
terized actor. The chapter empirically evaluates the proposed algorithm on linear MDPs
that match the theoretical setting. It also considers practical on-policy and off-policy Atari
implementations as a preliminary step toward adapting these ideas beyond the linear MDP
setting.

Together, these challenges motivate the central theme of this thesis: designing policy-
gradient and actor-critic algorithms that preserve practical algorithmic structure while
admitting clearer theoretical guarantees. The next section summarizes the three contributions
of the thesis.

1.4 Thesis Contributions

This thesis makes three contributions, corresponding to Chapters 2, 3, and 4.

Chapter 2: A practical on-policy PG method with convergence guarantees.
The first contribution is Softmax Policy Mirror Ascent (SPMA), an on-policy PG algorithm
motivated by the gap between theoretically analyzed PG methods and practical algorithms
such as TRPO, PPO, and MDPO. The key idea is to perform mirror ascent over the logits using
the log-sum-exp mirror map, whose gradient maps logits to action probabilities. This yields
an update that can be expressed directly in probability space. This contrasts with NPG, which
can be viewed as mirror ascent over the probability simplex and leads to an exponentiated-
gradient update requiring explicit normalization across actions. Under appropriate conditions,
the SPMA update avoids this explicit normalization. In the tabular setting, SPMA with a constant
step-size achieves linear convergence under exact policy gradients, matching the rate of NPG

and improving over the sublinear behavior of (accelerated) softmax policy gradient with
constant step-sizes.

The chapter then extends SPMA to the function approximation setting by interpreting the
policy class as a constraint on the logits. This yields a projected mirror-ascent method for
log-linear and neural policy classes. For log-linear policies, the SPMA update reduces to solving
convex softmax classification problems, which enables the analysis to prove convergence to
a neighborhood of the optimal value function at a linear rate. This optimization structure
contrasts with MDPO, a practical function-approximation extension of NPG, whose surrogate can
be non-convex even under tabular softmax parameterization. Empirically, SPMA is evaluated
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on simple MDPs with tabular and linear policy parameterizations, MuJoCo tasks with MLP
policies, and Atari games with convolutional policies. Across these benchmarks, it matches
or outperforms strong baselines such as PPO, TRPO, and MDPO.

Chapter 3: A principled off-policy actor-critic framework for discrete actions.
This chapter studies how policy-optimization ideas interact with critic learning and data
reuse in the off-policy discrete-action setting. It is motivated by the gap between the empirical
success of SAC in continuous-control domains and the comparatively weak performance of
its discrete-action counterpart, discrete SAC (DSAC), on Atari. Through a detailed empirical
dissection, the chapter identifies critic entropy as a key bottleneck: removing entropy
regularization from the critic update, while retaining the entropy-regularized actor update and
automatic entropy tuning, substantially improves performance without requiring algorithmic
changes.

Motivated by this finding, the chapter introduces a modular off-policy actor-critic
framework for discrete actions. The framework decouples actor entropy from critic entropy,
allowing asymmetric designs not captured by prior frameworks. This view subsumes DSAC

and yields novel objectives by splitting the actor update into two steps. The first is to
compute an intermediate policy using NPG or SPMA. The second is to project this policy back
to the realizable policy class using either forward or reverse KL. In particular, the objective
based on the SPMA intermediate policy and forward KL projection can be viewed as the
off-policy extension of the algorithm developed in Chapter 2.

The chapter also provides tabular convergence guarantees for the proposed actor-critic
framework, giving the first analysis that accommodates asymmetric actor and critic entropy.
The analysis reduces convergence to two components: the policy evaluation error of the
critic and the regret associated with the actor update. Empirically, the proposed objectives
are evaluated on Atari. The results show that, like DSAC, these objectives benefit from hard
Bellman policy evaluation, while unlike DSAC, they can remain robust even without entropy
regularization or explicit exploration.

Chapter 4: An optimistic actor-critic algorithm with parametric policies. This
chapter addresses exploration, which is often handled in PG and actor-critic analyses
through coverage or bounded-mismatch assumptions. Instead of assuming that the relevant
state-action space is already sufficiently covered, the chapter studies exploration in finite-
horizon linear MDPs and develops an optimistic actor-critic algorithm with an explicit policy
parameterization.

The actor uses a log-linear policy class and is trained through a logit-matching regression
objective. This objective approximates the implicit policy induced by NPG while maintaining
an explicit parametric policy whose action probabilities can be computed efficiently. The critic
uses Langevin Monte Carlo to produce optimistic value estimates through a gradient-based
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update with injected Gaussian noise, avoiding explicit upper-confidence-bound bonuses. This
design keeps the algorithm closer to practical actor-critic implementations while retaining
the optimism needed for efficient exploration.

The resulting algorithm has end-to-end sample-complexity guarantees without bounded
mismatch or data-coverage assumptions. In the on-policy setting, it learns an ϵ-optimal policy
with ˜︁O(ϵ−4) samples. In the off-policy setting, it achieves ˜︁O(ϵ−2) sample complexity. These
rates match prior state-of-the-art theoretical results while using an explicitly parameterized
actor and a comparatively practical critic update.

Beyond the theoretical analysis, this chapter empirically evaluates the proposed algorithm
on linear MDPs that match the setting of the theory. These experiments examine whether
the optimistic actor-critic design behaves as expected in the regime covered by the analysis,
and illustrate the benefit of incorporating exploration when using explicitly parameterized
actors. As a preliminary step toward adapting these ideas beyond linear MDPs, the chapter
also presents practical on-policy and off-policy Atari variants of the method.
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Chapter 2

Fast Convergence of Softmax Policy
Mirror Ascent

2.1 Introduction

Policy gradient (PG) methods [Williams, 1992, Sutton et al., 1999, Konda and Tsitsiklis,
2000, Kakade, 2001] have been critical to the achievements of reinforcement learning (RL).
Although the PG objective is non-concave, recent theoretical research [Agarwal et al., 2021a,
Mei et al., 2020, 2021b, Bhandari and Russo, 2021, Lan, 2023, Shani et al., 2020, Liu et al.,
2024, Lu et al., 2024, Alfano and Rebeschini, 2022a, Yuan et al., 2023] has analyzed PG
methods in simplified settings and demonstrated their global convergence to an optimal policy.
While such simplified analyses are helpful in understanding the underlying optimization
issues, the resulting methods are rarely used in practice. On the other hand, while methods
such as TRPO [Schulman et al., 2015a], PPO [Schulman et al., 2017b], MDPO [Tomar et al., 2020]
are commonly used in deep RL, their theoretical analysis in the function approximation
setting is quite limited. In particular, existing work either (i) analyzes these methods only in
the impractical tabular setting [Tomar et al., 2020, Shani et al., 2020] or (ii) modifies these
algorithms to make them more amenable to theoretical analysis [Liu et al., 1906, Zhong and
Zhang, 2024]. Unfortunately, these modified algorithms are quite different from the original
variants and are not systematically benchmarked on standard environments. Consequently,
there exists a large gap between PG methods that have theoretical guarantees in realistic
settings versus those which are implemented in practice. To make matters worse, it has been
demonstrated that code-level implementation details impact the empirical performance more
than the underlying algorithm [Engstrom et al., 2019].

Designing theoretically principled PG algorithms that simultaneously have good empirical
performance on the standard set of benchmarks is the main motivation behind this work.
To that end, we leverage an algorithm first proposed by Vaswani et al. [2021], which we
modify to remove the need for normalization. We coin this refinement Softmax Policy Mirror
Ascent (referred to as SPMA). We show that SPMA has comparable convergence guarantees as
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existing theoretical techniques [Lu et al., 2024, Yuan et al., 2023] in the tabular and function
approximation settings, while achieving comparable practical performance as PPO, TRPO and
MDPO, without additional algorithmic modifications. In particular, we make the following
contributions.

Contribution 1: In Section 2.3, we focus on the multi-armed bandit and tabular MDP
settings, where the number of parameters scales with the number of states and actions. We
develop the SPMA algorithm, which parameterizes the policy using the softmax function and
uses a mirror ascent (with the log-sum-exp mirror map) update. Compared to NPG that
can be viewed as mirror ascent in the space of probabilities, SPMA corresponds to mirror
ascent in the dual space of logits and does not require a normalization across actions. Given
access to the exact policy gradients, we prove that SPMA with a constant step-size converges
to the optimal policy at a linear rate and thus matches the rate of NPG [Khodadadian
et al., 2021, Liu et al., 2024]. In comparison, constant step-size softmax policy gradient
(SPG) [Agarwal et al., 2021a, Mei et al., 2020] can only achieve sublinear convergence rates
even with Nesterov acceleration [Chen et al., 2023]. Hence, by changing the mirror map
(from Euclidean to log-sum-exp) while using the same policy parameterization, SPMA can
result in an exponential improvement over SPG.

Contribution 2: In order to handle MDPs with large state-action spaces, we use function
approximation (e.g. linear models or neural networks) to parameterize the policies resulting
in the class of log-linear or energy-based policies [Haarnoja et al., 2017, Agarwal et al., 2021a,
Yuan et al., 2023] respectively. By interpreting the policy parameterization as a constraint
on the corresponding logits, we use projected mirror ascent to extend SPMA to the FA setting
and design Algorithm 1. Unlike that for NPG, generalizing SPMA does not require compatible
function approximation, and thus results in a more practical algorithm. Unlike MDPO [Tomar
et al., 2020] which results in non-convex surrogates for linear FA, SPMA requires solving
convex softmax classification problems in each iteration.

Contribution 3: In Section 2.4.2, we state the conditions under which Algorithm 1
converges to the neighbourhood of the optimal value function, and characterize the resulting
linear convergence rate. Hence, for log-linear policies, Algorithm 1 matches the theoretical
convergence of NPG with compatible function approximation [Agarwal et al., 2021a, Alfano
and Rebeschini, 2022a, Yuan et al., 2023]. Our theoretical results are better than those
in Vaswani et al. [2021] and Schulman et al. [2015a] which prove sublinear convergence to a
stationary point for idealized variants of SPMA and TRPO respectively. In contrast to Kuba
et al. [2022] which prove that the idealized variants of PPO and TRPO converge to the optimal
policy asymptotically, we characterize the non-asymptotic convergence rate for Algorithm 1.

Contribution 4: We empirically evaluate SPMA across simple MDPs with tabular and
linear parameterization, Atari games with a discrete action space and a neural policy
parameterization with CNNs, and continuous control MuJoCo tasks with a continuous action
space and a neural policy parameterization with MLPs. We demonstrate that SPMA has
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consistently good performance – on Atari games SPMA achieves better results than both TRPO

and PPO while matching or outperforming MDPO, whereas on MuJoCo tasks, SPMA outperforms
PPO and achieves similar or better results than MDPO.

2.2 Problem Formulation

We consider an infinite-horizon discounted Markov decision process (MDP) [Puterman,
2014] defined by M = ⟨S,A,P, r, ρ, γ⟩, where S and A represent the states and actions,
P : S × A → ∆S is the transition probability function, r : S × A → [0, 1] is the reward
function, ρ ∈ ∆S is the initial state distribution, and γ ∈ [0, 1) represents the discount factor.
In this paper, we exclusively consider the setting where the number of states and actions is
finite, but potentially large.

Given s ∈ S, the policy π induces a probability distribution π(.|s) over the actions.
The action-value function Qπ : S × A → R induced by π is defined as Qπ(s, a) :=
E[∑︁∞

t=0 γ
tr(st, at)|s0 = s, a0 = a] where st ∼ p(.|st−1, at−1), and at ∼ π(.|st) for t ≥ 1.

The value function corresponding to Qπ starting from state s is defined as V π(s) :=
Ea∼π(.|s)[Qπ(s, a)] with J(π) := V π(ρ) := Es∼ρ[V π(s)] representing the expected discounted
cumulative reward. Furthermore, the advantage function Aπ : S × A → R is defined as
Aπ(s, a) := Qπ(s, a)− V π(s). The policy also induces a discounted state-occupancy measure
dπ(s) := (1−γ)∑︁∞

t=0 γ
tPrπ[st = s|s0 ∼ ρ] over the states. The objective is to find an optimal

policy π∗ that maximizes the expected reward J(π), i.e. π∗ = arg maxπ J(π). As a special
case, in the bandit setting, |S| = 1, |A| = K, γ = 0, and J(π) = ⟨π, r⟩, with K representing
the number of arms.

2.3 Softmax Policy Mirror Ascent: Tabular Parametrization

Softmax policy mirror ascent (referred to as SPMA) represents the policy using the softmax
function h : RA → ∆A i.e. π(·|s) = h(z(s, ·)) s.t. for all (s, a) ∈ S×A, π(a|s) = exp(z(s,a))∑︁

a′ exp(z(s,a′)) ,
where the logits z are SA-dimensional vectors and ∆A is the A-dimensional simplex. We
first focus on the tabular parameterization where the number of parameters scales with the
number of states and actions, and aim to learn the logits corresponding to an optimal policy.
With some abuse of notation, we use J(z) to refer to J(π) where π(·|s) = h(z(s, ·)) and
state the objective as: maxz∈RSA J(z).

As the name suggests, SPMA uses mirror ascent (MA) to maximize J(z). For a differentiable,
strictly convex mirror map Φ, MA [Beck and Teboulle, 2003, Bubeck et al., 2015] is an
iterative algorithm whose update at iteration t ∈ [T ] can be stated in two equivalent ways:

∇Φ(zt+1) = ∇Φ(zt) + η∇zJ(zt) (2.1)

zt+1 = arg max
z∈RSA

[︃
⟨z − zt,∇zJ(zt)⟩ −

1
η
DΦ(z, zt)

]︃
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where zt is the logit at iteration t, η is the step-size and DΦ(z, z′) := Φ(z) − Φ(z′) −
⟨∇Φ(z′), z − z′⟩ is the Bregman divergence between logits z and z′ induced by the mirror
map Φ. Hence, the MA update at iteration t can be interpreted as moving in the gradient
direction ∇zJ(zt) while staying “close” to the logit zt, where the proximity between logits is
measured according to the Bregman divergence and weighted by 1

η .

2.3.1 Bandit Setting

It is instructive to first instantiate the SPMA update for the bandit setting where J(π) = ⟨π, r⟩.
In this setting, ∇zJ(z) ∈ RA s.t. [∇zJ(z)](a) = π(a) [r(a)− ⟨π, r⟩]. Following Vaswani et al.
[2021], we use the log-sum-exp mirror map i.e. ϕ(z) = ln(∑︁a exp(z(a)). Since [∇ϕ(z)](a) =

exp(z(a))∑︁
a′ exp(z(a′)) = [h(z)](a) = π(a), the logit and probability spaces are dual to each other, and

the ∇ϕ map can be used to move between these spaces. Given this, the SPMA update can be
written as:

πt+1(a) = πt(a) (1 + η [r(a)− ⟨π, r⟩])

= πt(a) [1 + η
∑︂
a′ ̸=a

πt(a′) ∆(a, a′)] , (2.2)

where ∆(a, a′) := r(a)− r(a′) represents the reward gap between arms a and a′. We first
ensure that πt+1 is a valid probability distribution. Since r(a) ∈ [0, 1] for all a, η ≤ 1 is
sufficient to guarantee that πt+1(a) is non-negative for every a. Moreover, ∑︁a πt+1(a) =∑︁

a πt(a) + η
∑︁

a πt(a)[r(a)−⟨π, r⟩] = ∑︁
a πt(a) = 1. Hence, for η ≤ 1, Equation (2.2) results

in a valid update to the policy. The above update is related to the PROD algorithm [Cesa-
Bianchi et al., 2007] used for the experts problem in the online learning literature. In contrast
to SPMA which is derived from mirror ascent, PROD is derived using a linearization of the
Hedge [Freund and Schapire, 1997] algorithm and requires explicit normalization to obtain
probabilities.

2.3.2 MDP Setting

In order to extend SPMA to the MDP setting, we use a (state-wise) weighted log-sum-exp mirror
map, i.e. for a logit z ∈ RSA, we define Φ(z) := ∑︁

sw(s)ϕ(z(s, ·)) = ∑︁
sw(s) ln(∑︁a exp(z(s, a))

where w(s) are the per-state weights. Following the proof of Vaswani et al. [2024, Lemma
11], the resulting Bregman divergence is given as: DΦ(z, z′) = ∑︁

sw(s) KL(π′(·|s)||π(·|s))
where π and π′ are the policies corresponding to logits z and z′. At iteration t of SPMA, we
choose w(s) = dπt(s) and use the policy gradient theorem [Sutton et al., 1999] to calculate
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[∇J(zt)](s, a) = dπt(s)πt(a|s)Aπt(s, a). The resulting SPMA update is given as:

zt+1 = arg max
z∈RSA

∑︂
s

dπt(s)
[︃
⟨πt(·|s)Aπt(s, ·), z(s, ·)⟩

− 1
η

KL(πt(·|s) ||h(z(s, ·))
]︃
.

Since the above maximization decomposes over the states, we can write the per-state update
for each s ∈ S in terms of πt+1(·|s) = h(zt+1(s, ·)) as follows:

πt+1(a|s) = πt(a|s) (1 + ηAπt(s, a)) . (2.3)

Similar to the bandit case, since r(s, a) ∈ [0, 1], πt+1(a|s) is non-negative for η ≤ 1−γ. Since∑︁
a πt(a|s)Aπt(s, a) = 0, ∑︁πt+1(a|s) = 1, and hence Equation (2.3) results in a valid policy

update.
In order to compare the SPMA update to existing methods, note that for the tabular

parameterization, natural policy gradient (NPG) update [Kakade, 2001] is the same as policy
mirror ascent [Lan, 2023, Johnson et al., 2023, Xiao, 2022] and is given by: πt+1(a|s) ∝
πt(a|s) exp(η Aπt(s, a)). In contrast to NPG, the SPMA update in Equation (2.3) is linear in
both η and Aπt(s, a) and does not require an explicit normalization across actions to ensure
valid probability distributions. On the other hand, softmax policy gradient (SPG) [Agarwal
et al., 2021a, Mei et al., 2020] corresponds to choosing the mirror map ϕ in Equation (2.1) to
be the Euclidean norm and has the following update: zt+1(s, a) = zt(s, a)+η πt(a|s)Aπt(s, a).
Compared to SPG that uses the softmax policy gradient to update the logits, SPMA uses the
softmax policy gradient to directly update the probabilities. As we demonstrate in the next
section, this desirable property enables SPMA to achieve faster rates than SPG.

2.3.3 Theoretical Results
In this section, we prove convergence guarantees for SPMA in the multi-armed bandit and
tabular MDP settings. We first establish linear convergence for SPMA for multi-armed bandits
for any constant η ≤ 1.

Theorem 1. The SPMA update in Equation (2.2) with (i) a constant step-size η ≤ 1, and
(ii) uniform initialization i.e. π0(a) = 1

K for all a converges as:

r(a∗)− ⟨πT , r⟩ ≤
(︃

1− 1
K

)︃
exp

(︃−η∆min T

K

)︃
,

where T is the number of iterations, a∗ is the optimal arm i.e. a∗ = arg maxa r(a) and
∆min := mina̸=a∗ ∆(a∗, a) = r(a∗)− r(a) is the gap.

The above theorem (proved in Section A.1) shows that for multi-armed bandit problems,
SPMA can achieve linear convergence to the optimal arm, and the resulting rate depends on
both the gap and the number of arms. In Section A.1.1, we prove that SPMA with specific
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gap-dependent step-sizes can achieve a global super-linear convergence rate for multi-armed
bandits. To the best of our knowledge, these are the first global super-linear rates for PG
methods on multi-armed bandit problems.

In the next theorem, we extend the linear convergence result to tabular MDPs and prove
that when given access to the exact policy gradients, SPMA results in linear convergence to
the optimal value function for any sufficiently small constant step-size.

Theorem 2. Using the SPMA update in Equation (2.3) with a step-size η < min
{︂

1− γ, 1
Ct(1−γ)

}︂
converges as:

⃦⃦⃦
V π∗ − V πT

⃦⃦⃦
∞
≤
(︄

T −1∏︂
t=0

αt

)︄ ⃦⃦⃦
V π∗ − V π0

⃦⃦⃦
∞
,

where αt := (1 − η Ct (1 − γ)), Ct := mins{πt(ãt(s)|s) ∆t(s)}, ãt(s) := arg maxaQ
πt(s, a)

and ∆t(s) := maxaQ
πt(s, a)−maxa̸=ãQ

πt(s, a).

For ease of exposition, the above theorem considers ãt(s) to be the unique action
maximizing Qπt(s, ·) for every state s and policy πt. In Section A.2, we extend this to include
multiple optimal actions with a minor change in the definition of the gap. For rewards in
(0, 1), Ct (1− γ) is in (0, 1) and depends on the initialization. If C := mint∈[T ]Ct, then the
above implies that when T ∈ O

(︂
1

η C(1−γ) ln(1/ϵ)
)︂
, SPMA guarantees that V πT (s) ≥ V ∗(s)− ϵ

for all s ∈ S. Note that in order to establish linear convergence, it is crucial to ensure that
C is nonzero. Proving this property theoretically is challenging, as reflected in related work.
In particular, the best-known linear convergence rates for NPG with a constant step size
also depend on this same constant (see, for example, Theorem 5.4 in [Liu et al., 2024] and
Lemma 10 in [Mei et al., 2021a]). Consequently, in Section A.3.3, we empirically verify that
C is lower-bounded by a positive constant.

In order to put the above convergence result in context, note that SPG with a constant
step-size results in a Θ (1/ϵ) convergence [Mei et al., 2020]. Recently, Chen et al. [2023] proved
that constant step-size SPG with Nesterov acceleration can obtain an O(1/

√
ϵ) convergence.

In contrast, the above theorem demonstrates that by choosing the appropriate mirror map,
constant step-size SPMA can achieve a faster O(log(1/ϵ)) rate of convergence. On the other
hand, Liu et al. [2024], Lu et al. [2024] prove that SPG with adaptive step-sizes can also result
in linear convergence. However, the resulting rate depends on the distribution mismatch
ratio

⃦⃦⃦
dπ∗

ρ

⃦⃦⃦
∞

that can be exponentially large in the size of the state space [Li et al., 2021]. In
contrast, the convergence result in Theorem 2 has no such dependence. The linear convergence
rate in Theorem 2 matches that of NPG with a constant step-size [Liu et al., 2024] and
compared to Liu et al. [2024, Theorem 5.4], it results in a better dependence (exponential
vs polynomial) on the gap ∆t(s). Finally, we note that for the tabular parameterization, a
variant of TRPO has been shown to achieve O(1/ϵ2) convergence to the optimal policy [Shani
et al., 2020].
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In the next section, we extend SPMA to exploit function approximation to handle large
state-action spaces.

2.4 Handling Function Approximation

Handling large MDPs requires function approximation (FA) techniques to share information
between states and actions. For example, given a set of state-action features X ∈ RSA×d

where d << SA, the log-linear policy parameterization [Agarwal et al., 2021a, Alfano and
Rebeschini, 2022a, Yuan et al., 2023] considers policies of the form: π(a|s) = exp(⟨X(s,a),θ⟩)∑︁

a′ exp(⟨X(s,a′),θ⟩)

where θ ∈ Rd is the parameter to be learned. Hence, the log-linear policy parameterization
can handle large state-action spaces while learning a compressed d-dimensional representation.
We interpret the log-linear policy parameterization as a constraint in the space of logits.

Algorithm 1: SPMA with function approximation
Input: θ0 (parameters for the initial policy π0), fθ (function approximation), T
(number of outer-loop), m (number of inner-loops), η (outer-loop step-size), ζ
(inner-loop step-size)

for t← 0 to T − 1 do
1. Interact with the environment using πt and form the surrogate function ℓt(θ)
in Equation (2.5)
2. Initialize inner-loop: ω0 = θt

for k ← 0 to m− 1 do
ωk+1 = ωk − ζ∇ωℓt(ωk)

end
3. θt+1 = ωm

4. Update πt+1(·|s) = h(fθt+1(s, .))
end
Return θT

Specifically, the logits z are constrained to lie in the set Z = {z ∈ RSA|∃θ s.t. z = Xθ
}, meaning that the logits are required to be realizable by the linear model with features
X. We define Π as the corresponding set of feasible policies, i.e. Π = {π|∀s ∈ S , π(·|s) =
h(z(s, ·)) s.t. z ∈ Z}. Hence, the policies in Π are constrained to be log-linear. Note that,
as in the case of log-linear policies, Π can be a non-convex set, even when Z is convex.
For general energy-based or neural policies [Haarnoja et al., 2017, Agarwal et al., 2021a],
π(a|s) ∝ exp(fθ(s, a)) where fθ : RSA → R is a complex, non-linear model. In this case, the
logits are constrained to lie in the set: Z = {z ∈ RSA|∃θ s.t. z(s, a) = fθ(s, a)}.

The above interpretation allows us to extend SPMA to the FA setting. Specifically, we use
the same mirror ascent update as in Equation (2.1) with an additional projection step onto
the feasible set Z. Specifically, we define zt+1/2 s.t. ∇Φ(zt+1/2) = ∇Φ(zt) + η∇zJ(zt) and
compute zt+1 = arg minz∈Z DΦ(z, zt+1/2). This step denotes the Bregman projection of zt+1/2

onto Z, i.e. we seek to find the closest (according to the Bregman divergence) realizable point
(in Z) to the “ideal” point zt+1/2 which corresponds to using the tabular parameterization.
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Following Vaswani et al. [2021], Lavington et al. [2023], we convert the above projection
problem into an unconstrained minimization problem where ∀(s, a), zt+1(s, a) = fθt+1(s, a),
zθ(s, a) := fθ(s, a) ∈ Z, θt+1 = arg minθ DΦ(zθ, zt+1/2) i.e. we aim to find the parameter θ
that realizes the point zθ ∈ Z which is closest to zt+1/2. Following Section 2.3.2, using the
log-sum-exp mirror map weighted by dπt(s) at iteration t results in the following optimization
problem θt+1 = arg minθ ℓ̃t(θ) where,

ℓ̃t(θ) :=
∑︂

s

dπt(s) KL(πt+1/2(·|s) ||πθ(·|s)) (2.4)

= E
s∼dπt

H (h(fθt(s, ·))(1 + ηAπt(s, ·)), h(fθ(s, ·))) + Ct .

Here, H(p, q) := −Ep[ln(q)] = −∑︁a p(a) ln(q(a)) is the cross-entropy between distributions
p and q and Ct is a constant with respect to θ. We refer to ℓ̃t(θ) as the ideal surrogate.
Minimizing this surrogate requires calculating the expectation over the states sampled
according to πt. In order to have a practical algorithm, we can run trajectories τ starting
from the initial state distribution ρ, following the policy πt and thus sampling from the dπt

distribution (see Agarwal et al. [2021a, Algorithm 3] for the detailed procedure). Given these
samples, we form the surrogate ℓt(θ) defined as:

∑︂
s∼τ

KL (h(fθt(s, ·))(1 + ηAπt(s, ·)) ||h(fθ(s, ·))) . (2.5)

Note that E[ℓt(θ)] = ℓ̃t(θ) where the expectation is w.r.t. to dπt . We use m steps of (stochastic)
gradient descent to approximately minimize ℓt(θ). Putting everything together, the algorithm
incorporating general FA is presented in Algorithm 1.

Log-linear Policy Parameterization: For this special case, the problem in Equa-
tion (2.4) is equivalent to a weighted (according to dπt(s)) multi-class classification for each
state. The per-state problem corresponds to a softmax classification into A classes using
a linear model with features X and soft labels equal to πt+1/2(·|s). Computing θt+1 thus
involves minimizing a smooth, convex function.

In the next section, we compare Algorithm 1 to existing approaches that incorporate FA.

2.4.1 Comparison to Existing Approaches

Comparison to NPG: A principled extension of NPG to handle FA is via the compati-
ble function approximation [Kakade, 2001, Agarwal et al., 2021a]. An example of such
an algorithm, Q-NPG involves solving a quadratic surrogate at each iteration t: ω̂t =
minω

∑︁
s d

πt(s)∑︁a πt(a|s) (fω(s, a)−Qπt(s, a))2. The policy parameters are updated us-
ing ω̂t which corresponds to the natural gradient direction. While this approach results in
theoretical guarantees (see Section 2.4.2 for details); for a general parameterization, the
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resulting algorithm involves changing the representation of the critic at every iteration.
Consequently, solving the surrogate is expensive, limiting the practicality of the method.

Comparison to MDPO: A more practical extension of NPG is mirror descent policy
optimization [Tomar et al., 2020] (MDPO). Similar to SPMA, MDPO can be interpreted as
projected (onto the feasible set of policies) mirror ascent in the space of probabilities [Vaswani
et al., 2021]. The resulting surrogate (as a function of the policy parameters) is given by:∑︁

s d
πt(s) KL (πθ(·|s) ||h (fθt(s, ·) exp(η Qπt(s, ·)))). Unlike the surrogate in Equation (2.4),

the MDPO surrogate is non-convex even when using a tabular softmax parameterization for
the policy, and consequently does not have any theoretical guarantees. However, MDPO results
in good empirical performance, and we compare to it in Section 2.5.

Comparison to TRPO: As explained in Vaswani et al. [2021], the surrogate in Equa-
tion (2.4) is closely related to TRPO. In particular, the TRPO update consists of solving the follow-
ing optimization problem:∑︁s d

πt(s)∑︁a πt(a|s)Aπt(s, a) πθ(a|s)
πθt

(a|s) , such that Es∼dπt [KL(πt(·|s) ||πθ(·|s))] ≤
δ. SPMA (i) uses instead ∑︁s d

πt(s)∑︁a πt(a|s)Aπt(s, a) log πθ(a|s)
πθt

(a|s) , i.e. the logarithm of the
importance sampling ratio, making the resulting update more stable [Vaswani et al., 2021]
and (ii) enforces the proximity between policies via a regularization rather than a con-
straint. Enforcing the trust-region constraint in TRPO requires additional hyper-parameters,
code-level optimizations and computation [Engstrom et al., 2019]. In contrast, SPMA is more
computationally efficient and simpler to implement in practice. In the next section, we study
the theoretical properties of Algorithm 1.

2.4.2 Theoretical Guarantee

For rewards in [0, 1] and for a general policy parameterization, Vaswani et al. [2021] prove
that, for η ≤ 1− γ, Algorithm 1 results in monotonic improvement, i.e. J(πt+1) ≥ J(πt) and
hence converges to a stationary point at an O(1/ϵ) rate. Since J is non-convex and can have
multiple stationary points, the result in Vaswani et al. [2021] does not provide sufficient
evidence for the good empirical performance of Algorithm 1. In this section, we prove that,
under reasonable assumptions similar to existing works, Algorithm 1 can converge to the
neighbourhood of the optimal value function at a linear rate. The size of the neighbourhood
is determined by various practical factors such as sampling, inexact optimization, and bias
due to the FA. In order to state our result, we first state and justify our assumptions.

Recall that in order to have a practical algorithm, we minimize ℓt(θ) obtained by sampling
from dπt .

Assumption 1. Excess Risk: For all iterations t of Algorithm 1, |ℓ̃t(θt+1)−min ℓ̃t(θ)| ≤ ϵstat.

The above assumption quantifies the excess risk incurred by minimizing a finite sampled
“dataset” of states as compared to minimizing over the population loss ℓ̃t(θ). This is a
standard assumption in the literature analyzing the convergence of policy gradient methods
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with FA [Agarwal et al., 2021a, Alfano and Rebeschini, 2022a, Yuan et al., 2023]. If n is
the number of samples and the surrogate is minimized using (stochastic) gradient descent,
using the standard generalization results [Lei and Ying, 2021, Nikolakakis et al., 2022], we
expect ϵstat = O(1/n) for the log-linear parameterization. For example, using m iterations
of SGD would result in ϵstat = O(1/n + 1/m) [Lei and Ying, 2021, Theorem 6]. For a
general parameterization, where the surrogate might be non-convex, the excess risk can
be bounded up to the optimization error [Nikolakakis et al., 2022]. Under the appropriate
technical assumptions, ℓt(θ) can been shown to satisfy the Polyak-Lojasiewicz condition
[Liu et al., 2022] implying that the optimization error for (stochastic) gradient descent can
be made arbitrarily small. The next assumption quantifies the bias incurred because of
a policy parameterization with limited expressive power compared to using the tabular
parameterization.

Assumption 2. Bias: For all iterations t of Algorithm 1, minθ ℓ̃t(θ) ≤ ϵbias.

The above assumption captures the flexibility of the model class being used in the policy
parameterization. For a tabular parameterization where the number of parameters scales as
SA, ϵbias = 0, whereas for the log-linear parameterization, ϵbias depends on the expressivity
of the features. The final assumption is concerned with exploration and indicates that the
initial state distribution has full support implying that the method does not require explicit
exploration.

Assumption 3. Exploration: ∀s ∈ S, ρ(s) ≥ ρmin > 0.

The above assumption is standard in the literature [Agarwal et al., 2021a, Xiao, 2022] and
helps isolate and study the optimization properties of PG methods. We prove the following
theorem in Section A.2.

Theorem 3. Under Assumption 1-3, SPMA with η < min
{︂

1− γ, 1
Ct(1−γ)

}︂
converges as,

J(π∗)− J(πT )

≤
(︄

T −1∏︂
t=0

αt

)︄
(J(π∗)− J(π0)) + β

T −1∑︂
t=0

T −1∏︂
i=t+1

αi ,

where β =
√

2
(1−γ)2ρmin

√
ϵstat + ϵbias and αt has the same definition as in Theorem 2.

The above theorem shows that Algorithm 1 converges linearly to the neighbourhood of
the optimal value function. Furthermore, for the log-linear parameterization, the size of the
neighbourhood can be bounded explicitly. For example, if the logits zt+1/2 for every t lie in
the span of the features, ϵbias = 0 (this is similar to the linear Bellman completeness condition
used in the analysis of value-based methods [Munos, 2005]) and ϵstat = O(1/n+ 1/m). By
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using more samples and with more (S)GD iterations, the size of the neighbourhood can be
made arbitrarily small. Except for the neighbourhood term, the above convergence result
is similar to that for the tabular setting in Theorem 2. The other difference is that the
result in the tabular setting holds in the ℓ∞ norm and thus holds for all states, whereas the
result in Theorem 3 only holds for a fixed starting state distribution ρ. In practice, Aπt is
typically estimated via a critic. To account for this, we generalize the proof of Theorem 3
in Section A.2, and prove that Algorithm 1 converges linearly to a neighbourhood that
depends on an additional term proportional to the critic error.

We now compare to the existing theoretical results for PG methods with FA. For the
log-linear policy parameterization, Q-NPG and its variants have been shown to achieve linear
convergence to the neighbourhood of the optimal value function [Agarwal et al., 2021a,
Alfano and Rebeschini, 2022a, Yuan et al., 2023]. The size of the neighbourhood depends on
similar quantities as Theorem 3. Finally, we note that while an ideal, impractical variant
of TRPO has a monotonic improvement guarantee similar to Algorithm 1 [Schulman et al.,
2015a], it does not have convergence guarantees comparable to Theorem 3.

2.5 Empirical Evaluation

We evaluate SPMA1 on three types of problems: (i) tabular MDPs with access to exact policy
gradients, (ii) MDPs with continuous states but discrete actions, using inexact policy gradi-
ents, and (iii) MDPs with continuous state-actions spaces and inexact gradients. For tabular
MDPs, we use the tabular parameterization and compare SPMA against NPG and constant
step-size SPG [Mei et al., 2020]. For these environments, we also consider log-linear policies
and compare SPMA to MDPO and SPG. For non-tabular environments, we consider PPO, TRPO
and MDPO as baselines. We consider two variants of TRPO – TRPO-constrained, the standard
optimized variant in Raffin et al. [2021] and TRPO-regularized, the original regularized
variant. TRPO-constrained is able to effectively enforce the trust region constraint using
conjugate gradient, but introduces additional hyper-parameters, requires code-level optimiza-
tion techniques and is computationally expensive. On the other hand, TRPO-regularized is
significantly more efficient and theoretically principled [Lazić et al., 2021], and is similar
to SPMA’s objective (see Section 2.4.1). For details regarding the hyper-parameters of all
methods for each environment, refer to Sections A.3 and A.4.

Tabular MDP Results: We present the results in Section A.3, and summarize the key
findings here. We observe that SPMA and NPG achieve comparable performance, both consis-
tently outperforming SPG (Figure A.1). However, in the linear FA setting, SPMA demonstrates
superior performance compared to MDPO in the CliffWorld environment [Sutton and Barto,

1The code is available at http://github.com/reza-asad/SPMA.
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Figure 2.1: On Atari games, where a CNN-based actor network is employed, SPMA matches
or surpasses MDPO and outperforms PPO, as well as both the constrained and regularized
versions of TRPO.

2018] (Figure A.3), while performing similarly in the Frozen Lake environment [Brockman,
2016] (Figure A.4). In both environments, SPMA and MDPO consistently outperform SPG.

In the remainder of this section, we focus on the non-tabular settings with inexact policy
gradients. For these experiments, we follow the protocol of Tomar et al. [2020], using 5 seeds
and reporting the average results along with their 95% confidence intervals. Additionally, we
employ the actor-critic architecture, policy parameterization, and GAE [Schulman et al.,
2015b] (to estimate the advantage function) from stable baselines [Raffin et al., 2021]. We
emphasize that, in contrast to prior work, we do not make ad-hoc adjustments to SPMA

(i.e., the actor). To set the step-size η in Algorithm 1, we perform a grid search over five
values (fixed across all experiments) and set the inner loop step-size ζ using Armijo line
search [Armijo, 1966].

Atari and Mujoco Results: We evaluate the performance of SPMA compared to the
baselines across various Atari 2600 games [Bellemare et al., 2013] and MuJoCo [Todorov
et al., 2012] control tasks from OpenAI Gym [Brockman, 2016]. The observation space for
Atari games consists of a 210×160×3 image, representing the current state of the game. The
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Figure 2.2: On MuJoCo control tasks, where a two-layer MLP actor network is used, SPMA
matches or outperforms MDPO while consistently outperforming PPO and regularized TRPO. In
contrast to the results on Atari games, with a shallow MLP, TRPO-constrained outperforms
all methods.

action space in these environments is discrete, whereas in MuJoCo, it is continuous and by
default represented by a diagonal Gaussian distribution in Raffin et al. [2021]. Additionally,
the actor-critic network for Atari uses a CNN as a feature extractor, while MuJoCo employs
an MLP.

Comparing the results in Fig. 2.1 and 2.2, our key observations are as follows: i) SPMA

consistently outperforms or matches MDPO and PPO across all environments; ii) although
TRPO-constrained achieves superior performance on MuJoCo, its performance degrades
considerably on Atari games. We conjecture that the conjugate gradient algorithm in
TRPO-constrained performs poorly when the actor network is a CNN rather than a two-layer
MLP; iii) TRPO-regularized, which has a similar objective as SPMA (see Section 2.4.1 for a
comparison) does not perform as well on MuJoCo and has considerably worse performance on
Atari. Hence, we observe that replacing the sampling ratio by its log can result in substantial
empirical gains. This behaviour has also been observed for PPO Vaswani et al. [2021]. Overall,
our experiments demonstrate that, despite being theoretically grounded, SPMA exhibits strong
empirical performance across various environments without relying on ad-hoc adjustments.
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2.6 Discussion

We developed SPMA, a PG method that corresponds to mirror ascent in the dual space of logits.
We believe that our paper bridges the gap between theoretical PG methods and practical
objectives by presenting a method that offers strong theoretical convergence guarantees
while delivering competitive practical performance (compared to PPO, TRPO, MDPO), without
relying on additional heuristics or algorithmic modifications. In the future, we aim to develop
techniques for adaptively tuning the step-size and avoiding expensive grid-searches.

Towards off-policy actor-critic methods. The practical implementation of SPMA uses
a learned critic to estimate advantages, while our analysis focuses on the policy update
and accounts for critic error without explicitly analyzing the critic-learning procedure. This
chapter also focuses on the on-policy setting, whereas reusing data collected by earlier
policies can improve sample efficiency [Haarnoja et al., 2018b]. These considerations motivate
extending the study to the joint design and analysis of actor and critic updates, together
with off-policy data reuse. For example, an off-policy actor-critic algorithm can use a replay
buffer of transitions collected by earlier policies to train its critic and update its current
actor. However, the algorithm’s behavior depends on how policy evaluation and policy
improvement are combined. Soft Actor-Critic provides a successful example in continuous
control [Haarnoja et al., 2018a], yet its discrete-action counterpart performs poorly on
Atari [Christodoulou, 2019, Zhou et al., 2022]. The next chapter investigates this gap by
identifying the bottleneck in discrete Soft Actor-Critic and developing a modular off-policy
actor-critic framework for discrete actions that extends SPMA to the off-policy setting.
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Chapter 3

Dissecting Discrete Soft
Actor-Critic: Limitations and
Principled Alternatives

3.1 Introduction

Soft Actor-Critic (SAC) [Haarnoja et al., 2018a] is a widely used off-policy reinforcement
learning algorithm for continuous control, combining entropy-regularized critic learning
with policy optimization. It has achieved strong empirical performance across simulated
control benchmarks and real-world robotic systems [Haarnoja et al., 2018b], and has inspired
numerous extensions that further improve its effectiveness [Zhu et al., 2024, Chen et al.,
2021, Hiraoka et al., 2021, Bhatt et al., 2019, Kuznetsov et al., 2020, Ishfaq et al., 2025].
Motivated by this success, prior work has sought to adapt SAC to off-policy discrete-action
settings [Christodoulou, 2019], which are central to domains such as Atari. However, despite
being a natural extension, the resulting discrete variant of SAC (DSAC) exhibits weak empirical
performance on standard benchmarks.

To address this limitation, follow-up work has proposed alternative discrete-action
extensions of SAC [Xu et al., 2021, Zhou et al., 2022]. However, these methods typically
introduce multiple interacting components that complicate implementation and can limit
practical performance. For example, SD-SAC [Zhou et al., 2022] relies on ad-hoc actor
regularization and double-averaged Q-clipping to achieve good performance on Atari. Other
lines of work propose alternative off-policy actor-critic designs for the discrete-action setting,
including off-policy variants of PPO [Queeney et al., 2021, Meng et al., 2023, Gan et al.,
2024] and the GreedyAC algorithm [Neumann et al., 2018]. While these latter approaches
offer complementary perspectives, they have not been evaluated on large-scale benchmarks
such as Atari.

Motivated by the strong performance of continuous SAC and the limited success of its
discrete counterpart, DSAC, we seek to address the following central question:
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Can we isolate the bottleneck limiting DSAC’s performance and identify design choices for
building principled and efficient off-policy discrete-action actor–critic methods?

To achieve our objective, we first investigate the poor Atari performance of DSAC [Christodoulou,
2019]. Prior work attributes this weakness to the use of a fixed target entropy [Xu et al., 2021],
unstable coupling between policy and critic updates, and Q-value underestimation bias [Zhou
et al., 2022]. Consequently, existing remedies adapt the entropy target [Xu et al., 2021] or
add an entropy penalty along with clipped double-average Q-learning [Zhou et al., 2022].
While these modifications can stabilize training, they introduce extra hyper-parameters and
algorithmic complexity. For example, the Atari experiments in Zhou et al. [2022] replace the
automatic entropy-tuning mechanism of the original DSAC with a fixed entropy coefficient,
introducing an additional tuning burden. Other related work includes Neumann et al. [2025]
that modifies the DSAC objective and proposes surrogates with explicit KL regularization,
but does not evaluate them on the standard Atari benchmark. Importantly, none of these
methods admit theoretical guarantees, even in the tabular setting.

Contribution 1: Our extensive ablation study shows that critic entropy substantially
impacts the empirical performance of DSAC. In particular, disabling the entropy regularization
in the critic update (i.e., using the standard Bellman operator for policy evaluation) while
keeping all other components (entropy-regularized soft actor update, automatic entropy
tuning) fixed yields a stable variant of DSAC. This variant does not require double Q-learning
or additional hyperparameters, and significantly outperforms the default DSAC across Atari
games (see Figure 3.1). Furthermore, in Section 3.5 (Conclusion 1), we show that this method
also outperforms prior DSAC variants [Xu et al., 2021, Zhou et al., 2022] on Atari, including
hard-exploration games.

Figure 3.1: Relative performance of
DSAC without critic entropy (our contri-
bution) compared to the default DSAC
across 20 Atari games, averaged over
5 seeds with 95% confidence intervals.
Removing the critic entropy leads to
substantial performance gains.

In order to systematically design and study algorithms related to DSAC, it is necessary
to develop a more general approach. Prior works [Vieillard et al., 2020a, Xiao, 2022] have
proposed such actor-critic frameworks in the discrete-action setting. While Vieillard et al.
[2020a] show that the discrete extension of SAC falls within their framework, our proposed
DSAC variant can not be captured by it. In particular, in Vieillard et al. [2020a], the actor
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and critic entropy are closely coupled, and the framework cannot support using entropy
regularization asymmetrically (e.g. entropy regularization for actor, but not for the critic).
On the other hand, Xiao [2022] propose a policy gradient framework and analyze the actor
objective in DSAC. However, they assume that Q is estimated via a black-box procedure and
do not instantiate the critic update.

Contribution 2: In Section 3.3, we develop a general off-policy actor-critic framework
for the discrete-action setting. Importantly, our framework decouples critic and actor entropy,
enabling greater flexibility. The modular structure of our actor update gives rise to a family
of objectives, including two novel ones, and subsumes DSAC as a special case. In particular, in
the policy evaluation step for the critic, we use a look-ahead target formed by either the soft
critic entropy-regularized or the standard hard Bellman operator. The policy optimization
step for the actor consists of two stages: (i) computing an intermediate policy and (ii)
projecting it onto the class of realizable policies while simultaneously maximizing a proximal
entropy regularization term (referred to as the actor entropy). For (i), we consider two
methods —NPG [Kakade, 2001] due to its widespread use, and SPMA [Asad et al., 2025b]
because it can avoid normalization across actions and has demonstrated good empirical
performance in the on-policy setting. For (ii), following [Chan et al., 2022], we study both
forward and reverse KL divergences for the projection step to understand the effect of this
choice within the proposed framework.

Contribution 3: Unlike prior work that extends SAC to discrete-action settings or
studies its weak empirical performance [Christodoulou, 2019, Xu et al., 2021, Zhou et al.,
2022], our framework has a strong theoretical foundation. In Section 3.4, we analyze the
proposed methods in the tabular setting under asymmetric actor and critic entropy and
establish the first convergence guarantees for such methods. Moreover, when the actor
and critic entropy is coupled, we recover the convergence rates in Vieillard et al. [2020a].
More concretely, in Theorem 4, we reduce the problem of analyzing the sub-optimality in
the entropy-regularized value function to (i) bounding the policy evaluation error for the
critic and (ii) bounding the regret for an online convex optimization problem related to the
policy update step for the actor. Our modular framework can be used to analyze different
combinations of the actor and critic. For example, in Corollary 13, we leverage our framework
to provide a theoretical guarantee for the NPG update with actor entropy and m steps of the
hard Bellman operator (i.e., no critic entropy) for policy evaluation. This corresponds to
one of the variants that we later evaluate empirically in the function approximation setting.

Contribution 4: In Section 3.5, we empirically evaluate the objectives instantiated
using our actor-critic framework. Our results reveal three key findings. First, similar to DSAC,
the objectives derived from our framework benefit from the hard Bellman operator for policy
evaluation, resulting in improved performance. Second, unlike DSAC, the performance of these
objectives, including two novel ones, remains robust even without entropy regularization or
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explicit exploration. Third, using the forward KL divergence when projecting the intermediate
policy onto the class of realizable policies generally leads to higher expected reward.

3.2 Preliminaries

We consider an infinite-horizon discounted Markov decision process (MDP), defined as
M = ⟨S,A,P, r, ρ, γ⟩, where S and A denote the state and action spaces, P : S ×A → ∆S

is the transition probability function, r : S × A → [0, 1] is the reward function, ρ ∈ ∆S is
the initial state distribution, and γ ∈ [0, 1) is the discount factor. Throughout this paper,
we assume that the state and action spaces are finite but potentially large.

For a fixed s ∈ S, the policy π induces a distribution π(·|s) over the actions. The action-
value function qπ : S × A → R of policy π is defined as qπ(s, a) := E[∑︁∞

t=0 γ
tr(st, at)|s0 =

s, a0 = a], with st ∼ p(·|st−1, at−1) and at ∼ π(·|st). Given an initial state s ∼ ρ, the
corresponding value function is defined as vπ(s) := Ea∼π(.|s)[qπ(s, a)]. The advantage function
aπ : S × A → R induced by π is represented by aπ(s, a) := qπ(s, a) − vπ(s). We define
J(π) := vπ(ρ) = Es∼ρ[vπ(s)] as the expected discounted cumulative reward.

Given the Shannon entropy function H(π) = −∑︁a π(a) ln(π(a)), if τ ≥ 0 is the entropy
coefficient, then, the soft (entropy-regularized) counterparts of the above functions [Liu et al.,
2024, Vieillard et al., 2020a] are defined as: vπ

τ (s) := vπ(s) + τ
∑︁∞

t=0 γ
t [H(π(·|st)) | s0 = s],

Jτ (π) := Es∼ρ[vπ
τ (s)], qπ

τ (s, a) := Es′∼P(·|s,a) [r(s, a) + γvπ
τ (s′)] and aπ

τ (s, a) := qπ
τ (s, a) −

vπ
τ (s)− τ ln(π(a|s)). Note that the soft value and action-value functions, vπ

τ (s) and qπ
τ (s, a),

are bounded and lie within the interval [0,Hτ ], where Hτ := 1+τ ln(A)
1−γ [Liu et al., 2024].

Furthermore, for a fixed s ∈ S and an arbitrary pair of policies π1 and π2, the soft Bell-
man operator T π

τ is defined such that: (T π1
τ vπ2

τ )(s) = Ea∼π1(·|s) [qπ2
τ (s, a)− τ ln(π1(a|s))] =

(T π1vπ2
τ )(s) + τH(π1(·|s)) and (T π1

τ qπ2
τ )(s, a) = (T π1qπ2

τ )(s, a) + τEs′∼P(·|s,a)H(π1(·|s′)). If
τ = 0, we refer to the corresponding operator as the hard Bellman operator. The objec-
tive is to maxπ∈Π Jτ (π), where Π is the set of feasible policies. We denote the optimal
entropy-regularized policy by π∗

τ := arg maxπ Jτ (π) and its corresponding value function as
v∗

τ .

3.3 General Off-policy Actor-critic Framework

Building on the empirical findings from Section 3.1, we present a general off-policy actor-critic
framework that subsumes DSAC and yields new actor objectives, including two novel ones.
In Section 3.3.1, we focus on the policy evaluation step and instantiate the resulting critic
objective. In Section 3.3.2, we focus on two alternative policy updates and instantiate the
corresponding actor objectives.

3.3.1 Policy Evaluation

At iteration t ∈ [K] of the actor-critic algorithm, we evaluate the current policy πt using the
m-step entropy-regularized Bellman operator. The coefficient, ζ ≥ 0, controls the strength of
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entropy regularization (referred to as the critic entropy). The corresponding estimate of the
entropy-regularized q function at iteration t is denoted by qt

ζ and computed recursively as:

q0
ζ = qπ0

ζ ; ∀t ≥ 1, qt
ζ = P[0,Hτ ][(T πt

ζ )mqt−1
ζ ] , (3.1)

where P[0,Hτ ] projects each entry onto the [0, Hτ ] interval. As m→∞, the algorithm exactly
evaluates the policy πt and qt

ζ converges to the fixed point qπt
ζ . In this special case, setting

ζ = 0 recovers the standard q function.

Handling function approximation: Equation (3.1) requires updating the state-action
value function for each state and action. In settings where the state or action space is large,
this is not computationally feasible and we aim to approximate this update. To this end,
we focus on the off-policy setting and define the critic objective using the standard squared
loss [Haarnoja et al., 2018a]. Specifically, we use the replay buffer Dt consisting of (state,
action, next state, reward) pairs obtained by the policies in the previous iterations. We
define ϕ as the parameters of a model (typically a neural network) parameterizing the critic
and qϕ as the corresponding function. For defining the critic objective, the details of the
model are irrelevant and are implicit in the qϕ notation. We use Equation (3.1) to construct
a one-step look-ahead target (corresponding to m = 11) and define the critic objective Lt(ϕ)
as:

E(s,a,s′,r(s,a))∼Dt

a′∼πt(·|s′)

⃦⃦⃦
qϕ(s, a)− P[0,Hτ ]

[︁
r(s, a) + γ [qt−1

ζ (s′, a′)− ζ ln(πt(a′|s′))]
]︁⃦⃦⃦2

2
(3.2)

With a slight abuse of notation, by (s, a, s′, r(s, a)) ∼ Dt, we mean that the tuple is sampled
from a discrete distribution over Dt. We set qt

ζ = qϕt where ϕt ≈ arg minLt(ϕ). Similar
to Haarnoja et al. [2018a], in practice, we do not clip the look-ahead target and optimize
over the (s, a, s′, r(s, a)) tuples in a randomly-sampled batch from Dt.

3.3.2 Policy Optimization

At iteration t ∈ [K] in the actor-critic algorithm, the policy optimization step uses the
q function estimates from Section 3.3.1 to update the policy. For a state s ∈ S, we first
compute an intermediate policy πt+1/2 using two representative methods — (i) the natural
policy gradient (NPG) or policy mirror descent (PMD) [Kakade, 2001, Xiao, 2022] update
and (ii) the recently proposed SPMA update [Asad et al., 2025b]. We note that the framework

1We focus on m = 1 for simplicity. The objective for m > 1 can be defined analogously.
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is not limited to these choices. With a suitable step-size ηt and appropriate normalization,

πt+1/2(a|s) ∝ πt(a|s) exp(ηt q
t
ζ(s, a)) (NPG) (3.3)

πt+1/2(a|s) ∝ πt(a|s)
[︂
1 + ηt

(︂
qt

ζ(s, a)− vt
ζ(s)

)︂]︂
(SPMA) (3.4)

In the special case, when ζ = 0, we note that the SPMA update can use a sufficiently small
step-size to avoid an explicit normalization across the actions [Asad et al., 2025b]. On
the other hand, the NPG update always requires an explicit normalization across actions
to ensure that πt+1/2 is a valid probability distribution. We now use a proximal update
to incorporate entropy-regularization in the policy optimization step. Given πt+1/2 and
the entropy regularization parameter τ ≥ 0, the updated policy πt+1 can be computed in
two alternative ways that aim to find the “closest” policy π to πt+1/2 while encouraging
the resulting policy to have sufficiently high entropy (referred to as the actor entropy2).
Specifically, if τt := τ ηt ≥ 0 is the entropy regularization parameter at iteration t, we use
either the forward KL (FKL) or reverse KL (RKL) divergence to measure the proximity
between policies. For each state s ∈ S, the updated policy πt+1(· | s) is obtained as the
solution to one of the following optimization problems:

arg min
π(·|s)∈∆

KL(πt+1/2(·|s)∥π(·|s))− τtH(π(·|s)) (FKL) (3.5a)

arg min
π(·|s)∈∆

KL(π(·|s)∥πt+1/2(·|s))− τtH(π(·|s)) (RKL) (3.5b)

Note that in the special case when τ = 0, πt+1 = πt+1/2. Furthermore, the objective
in Equation (3.5b) is convex in π and the resulting update can be obtained in closed form
where πt+1(a|s) ∝ [πt+1/2(a|s)]

1
1+τt for all (s, a). Combining Equations (3.5a) and (3.5b)

with Equations (3.3) and (3.4) gives rise to four possible ways of updating the policy. We
instantiate the corresponding actor objectives in the function approximation setting below.

Handling function approximation: Equations (3.5a) and (3.5b) require updating the
state-action value function for each state and action. In order to scale to large state-action
spaces, we use function approximation in the policy space. Specifically, given the parameters
θ of a model parameterizing the actor and π(θ) as the corresponding policy, we define
Πθ = {π| ∃ θ s.t π = π(θ)} as the set of realizable policies. Similar to Section 3.3.1, the
choice of the model is implicit in the π(θ) notation.

Following Haarnoja et al. [2018a], we modify Equations (3.5a) and (3.5b) to optimize (i)
only over the states in the replay buffer Dt and (ii) over the restricted policy class Πθ, yielding

2The actor entropy coefficient τ is independent from the critic entropy coefficient ζ. Intuitively, actor
entropy regularizes the distribution over actions at the current state, whereas the critic entropy regularizes
the distribution in the next-state.
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Es∼Dt

[︄
Ea∼πθ(·|s)

[︂
qt

ζ(s, a)− τ ln(πθ(a|s))
]︂
− 1
ηt

KL
(︁
πθ(·|s) ∥πt(·|s)

)︁]︄
NPG-RKL(τ, ζ)

Es∼Dt

[︄
Ea∼πθ(·|s)

[︂
ln
(︂
1 + ηt

(︁
qt

ζ(s, a)− vt
ζ(s)

)︁)︂
− τt ln πθ(a|s)

]︂
−KL

(︁
πθ(·|s)||πt(·|s)

)︁]︄
SPMA-RKL(τ, ζ)

Es∼Dt

[︄
Ea∼πt(·|s)

[︃ exp(ηt q
t
ζ(s, a))∑︁

a′ πt(a′) exp(ηt qt
ζ(s, a′)) ln

(︃
πθ(a|s)
πt(a|s)

)︃]︃
+ τtH(πθ(·|s))

]︄
NPG-FKL(τ, ζ)

Es∼Dt

[︄
Ea∼πt(·|s)

[︃ 1 + ηt(qt
ζ(s, a)− vt

ζ(s))∑︁
a′πt(a′)(1 + ηt(qt

ζ(s, a′)− vt
ζ(s))) ln

(︃
πθ(a|s)
πt(a|s)

)︃]︃
+ τtH(πθ(·|s))

]︄
SPMA-FKL(τ, ζ)

Table 3.1: Actor objectives in the proposed framework. (τ, ζ) denotes actor/critic entropy.
πt+1 for the FKL and RKL variants, respectively: arg minπ∈Πθ

∑︁
s∼Dt

[︃
KL(πt+1/2(·|s)∥π(·|s))−

τtH(π(·|s))
]︃
,

and arg minπ∈Πθ

∑︁
s∼Dt

[︃
KL(π(·|s)∥πt+1/2(·|s))− τtH(π(·|s))

]︃
.

Following Vaswani et al. [2021], Lavington et al. [2023], Tomar et al. [2020], Xiong
et al. [2024], we convert the above projection problem into an unconstrained optimization
over θ, and form ℓt(θ), the corresponding actor objective. We define πt+1 = π(θt+1) where
θt+1 ≈ arg maxθ ℓt(θ). For each variant, we append the postfix (τ, ζ) to denote its dependence
on the actor and critic entropy. The actor objective ℓt(θ) can take one of the four forms,
summarized in Table 3.1.

Comparing the objectives: Note that the NPG-RKL and SPMA-RKL objectives differ
in the first term, which is linear in the q function for NPG-RKL, while it is logarithmic
in the advantage for SPMA-RKL. Similarly, the FKL variants also differ in the first term.
Crucially, in the special case of zero critic entropy and η ≤ 1− γ, SPMA-FKL(τ, 0) does not
require an explicit normalization over the actions [Asad et al., 2025b], making it easier
to implement in practice. Finally, we note that for the RKL variants, the expectation is
over the actions sampled from πθ. The objective can be optimized by calculating the full
expectation, using importance sampling, or applying the reparameterization trick. On the
other hand, the FKL variants involve an expectation over the actions sampled from πt,
simplifying the implementation. In Algorithm 5 in Section B.2, we present the complete
actor-critic pseudo-code in the function approximation setting.

Comparison to existing methods: We note that NPG-RKL(τ, τ) recovers the off-policy
variant of MDPO studied in Tomar et al. [2020]. In the limit that ηt → ∞, NPG-RKL(τ, τ)
recovers the original SAC objective in Haarnoja et al. [2018a]. This is intuitive since SAC can
be viewed as soft policy iteration. Importantly, NPG-RKL(τ, 0) and ηt →∞ recovers the DSAC

variant that demonstrated good empirical performance in Figure 3.1. In the special case
of the tabular setting and ζ = τ (i.e. the actor and critic entropy is coupled and fixed),
the NPG-RKL variant is the same as that proposed in Vieillard et al. [2020a]. On the other
hand, the SPMA-RKL(τ, ζ) objective is novel, and has not been studied previously. Moreover,
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although NPG-FKL(τ, τ) coincides with the objective of Mei et al. [2019] in the tabular setting,
it gives rise to a distinct and novel objective under function approximation.

Finally we note that in the on-policy setting where states are sampled from dπt , the
distribution induced by policy πt (instead of Dt), setting τ = ζ = 0 and m =∞ for the critic
(corresponding to exact policy evaluation) we can recover the framework in Vaswani et al.
[2021], and its instantiations [Tomar et al., 2020, Asad et al., 2025b]. Next, we consider the
tabular setting and prove theoretical guarantees for the RKL variants.

3.4 Theoretical Guarantees

We consider the tabular setting and analyze the actor-critic algorithm when using decoupled
non-zero critic and actor entropy. For the critic, we consider estimating the q functions
using Equation (3.1). For the actor, we consider using the RKL variant in Equation (3.5b)
in conjunction with the NPG and SPMA updates in Equations (3.3) and (3.4), and denote the
corresponding variants as soft NPG and soft SPMA respectively.

In Theorem 4 below, we first reduce bounding the sub-optimality in the entropy-
regularized value function to a per-state online convex optimization problem. It is important
to note that this reduction is independent of the specific actor and critic updates.

Theorem 4 (Generic Reduction with Actor Entropy). If π∗
τ is the optimal entropy-regularized

policy whose value function is v∗
τ , for a qt

ζ obtained via the policy evaluation scheme at
iteration t, define ϵt := qt

ζ − qπt
τ . For any sequence of policies {π0, π1, . . . , πK−1}, if π̄K is

the corresponding uniform mixture policy, then,

⃦⃦⃦
v∗

τ − vπ̄K
τ

⃦⃦⃦
∞
≤ ∥Regret(K)∥∞

K (1− γ) +
2 ∑︁t∈[K] ∥ϵt∥∞
K (1− γ) ,

where, (Regret(K))(s) :=
K−1∑︂
t=0

[︂
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ

(︁
H(π∗

τ (·|s))−H(πt(·|s))
)︁]︂
,

is the regret incurred on an online optimization problem for each state s ∈ S.

The above result shows that the sub-optimality of a mixture policy (one that randomly
chooses a policy from {π0, π1, . . . , πK−1}) obtained by using a generic policy optimization
method can be bounded in terms of the regret incurred by the method, and the sum of the
policy evaluation errors incurred in estimating qπt

τ . Since ϵt depends on πt, it depends on the
specific policy optimization method, and we now bound it for both soft NPG and soft SPMA.

Corollary 1 (Policy Evaluation Error). Using the policy evaluation update in Equation (3.1)
and the soft NPG or soft SPMA policy update with ηt = 1

c+τ (t+1) for a constant c ≥ 0, if
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δ(τ, ζ) := |τ−ζ| ln(A)
1−γ , the error ϵt can be bounded for all t ∈ [K] as:

ϵt := ∥ϵt∥∞ = O

(︄
γm

(1− γ)4

(︂1
t

+ 1
K

)︂
+ δ(τ, ζ)

1− γ

)︄
.

Note that as m (the number of steps of the Bellman operator) increases, the policy is
evaluated more accurately, and ϵt decreases. As m → ∞, ϵt → O(δ(τ, ζ)). Moreover, as t
increases, ϵt decreases and as t→ K →∞, ϵt → O(δ(τ, ζ)), which quantifies the mismatch
between the actor and critic entropy and is equal to zero when ζ = τ .

Next, we show that both soft NPG and soft SPMA can control the regret for the online
optimization problem defined in Theorem 4.

Corollary 2 (Regret Bounds with Actor Entropy). Suppose π0(·|s) is the uniform distribution
over actions for state s. For a sequence {qt

ζ}
K−1
t=0 with

⃦⃦⃦
qt

ζ

⃦⃦⃦
∞
≤ Hτ , the regret for soft NPG

and soft SPMA as defined in Theorem 4, with ηt = 1
c+τ (t+1) for constant c ≥ 0 can be bounded

as:

max
s

⃓⃓⃓⃓
⃓Regret(K)

⃓⃓⃓⃓
⃓ = O

(︃ ln(K)
(1− γ)2

)︃
.

The actor entropy in Equation (3.5b) makes the online functions strongly-convex and
hence both methods incur only a logarithmic regret [Orabona, 2019]. Combining the results
in Corollaries 1 and 2 with Theorem 4, we obtain our main theorem for both soft NPG and
soft SPMA.

Theorem 5 (Sub-optimality of Soft NPG/Soft SPMA). Let π∗
τ be the optimal entropy-regularized

policy with value function v∗
τ . Consider the soft NPG or soft SPMA updates with step size

ηt = 1
c+τ (t+1) for constant c defined in Theorems 13 and 15 and π0(·|s) as the uniform

policy over actions for all s ∈ S. Using policy evaluation step in Equation (3.1), with
δ(τ, ζ) := |τ−ζ| ln(A)

1−γ , the resulting uniform mixture policy π̄K satisfies the following sub-
optimality bound:

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞

=Õ

(︄
ln(K)

K(1−γ)3 + γm

K(1−γ)5 + δ(τ,ζ)
(1−γ)2

)︄
.

Hence, the sub-optimality can be bounded as Õ
(︂

1
K + γm

K + δ(τ, ζ)
)︂

up to logarithmic
factors. Note that when the actor and critic entropy is coupled (ζ = τ), both soft NPG and
soft SPMA have an O(1/K) convergence for the resulting mixture policy. For the practical
variant that uses m = 1 and ζ = 0, the above result can achieve an O(1/K) convergence to
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an O(τ) neighbourhood of v∗
τ . All proofs are deferred to Section B.3, where we also explore

the case without actor entropy i.e. τ = 0 and prove an O(1/
√
K) rate.

Comparison to existing results: Vieillard et al. [2020a] consider the special case
of soft NPG with coupled actor and critic entropy (ζ = τ) and m = 1, and also establish a
convergence rate of O(1/K). On the other hand, Xiao [2022, Theorem 4.4] analyze soft NPG

with coupled actor and critic entropy (ζ = τ) and m =∞, and prove an O(1/K) convergence
rate. In comparison, our framework can match these convergence rates while being more
flexible — we can support m ∈ [1,∞) (left as an open question in Vieillard et al. [2020a]),
allow for decoupling of actor and critic entropy and support policy optimization methods
beyond NPG (e.g., SPMA) that have sublinear regret and Lipschitz policy updates (see the
proof of Theorem 11 in Section B.3). In the next section, we empirically study the derived
objectives (soft NPG and soft SPMA with decoupled actor and critic entropy, m = 1) in the
function approximation setting to understand the effect of the proposed design choices.

3.5 Empirical Evaluation

We evaluate DSAC and our proposed framework on various Atari 2600 games [Bellemare et al.,
2013]. We first present an ablation study of DSAC, and subsequently investigate the impact of
actor and critic entropy and the direction of the KL divergence on the empirical performance
of DSAC and the derived objectives. To summarize performance across the 20 Atari games
used in the original DSAC and subsequent analyses [Zhou et al., 2022], we follow Agarwal
et al. [2021c] and report the IQM of final human-normalized scores over all game-seed pairs,
with 95% stratified bootstrap confidence intervals. We further evaluate our hypothesis about
DSAC on 20 diverse stable-retro games [Poliquin, 2026], which have substantially larger
action spaces than Atari in Section B.5.6. For implementation, we follow Tomar et al. [2020],
Asad et al. [2025b] and use stable-baselines3 [Raffin et al., 2021] with five random seeds,
reporting per-game average expected returns with 95% confidence intervals across seeds.
Experimental details and hyper-parameters for all algorithms are provided in Section B.5.1.

Conclusion 1: Using ζ = 0 Improves DSAC Performance: To isolate the bottleneck
contributing to DSAC’s poor empirical performance, we fix DQN (a standard baseline for
discrete-action environments) as a reference and conduct a targeted ablation of DSAC using
a single Q-network. Specifically, we examine the role of critic entropy regularization by
comparing ζ = 0 and ζ = τ , while retaining actor entropy. To set the actor entropy coefficient
τ , we use either a fixed grid-searched value or use the adaptive scheme in Christodoulou
[2019]. Our results in Figure 3.2 indicate that both ζ = 0 and ζ = τ can result in good
performance with a fixed, well-tuned per environment entropy coefficient τ (red and purple
vs. blue). Under this configuration, we also observe that on the discrete classic control tasks
Acrobot, MountainCar, and Pendulum reported in Neumann et al. [2018], DSAC performs on
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par with GreedyAC, which employs an alternative policy update (see Figures B.1 and B.2
in Section B.5.2). These observations are consistent with entropy-regularized value-based
methods [Vieillard et al., 2020b]. In particular, Soft-DQN and M-DQN3 use a fixed, tuned value
of τ .

Figure 3.2: DSAC ablation: sensi-
tivity to critic entropy. Expected
reward after 10M steps. Training
DSAC without critic entropy (ζ =
0) and using the default adaptive
entropy coefficient loss (auto-ent)
from Christodoulou [2019] to set the
actor entropy coefficient τ achieves
consistently strong performance rel-
ative to DQN (green vs. blue). In
contrast, the default DSAC (ζ = τ
with adaptive τ , in orange) performs
poorly and improves only with a care-
fully tuned fixed τ (red).

On the other hand, the adaptive scheme of Christodoulou [2019] sets τt ≈ arg min Et(α) =
Es∼DtEa∼πt(.|s)[−α ln(πt(a|s)) − αH̄], thereby encouraging the policy entropy to match
the fixed target entropy H̄. When using this adaptive scheme, ζ = 0 yields performance
competitive with DQN (green vs. blue), same as the 20-game results in Figure 3.1, while
setting ζ = τ (the default setting in DSAC) results in much worse performance (orange vs.
blue). Hence, to retain strong empirical performance while avoiding manual tuning, we
recommend using the adaptive scheme for actor entropy coefficient τ and setting the critic
entropy coefficient ζ = 0.

For the DSAC(τ, 0) variant with the adaptive scheme of Christodoulou [2019], we test
two prior hypotheses for DSAC’s poor performance. First, we revisit Zhou et al. [2022], who
attribute DSAC’s instability partly to coupled actor-critic learning and partly to underes-
timation from taking the minimum of two Q functions. Their SD-SAC uses a tuned fixed
entropy coefficient, an entropy-penalty regularizer limiting policy entropy changes across
iterates, and clipped double-average Q-learning. However, Section B.5.3 and Table B.2 shows
that taking the minimum of two Q functions does not hurt DSAC(τ, 0): both single-Q and
double-Q variants significantly outperform SD-SAC.

Second, we revisit the claim of Xu et al. [2021] that a fixed target entropy H̄ harms DSAC

with adaptive τ , and show that our configuration substantially outperforms their algorithm
(Section B.5.4 and Table B.3). We further evaluate our conclusion on hard-exploration Atari

3In contrast to DSAC, both Soft-DQN and M-DQN also require tuning an ϵ-greedy parameter and an additional
parameter related to entropy regularization [Vieillard et al., 2020b].
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Method IQM CI Low CI High
NPG-FKL (0,0), n = 10 1.123 1.061 1.182
NPG-FKL (0,0), n = 1 -0.003 -0.007 0.001
NPG-RKL (0,0), n = 10 1.085 0.990 1.172
NPG-RKL (0,0), n = 1 -0.006 -0.010 -0.002
SPMA-FKL (0,0), n = 10 0.907 0.841 0.983
SPMA-FKL (0,0), n = 1 -0.001 -0.005 0.003
SPMA-RKL (0,0), n = 10 0.630 0.554 0.709
SPMA-RKL (0,0), n = 1 -0.007 -0.011 -0.004
DSAC (0,0), n = 10 -0.010 -0.013 -0.007
DSAC (0,0), n = 1 -0.006 -0.009 -0.002

Table 3.2: IQM summary of final
human-normalized scores with 95%
stratified bootstrap confidence inter-
vals in the zero-entropy setting (τ =
0 and ζ = 0): unlike DSAC, objectives
from our framework recover strong
performance in the absence of en-
tropy regularization when the num-
ber of actor gradient updates is in-
creased. Our novel NPG-FKL achieves
the strongest performance

games, where DSAC(τ, 0) outperforms baselines including SD-SAC and TES-SAC (Section B.5.5
and Table B.4), and on stable-retro games with substantially larger action spaces. Our
results demonstrate the benefit of disabling critic entropy while using an adaptive actor
entropy persists beyond Atari (Section B.5.6).

Conclusion 2: All Objectives from our Proposed Framework Benefit from Setting
ζ = 0. From Figure B.7 in Section B.5.7, we observe that when the actor entropy is retained
and an adaptive entropy coefficient τ (as in DSAC) is used, all derived objectives with ζ = 0
achieve improved performance relative to their counterparts that use ζ = τ . Based on our
observations, for the proposed objectives, we recommend using ζ = 0 and adaptive τ for actor
entropy.

Conclusion 3: Entropy Regularization is Only Sometimes Important: We study
the effect of disabling entropy regularization for both actor and critic (i.e., τ = 0 and ζ = 0)
when the actor objective ℓt(θ) is optimized with n gradient steps. For n = 1, all objectives,
including DSAC, suffer from a sharp drop in policy entropy and degraded performance
(see Figures B.9 and B.10), indicating insufficient exploration in the absence of entropy
terms. However, unlike DSAC, increasing n alleviates this effect for objectives derived from
our proposed framework: setting n = 10 preserves higher entropy and yields more stable
learning, resulting in improved performance (see Table 3.2). Per-game final expected rewards
are shown in Figure B.12 of Section B.5.8.

The gap between DSAC and other objectives can be explained by the lack of regularization
in DSAC. In particular, recall that DSAC is a limiting case of NPG-RKL with ηt →∞, and hence
does not have the reverse KL regularization term (see the NPG-RKL objective in Table 3.1).
Consequently, for n > 1, NPG-RKL(0, 0) benefits from additional optimization steps under KL
regularization, whereas DSAC(0, 0) lacks both the KL and entropy terms.

Conclusion 4: Objectives from Our Proposed Framework are Comparable to
Baselines: To evaluate the empirical effectiveness of the derived objectives, we compare
against established baselines PPO [Schulman et al., 2017b], DQN [Mnih et al., 2013], and the
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Method IQM CI Low CI High
NPG-FKL (τ, 0) 1.2193 1.1603 1.2827
NPG-RKL (τ, 0) 1.0092 0.8784 1.1430
SPMA-FKL (τ, 0) 1.0088 0.8970 1.1301
SPMA-RKL (τ, 0) 1.0529 0.9659 1.1561
DSAC (τ, 0) 0.9226 0.8228 1.0288
Adam LMCDQN (Baseline) 1.0363 0.9423 1.1265
DQN (Baseline) 0.7827 0.7563 0.8091
PPO (Baseline) 0.6835 0.6258 0.7311

Table 3.3: IQM summary of final
human-normalized scores with 95%
stratified bootstrap confidence inter-
vals: comparing our objectives with
actor entropy enabled (τ ≠ 0), critic
entropy disabled (ζ = 0), and n = 1
actor update against baselines. Our
novel NPG-FKL(τ, 0) performs best.

recent value-based method Adam LMCDQN [Ishfaq et al., 2023]. We select Adam LMCDQN as a
baseline for three reasons. First, it matches or outperforms strong value-based baselines,
including NoisyNet DQN [Fortunato et al., 2017], C51 [Bellemare et al., 2017], QRDQN [Dabney
et al., 2017], and IQN [Dabney et al., 2018], across a broad set of Atari games. Second,
Adam LMCDQN avoids ϵ-greedy exploration, which is known to be brittle to tune [Hessel et al.,
2018]. Third, the method is implemented as a modification of Adam [Kingma and Ba, 2015],
making it straightforward to integrate into the same stable-baselines3 codebase used for
all methods in our framework. This choice allows for a controlled comparison that isolates
algorithmic differences rather than implementation artifacts.

The IQM results across all games in Table 3.3 show that our novel NPG-FKL(τ, 0) achieves
the strongest overall performance. Per-game final expected rewards are provided in Sec-
tion B.5.9. Full training curves are shown in Figures B.14–B.16 in Appendix B.5.10. We
emphasize that our goal is to evaluate the objectives derived from our principled frame-
work, rather than to construct a fully compositional agent such as Rainbow [Hessel et al.,
2018]. Standard enhancements, including prioritized replay, multi-step returns, distributional
critics, dueling architectures, NoisyNets, and double Q-learning might further improve the
performance. However, such modifications are orthogonal to our contributions, and we leave
them to future work.

Conclusion 5: Empirical Results Tend to Favour the Forward KL Direction:
Chan et al. [2022] have studied the impact of the KL direction in the discrete-action setting
when the intermediate policy is Boltzmann i.e. πt+1/2 ∝ exp(qt

τ (s, a)/τ), and have reported
no significant differences in the performance. We revisit this question in the context of our
actor objectives, evaluating SPMA and NPG under two regimes: (i) ζ = 0, τ = 0 and (ii) ζ = 0,
τ ≠ 0 (i.e., only actor entropy). For (i), we use n = 10 (as n = 1 performs poorly) and
observe that using the forward KL yields a clear advantage for SPMA, while the difference
is small for NPG ( Table 3.2). For (ii), forward and reverse KL perform similarly for SPMA,
whereas NPG benefits more from the forward KL direction ( Table 3.3).
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3.6 Conclusion and Future Work

We revisited off-policy actor-critic design in discrete-action settings, where DSAC performs
poorly. By decoupling actor and critic entropy, we identified a DSAC variant that substantially
improves over the default. Motivated by this, we introduced a flexible off-policy actor-critic
framework that subsumes DSAC and yields novel actor objectives, including SPMA-RKL and
NPG-FKL, that remain robust even without entropy regularization or explicit exploration.

Future work includes: (i) analyzing these actor objectives with function approximation to
guide algorithm design; (ii) developing adaptive schemes for the actor step size ηt; (iii) further
studying the objectives without entropy regularization; (iv) incorporating enhancements from
compositional algorithms such as Rainbow; and (v) extending the framework to continuous-
action settings.

Towards optimistic actor-critic methods with parametric policies. Beyond the
design of actor and critic updates, learning also depends on which experience the agent
collects. The tabular analysis in this chapter uses policy-evaluation updates over all state-
action pairs, leaving open how interaction provides the information required for these
updates. Entropy regularization promotes action diversity, but alone need not ensure efficient
exploration [Cesa-Bianchi et al., 2017, O’Donoghue, 2023]. Recall the N -chain in Figure 1.1:
encouraging diverse actions within the visited prefix need not direct the agent toward the
uncertain continuation and its distant reward. Optimism uses uncertainty in estimated values
to favour actions with high plausible returns, so that the possibility of a valuable continuation
can guide the actor’s exploration. Incorporating this principle into a practical actor-critic
method raises a further challenge: existing optimistic actor-critic methods often use implicit
policies that can depend on stored past critics [Liu et al., 2023, Cassel and Rosenberg, 2024,
Tan et al., 2025]. Extending these methods to explicitly parameterized actors remains an open
problem, even in the simple setting of finite-horizon linear MDPs. The next chapter therefore
studies optimistic actor-critic methods with explicit parametric policies in finite-horizon
linear MDPs. It combines a parametric actor with Langevin Monte Carlo critic updates
to obtain sample-efficiency guarantees that account for exploration in both the on-policy
and off-policy settings. Furthermore, the chapter develops a preliminary adaptation of the
proposed optimistic actor-critic algorithm for large-scale Atari environments.

36



Chapter 4

Optimistic Actor-Critic with
Parametric Policies

4.1 Introduction

Reinforcement learning (RL) is a general framework for sequential decision making under
uncertainty and has been successful in various real-world applications, such as robotics [Kober
et al., 2013] and large language models [Uc-Cetina et al., 2023]. Policy Gradient (PG)
methods [Williams, 1992, Sutton et al., 1999, Kakade, 2001, Schulman et al., 2017a] are an
important class of algorithms that assume a differentiable parameterization of the policy,
and directly optimize the policy parameters using the return from interacting with the
environment. PG methods are widely used in practice as they can easily handle function
approximation or structured state-action spaces. However, since the environment is typically
stochastic in practice, the estimated returns usually have high variance, resulting in poor
sample efficiency [Dulac-Arnold et al., 2019].

Actor-critic (AC) methods [Konda and Tsitsiklis, 1999, Peters et al., 2005, Bhatnagar
et al., 2009] alleviate this issue by using value-based approaches in conjunction with PG
methods. In particular, they utilize a critic that estimates the policy’s value and an actor that
performs PG to improve the policy towards obtaining higher returns. These AC methods
have been proven to be empirically successful in both on-policy [Schulman et al., 2015a,
2017b] and off-policy [Lillicrap et al., 2015, Fujimoto et al., 2018, Haarnoja et al., 2018a]
settings.

Subsequently, there have been many attempts to provide a theoretical understanding of
actor-critic methods, especially in the presence of function approximation [Cai et al., 2020,
Zhong and Zhang, 2023, Liu et al., 2023]. However, there are two prevalent issues that result
in mismatches between theory and practice: the studied methods either (i) do not consider
strategic exploration in a systematic manner or (ii) analyze complicated and impractical

37



Algorithm Sample Complexity
(On-Policy)

Sample Complexity
(Off-Policy)

Policy
Param.

Clipping
Q-Function

Computational Cost
for Policy Inference

Liu et al. [2023] ˜︁O( 1
ϵ4 ) ✗ implicit yes O(d2

c H |A| ϵ−2)
Sherman et al. [2023]

✗ ˜︁O( 1
ϵ2 ) implicit no O(d2

c H |A| ϵ−2)
Cassel and Rosenberg [2024]

Ours ˜︁O( 1
ϵ4 ) ˜︁O( 1

ϵ2 ) explicit yes O(d2
aH |A|)

Table 4.1: Comparison with the state-of-the-art algorithms for episodic finite-horizon linear
MDPs (with feature dimension dc and horizon H). The sample complexity refers to the
number of interactions required for outputting an ϵ-optimal policy, whereas the cost of policy
inference refers to the per-episode cost for interacting with the environment for H steps.
Our proposed algorithm matches the optimal sample efficiency in both the on- and off-policy
settings. Furthermore, in contrast to existing works, our algorithm employs an explicit policy
parameterization (log-linear policies with dimension da), resulting in lower computational
cost for policy inference.

variants of the algorithm. In particular, much of the literature makes unrealistic assumptions
to avoid dealing with exploration, a central challenge in RL. For instance, existing works
on PG methods [Agarwal et al., 2021a, Yuan et al., 2023, Alfano and Rebeschini, 2022b,
Asad et al., 2025b] obtain convergence rates that involve a mismatch ratio between the
optimal policy and the initial state distribution. These results are only meaningful if the
mismatch ratio is bounded. However, a bounded mismatch ratio indicates that the initial
state distribution already provides a good coverage over the state space, thereby sidestepping
the exploration problem. Within actor-critic methods, some early analyses make assumptions
on the reachability of the state-action space or the coverage of collected data [Abbasi-Yadkori
et al., 2019, Neu et al., 2017, Bhandari and Russo, 2024, Agarwal et al., 2021a, Cen et al.,
2022, Gaur et al., 2024], which again imply that the state-action space is already relatively
easy to explore. Follow-up works [Hong et al., 2023, Fu et al., 2021, Xu et al., 2020, Cayci
et al., 2024] assume a bounded mismatch ratio, while others [Khodadadian et al., 2022, Gaur
et al., 2023] require mixing assumptions on the induced Markov chain.

On the other hand, recent works [Cai et al., 2020, Jin et al., 2021, Zanette et al., 2021,
Zhong and Zhang, 2023, Agarwal et al., 2023, He et al., 2023, Liu et al., 2023, Sherman
et al., 2023, Cassel and Rosenberg, 2024, Tan et al., 2025] tackle the exploration issue
directly. However, the algorithms analyzed are significantly different from those implemented
in practice. Much of this body of work studies AC methods that use the natural policy
gradient (NPG) update for policy optimization. However, the canonical implementation of
the NPG update does not consider an explicit policy parameterization. Instead, the update
involves constructing “implicit” policies on the fly using all previously stored Q-functions.
This makes it computationally expensive to sample from these policies and use them to
interact with the environment. In contrast, the algorithms used in practice typically employ
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explicitly parameterized complex models as learnable policies and optimize them with
gradient descent-based methods. Therefore, we aim to address the following question:

Can we design a provably efficient actor–critic algorithm with parametric policies for linear
MDPs in both on- and off-policy settings?

Contributions. We answer the above question affirmatively and make the following
contributions.

1. General framework with an explicitly parameterized actor. In Section 4.3, we
propose a general optimistic actor-critic framework that utilizes an explicitly parameterized
policy. We apply this framework in the setting of linear function approximation for both the
environment (i.e., linear MDP [Jin et al., 2020]) and the policy (i.e., log-linear policy class).
In Section 4.4, we propose an actor algorithm that learns a log-linear policy by solving a
specific regression problem at each iteration. This allows us to directly control the error
between the explicitly parametrized policy and the implicit policy induced by NPG. Using
this error bound in conjunction with the well-established theoretical results of NPG [Hazan
et al., 2016, Szepesvári, 2022] enables us to analyze the performance of the parameterized
actor. We show that the proposed algorithm benefits from a substantially improved memory
complexity, while retaining similar theoretical guarantees.

2. LMC critic for practical strategic exploration. In Section 4.5, instead of con-
structing UCB bonuses [Jin et al., 2020], which are ubiquitous within prior works [Zhong
and Zhang, 2023, Liu et al., 2023, Sherman et al., 2023, Cassel and Rosenberg, 2024], we
adopt a more practical approach. We employ Langevin Monte Carlo (LMC) [Welling and
Teh, 2011] to update the critic parameters at each episode. Unlike UCB-based approaches
that require computing confidence sets at every episode, LMC simply perturbs (by Gaussian
noise) the gradient descent update on the critic loss. This gradient descent-based approach
is both easier to implement [Ishfaq et al., 2025] and to extend to general function approxi-
mation [Ishfaq et al., 2024b]. Furthermore, the LMC algorithm directly leads to an optimistic
estimate of the Q-function that has similar guarantees as UCB bonuses. Nevertheless, previous
works have only successfully designed provably efficient algorithms for solving multi-armed
bandits [Mazumdar et al., 2020], contextual bandits [Xu et al., 2022], and linear MDPs via
value-based methods [Ishfaq et al., 2024a]. Our paper is the first to analyze an LMC-based
approach in the context of policy optimization.

3. End-to-end theoretical guarantees for actor-critic. In Section 4.6, we analyze the
proposed actor-critic framework in both the on-policy and off-policy settings without making
any assumptions on the mismatch ratio or data coverage. In particular, in the on-policy
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setting, we prove that our method requires ˜︁O(ϵ−4) samples to learn an ϵ-optimal policy.
This matches the result in [Liu et al., 2023] that uses an implicit NPG policy in conjunction
with UCB bonuses. On the other hand, we also prove that our framework can attain a sample
complexity of ˜︁O(ϵ−2) in the off-policy setting. This matches the results of Sherman et al.
[2023], Cassel and Rosenberg [2024], but with a far less complicated algorithm design.

We thus demonstrate that our proposed algorithm is both sample-efficient and aligned
with practice.

4.2 Preliminaries

In this section, we introduce the finite-horizon linear MDP setting and the log-linear policy
class.

Finite-Horizon Linear MDP. A finite-horizon MDP is a tuple M = (S,A,P, r,H)
where S denotes the state space, A is the action set, and H ∈ Z+ is the length of the
horizon. P = {Ph}h∈[H] is a set of time-dependent transition kernels, and r = {rh}h∈[H]

denotes a sequence of reward functions. We assume that the state space S is a (possibly
infinite) measurable space, whereas A is a finite set with cardinality |A|. Ph(· | s, a) ∈ ∆(S)
is the distribution over states when taking action a ∈ A in state s ∈ S at step h ∈ [H], and
rh(s, a) ∈ [0, 1] is the corresponding reward. Additionally, for any given function V : S → R,
we define that [Ph Vh+1](s, a) := Es′∼Ph(·|s,a)Vh+1(s′).

The agent interacts with the environment by starting at an initial state (w.l.o.g., fixed to
be s1 ∈ S). At step h, the agent first observes the current state sh ∈ S, then takes an action
ah ∈ A and receives the reward rh(sh, ah). After that, the agent transitions to sh+1 ∼ Ph(· |
sh, ah) . The agent follows a given policy π : [H]× S ↦→ ∆(A) in which πh(· | s) ∈ ∆(A) is
the probability distribution over A in state s at step h. To quantify the performance of any
policy π, we define the value function as V π

h (s) := Eπ,P[∑︁H
τ=h rτ (sτ , aτ ) | sh = s], and the

corresponding state-action value function is defined as Qπ
h(s, a) := Eπ,P[∑︁H

τ=h rτ (sτ , aτ ) |
sh = s, ah = a], where the expectation is with respect to the randomness in the stochastic
policy and the transition dynamics. The value function (resp. Q-function) corresponds to
the expected cumulative rewards when starting in state s (resp. state-action (s, a)) at step
h, and subsequently following the policy π until reaching step H.

We assume that both P and r are unknown to the agent. In order to efficiently learn
these quantities, we consider the linear MDP assumption [Jin et al., 2020] where both the
transition kernel and the reward function are assumed to be linear functions of given features.

Definition 1 (Linear MDP). A finite-horizon MDP M = (S,A,P, r,H) is a linear MDP
with a feature map ϕ : S×A ↦→ Rdc if the following holds. There exist H signed measures ψh :
S → Rdc and υh : Rdc such that Ph(s′ | s, a) = ⟨ϕ(s, a), ψh(s′)⟩ and rh(s, a) = ⟨ϕ(s, a), υh⟩
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for all h, s, and a. It should also satisfy the following constraints: ∥ϕ(s, a)∥2 ≤ 1 and
∥υh∥2 ≤

√
dc for all h, s, and a. Additionally, for any measurable function V : S → [0, 1],⃦⃦∫︁

s∈S V (s)ψh(s) ds
⃦⃦

2 ≤
√
dc.

According to Jin et al. [2020, Proposition 2.3], for a linear MDP and any policy π,
Qπ

h is a linear function of the features: for all (h, s, a), there exists a wh ∈ Rdc such that
Qπ

h(s, a) = ⟨ϕ(s, a), wh⟩.

Learning Objective. For this linear MDP setting, we assume that only ϕ is given to
the learner whereas ψ and υ are not. The agent sequentially interacts with the environ-
ment for T episodes and aims to minimize the cumulative regret defined as Reg(T ) :=∑︁T

t=1 [V ⋆
1 (s1)− V πt

1 (s1)], where V ⋆
1 := V π⋆

1 := supπ V
π

1 is the value function of the optimal
policy π⋆ := arg supπ V

π
1 (s1). Equivalently, if πT denotes the mixture policy that picks a

policy among {π1, . . . , πT } uniformly randomly, we aim to learn an ϵ-optimal πT , i.e., its
optimality gap (OG) is bounded such that

OG(T ) := E
[︂
V ⋆

1 (s1)− V πT

1 (s1)
]︂

= Reg(T )
T

≤ ˜︁O(ϵ) , (4.1)

where the expectation is taken with respect to the randomness of the mixture policy.

Log-Linear Policy. We consider a restricted policy class Πlin consisting of log-linear
policies. Log-linear policies are represented using the softmax function with linear function
approximation. In particular, a log-linear policy is defined as follows: for all h ∈ [H],

πh(a | s, θ) = exp(zh(s, a | θh))∑︁
a′∈A exp(zh(s, a′ | θh)) , (4.2)

where zh(s, a | θh) = ⟨φ(s, a), θh⟩ represents the logits parameterized by θh, and φ : S ×A ↦→
Rda are policy features given to the learner. W.l.o.g, we assume that ∥φ(s, a)∥ ≤ 1 for all
s and a. For convenience, we use the shorthand π(θ) : [H] × S → ∆(A) to refer to the
log-linear policy corresponding to the parameters θ.

4.3 A General Actor-Critic Framework with Parametric Policies

In this section, we start by introducing our general optimistic actor-critic framework as
shown in Algorithm 2. Starting with a uniform policy π1, at the beginning of every learning
episode t ∈ [T ], the agent interacts with the environment using policy πt (Line 4). Our
framework allows for collecting data from the environment in either an on-policy or off-policy
fashion. In the on-policy setting, at episode t, the agent collects N fresh trajectories Dt by
interacting with the environment using the current policy πt. On the other hand, in the
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Algorithm 2: Actor-Critic with Parametric Policies
1: Input: number of update steps T , data collection batch size N (only for on-policy)
2: set D0 ← ∅, w1

h ← 0, π1
h(· | s)← Unif(A) ∀(h, s)

3: for t = 1, . . . , T − 1 do

4: Dt ←

⎧⎨⎩On-Policy:
{︂
N fresh traj. i.i.d.∼ πt

}︂
Off-Policy: Dt−1 ∪

{︁
1 traj. ∼ πt

}︁
5: wt+1 ← CRITIC_UPDATE(Dt, πt, wt)
6: θt+1 ← ACTOR_UPDATE(wt+1, θt)
7: πt+1 = π(θt+1)
8: end for
9: Return: mixture policy πT

off-policy setting, at episode t, the agent collects only 1 trajectory from the environment
using πt. However, the agent stores all the historical data collected by the previous policies,
and hence, Dt consists of t trajectories, each collected by π1, . . . , πt respectively.

The critic uses the collected data and estimates an (optimistic) Q-function via learning
the critic parameters wt+1 ∈ [H] × Rdc (Line 5). The actor then uses the estimated Q-
function, and updates the parameters of θt ∈ [H]×Rda of the log-linear policy (Line 6). The
updated log-linear policy is denoted by πt+1 (Line 7), and is used to collect data in the next
episode.

Given this general framework, we will next instantiate the actor in Section 4.4 and the
critic in Section 4.5.

4.4 Instantiating the Actor: Projected Natural Policy Gradient

In this section, we instantiate the actor using natural policy gradient (NPG) with parametric
policies and analyze its behavior. In particular, in Section 4.4.1, we devise an algorithm
that projects the standard NPG update onto the class of realizable policies. In Section 4.4.2,
we analyze and control the errors induced by the projection step. Finally, in Section 4.4.3,
we put everything together and instantiate the complete actor algorithm for the log-linear
policy class.

4.4.1 Projected Natural Policy Gradient

At episode t ∈ [T ], given ˆ︁Qt
h, the estimated Q-function, NPG updates the policy as: for every

(h, s) ∈ [H]× S,

πt+1
h (·|s) ∝ πt

h(·|s) exp(η ˆ︁Qt
h(s, ·)) (4.3)
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with the corresponding normalization across A. Existing work on policy optimization in
linear MDPs [Liu et al., 2023, Sherman et al., 2023, Cassel and Rosenberg, 2024] uses
NPG to update the actor because of its favorable theoretical properties. Importantly, these
results do not consider any explicit parameterization for the actor. Directly implementing
the update in Equation (4.3) requires O(|S||A|) memory, and is therefore impractical with
large state-action spaces.

Consequently, existing work uses the following equivalent form of the NPG update: for
every (h, s) ∈ [H]× S,

πt+1
h (·|s) ∝ π1

h(·|s) exp
(︂
η
∑︁t

i=1
ˆ︁Qi

h(s, ·)
)︂
, (4.4)

which characterizes the policy implicitly. In particular, at episode t, for any (h, s, a), we
can compute the policy on the fly if we have access to the sum of all the parameterized
Q-functions up to episode t. However, in existing works [Liu et al., 2023, Sherman et al.,
2023, Cassel and Rosenberg, 2024], the sum of parameterized Q functions cannot be stored in
a succinct manner, and they require storing all the parameterized Q functions. Consequently,
when interacting with the environment using such an implicit policy, these works suffer
from an extensive per-episode computational cost of O(d2

c H |A|T ). Therefore, the resulting
algorithm is far from practice that typically uses an explicit (and often sophisticated) actor
parameterization.

To alleviate these issues, we aim to compute a policy that is (i) realizable by the explicit
actor parameterization and (ii) provably approximates the policy induced by the NPG update
in Equation (4.3) (referred to as the implicit policy). To this end, we use a projected NPG

update:

πt+1
h (· | s) = ProjΠ

[︄
πt

h(· | s) exp(η ˆ︁Qt
h(s, ·))∑︁

a′ πt
h(a′ | s) exp(η ˆ︁Qt

h(s, a′))

]︄
, (4.5)

where Proj is the projection operator, which will be instantiated subsequently in Section 4.4.2.

When theoretically analyzing policy optimization methods, an important intermediate
result is the bound on the regret for a specific online linear optimization problem. For the
standard NPG update in Equation (4.3), this regret can be bounded by ˜︁O(

√
T ) [Hazan et al.,

2016, Szepesvári, 2022]. In the following Theorem, we analyze the effect of the projection
operator and bound the regret for the projected NPG.

Theorem 6. Given a sequence of linear functions {
⟨︁
pt, gt

⟩︁
}t∈[T ] for a sequence of vectors

{gt}t∈[T ] where for any t ∈ [T ], pt ∈ ∆(A), gt ∈ R|A|, and
⃦⃦
gt
⃦⃦

∞ ≤ H. Consider pt∈[T ]

where p1 is the uniform distribution, and for all t ∈ [T ],

pt+1/2 = arg min
p∈∆A

{︂⟨︂
p,−η gt

⟩︂
+ KL(p ∥ pt)

}︂
, (4.6)
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pt+1 = ProjΠ(pt+1/2) . (4.7)

Let ϵt := KL(u ∥ pt+1)−KL(u ∥ pt+1/2) be the projection error induced by Equation (4.7).
Then, for any comparator u ∈ ∆(A), it holds that

T∑︂
t=1

⟨︂
u− pt, gt

⟩︂
≤ log|A|+∑︁T

t=1 ϵ
t

η
+ η H2 T

2 . (4.8)

The update in Equation (4.6) with pt = πt
h(·|s) is equivalent to the standard NPG update

in Equation (4.3) [Xiao, 2022]. Using this lemma for each state s and step h, with gt = ˆ︁Qt
h(s, ·)

and an appropriate choice of η gives the following regret bound1 for the projected NPG:

∑︁T
t=1

∑︁H
h=1 maxs∈S

⟨︂
π⋆

h(·|s)− πt
h(·|s), ˆ︁Qt

h(s, ·)
⟩︂

(4.9)

≤ O
(︂
H2√︁log|A|

√
T +H2√ϵ T

)︂
, (4.10)

where ϵ := maxt,s,h ϵ
t
h(s) is the largest error across all t, s, and h. For the NPG in Equation (4.3)

without projection, ϵ = 0 and the above result recovers the standard regret bound for NPG.
The above lemma suggests that by choosing the projection operator carefully and controlling
the projection errors, we can bound the regret.

4.4.2 Controlling the Projection Error for Log-Linear Policies

To bound the projection error in Theorem 6, one could choose that ProjΠ(p) = arg minp KL(u ∥ p)−
KL(u ∥ pt+1/2), and hence directly control ϵth. However, this results in a non-convex opti-
mization problem. Consequently, we instead choose Proj to minimize the following regression
loss in the logit space: 1

2
⃦⃦
z − (zt + η gt)

⃦⃦
where zt is the logit corresponding to pt such that

pt ∝ exp(zt). For the projected NPG with log-linear policies, we aim to minimize the sum of
such regression losses (across all (s, a) ∈ S ×A) at episode t and step h, and obtain the loss
function:

ℓth(θ) = 1
2

∑︂
(s,a)∈S×A

[︂⟨︂
φ(s, a), θ − ˆ︁θt

h

⟩︂
− η ˆ︁Qt

h(s, a)
]︂2
, (4.11)

where ˆ︁Qt
h(s, a) is the estimated Q-function from the critic. As a regression problem, this

actor loss can be easily optimized via gradient descent-based methods.

However, note that the above actor loss requires a minimization over the entire state-
action space, which may be impractical. Therefore, we propose to construct a good and

1This generalized regret bound holds for any other mirror descent-based policy optimization method (e.g.,
SPMA [Asad et al., 2025b] in Section C.2.3), but we discuss NPG within the main text for the ease of exposition.
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preferably small subset Dexp ⊂ S×A along with a corresponding distribution ρexp ∈ ∆(Dexp)
that offers good coverage of the feature space. Given Dexp and ρexp (the construction of
which will be detailed subsequently), we instantiate the actor loss, ˜︁ℓth(θ), in terms of a
logit-matching regression:

˜︁ℓth(θ) = 1
2

∑︂
(s,a)∈Dexp

ρexp(s, a)
[︂
⟨φ(s, a), θ⟩ − ˆ︁Zt

h(s, a)
]︂2
, (4.12)

where ˆ︁Zt
h(s, a) :=

⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
+ η ˆ︁Qt

h(s, a) . (4.13)

In order to show that optimizing the above actor loss can indeed bound the projection
error, we require the following assumptions. We assume that the given policy features φ are
expressive enough to control the bias when minimizing ℓth(θ).

Assumption 4 (Bias). minθ supt,h
˜︁ℓth(θ) ≤ ϵbias

In practice, ϵbias can be controlled by choosing high-dimensional features (e.g., da ≫ dc)
or a sufficiently expressive policy class (e.g., neural network).

Next, we assume the loss ˜︁ℓth(θ) is sufficiently minimized.

Assumption 5 (Optimization Error). Suppose θt
h is obtained by minimizing ˜︁ℓth(θ) in the

critic update. supt,h

⃓⃓⃓˜︁ℓth(θt
h)−minθ

˜︁ℓth(θ)
⃓⃓⃓
≤ ϵopt.

In practice, minimizing ˜︁ℓth(θ) by Kt steps of gradient descent ensures that ϵopt ≤
O(exp(−Kt)). Given these two mild assumptions, we can then proceed to bound the
projection error. Using Theorem 6 for the projected NPG update at state s, step h, and
setting u = π⋆(· | s), the projection error ϵth(s) can be bounded as follows.

Lemma 1. Let φG := sup(s,a)∈S×A ∥φ(s, a)∥G−1 where G := ∑︁
(s,a)∈Dexp ρexp(s, a)φ(s, a)φ(s, a)⊤.

Under Assumptions 4 and 5, it holds that⃓⃓⃓
ϵth(s)

⃓⃓⃓
≤ ϵ := 2 (φG + 1)√ϵbias + 2√ϵopt ∀(t, h, s) . (4.14)

The above lemma is true for any choice of Dexp and ρexp, and suggests that if we can
control φG, the projection error can be bounded.

Constructing Dexp and ρexp. Therefore, we would like to construct a suitable Dexp and
ρexp to bound ∥φ(s, a)∥G−1 for any (s, a) ∈ S × A and solve the following optimization
problem:

inf Dexp∈S×A
ρexp∈∆(Dexp)

sup(s,a)∈S×A ∥φ(s, a)∥G−1 (4.15)

s.t. G = ∑︁
(s,a)∈Dexp ρexp(s, a)φ(s, a)φ(s, a)⊤ , (4.16)
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which fits the form of experimental design. Ideally, we would also like |Dexp| to be relatively
small so that the actor parameters can be updated efficiently.

There are standard techniques to solve this problem. The most common approach is the
G-optimal design, which involves constructing a coreset (i.e., Dexp and ρexp) and bounds
∥φ(s, a)∥G−1 . In particular, the Kiefer–Wolfowitz theorem [Kiefer and Wolfowitz, 1960]
guarantees that there exists a coreset such that ∥φ(s, a)∥G−1 ≤ O(da) and |Dexp| ≤ ˜︁O(da).
Constructing such a coreset can be achieved using various methods, such as the Frank-Wolfe
algorithm [Frank et al., 1956, Szepesvári, 2022]. We remark that this method only uses the
given policy features φ, and does not involve the linear MDP features ϕ. Furthermore, the
required coreset can be constructed offline, even before the learning procedure or without
any knowledge of the environment (see Section C.3.1 for details). Giving access to such a
coreset guarantees that ϵ ≤ O(da

√
ϵbias +√ϵopt), and optimizing the actor loss upon that

only requires O(da) computation.

Rather than forming a coreset, alternative approaches assume φ = ϕ, and use some
limited interaction with the environment to construct Dexp. In particular, under some
standard assumptions (e.g., Wagenmaker and Jamieson, 2022, Assumption 1), we can apply
methods such as CoverTraj [Wagenmaker et al., 2022] and OptCov [Wagenmaker et al., 2022]
that construct Dexp and ρexp and can subsequently ensure that ∥φ(s, a)∥G−1 is bounded. The
sample complexity for such procedures is ˜︁O(d4

c H
3 ϵ−1

M) where ϵM is a problem-dependent
constant. We defer all the details to Section C.3.

Remark 1. Having access to Dexp and ρexp does not obviate the necessity of exploration.
Specifically, we do not assume random access, i.e., the agent cannot visit all the state-actions
in Dexp. Hence, we cannot effectively calculate Qπ(s, a) for any (s, a) ∈ Dexp.

4.4.3 Putting Everything Together: Projected NPG with Log-Linear Poli-
cies

In Algorithm 3, we instantiate the complete actor algorithm, which uses the projected NPG

update for log-linear policies. Unlike the standard NPG update, Algorithm 3 alleviates the
necessity of storing past Q-functions, improving the memory complexity to O(da), while
enjoying similar theoretical guarantees. Furthermore, the actor parameters are updated
by using gradient descent on a properly defined surrogate loss, rendering it closer to the
practical implementation of common algorithms (e.g., PPO [Schulman et al., 2017b]).

We remark that although we focused on the log-linear policies, our theoretical guarantees
readily extend to general function approximation when Assumptions 4 and 5 are satisfied,
and one has access to an exploratory policy [Hao et al., 2021, Definition 1]. In the next
section, we instantiate the critic in Algorithm 2.
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Algorithm 3: Actor: Projected NPG
1: Input: critic parameters wt, policy optimization learning rate η, number of actor

updates Kt, actor learning rate αt
a, subset and distribution of the state-action space

Dexp and ρexp
2: for h = 1, 2, . . . , H do
3: ˆ︁Qt

h(·, ·) = min{
⟨︁
ϕ(·, ·), wt

h

⟩︁
, H − h+ 1}+ 2

4: Define the actor loss ˜︁ℓth(θ) using Equation (4.13)
5: for k = 1, . . . ,Kt do
6: θt,k

h ← θt,k−1
h − αt

a∇θ
˜︁ℓth(θt,k−1

h )
7: end for
8: end for
9: Return: actor parameters for the policy θt

4.5 Instantiating the Critic: Langevin Monte Carlo

In this section, we use Langevin Monte Carlo (LMC) to instantiate the critic. We describe the
resulting algorithm in Section 4.5.1, and analyze it in Section 4.5.2

The LMC approaches allow for sampling from a posterior distribution and have recently
been used in sequential decision-making problems. For example, Mazumdar et al. [2020]
achieves optimal instance-dependent regret bounds for multi-armed bandits using Langevin
dynamics for approximate Thompson sampling. On the other hand, Xu et al. [2022] uses
LMC for contextual bandits, achieving comparable theoretical results to Thompson sampling.
More recently, Ishfaq et al. [2024a] leverages LMC for linear MDPs by using it to sample the
Q-function from its posterior distribution, achieving the optimal ˜︁O(

√
T ) regret.

Nevertheless, all existing LMC-based approaches for MDPs, including those for general
function approximation [Ishfaq et al., 2024b, Jorge et al., 2024] use value-based algorithms.
To the best of our knowledge, such approaches have never been theoretically analyzed in the
context of policy optimization. Next, we incorporate the LMC algorithm into our actor-critic
framework and provide the first provable result.

4.5.1 LMC for Linear MDPs

At episode t, the critic uses the collected dataset Dt to obtain an optimistic estimate of
the Q function. In order to instantiate the critic loss, we consider the dataset Dt as split
into H disjoint subsets

{︁
Dt

h

}︁
h∈[H], where Dt

h consists of (sh, ah, sh+1) tuples indexed as{︂
(si

h, a
i
h, s

i
h+1)

}︂|Dt|

i=1
3. The critic loss at episode t and step h uses the estimated value function

2min{x, a}+ := max{min{x, a}, 0} is the clipping function that bounds the given value x to the range
[0, a].

3|Dt| represents the number of trajectories in Dt or the number of (sh, ah, sh+1) tuples in Dt
h
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at step h+ 1, and forms the following ridge regression problem:

Lt
h(w) = 1

2
∑︁|Dt|

i=1

[︂
χt,h

i −
⟨︁
ϕ(si

h, a
i
h), w

⟩︁]︂2
+ λ

2 ∥w∥
2 , (4.17)

where χt,h
i = rh(si

h, a
i
h) + ˆ︁V t

h+1(si
h+1) . (4.18)

For each step h, the LMC algorithm iteratively adds Gaussian noise to the gradient descent
updates on Lt

h(w), and aims to produce approximate samples of the critic parameters from
its underlying posterior distribution (Line 6-8). In particular, for an arbitrary loss ℓ, the LMC

update can be written as:

wt+1 = wt − αt∇wℓ(wt) +
√︂
αt/ζ νt , (4.19)

where αt is the learning rate, ζ is the inverse temperature parameter, and νt is sampled from
an isotropic Gaussian distribution. After Jt steps of the LMC update on the critic loss (Lines
6-8 in Algorithm 4), the resulting critic parameters are used to produce an optimistic sample
of the Q-function (Line 9). From a theoretical perspective, we note that it is important to
clip Qt

h appropriately. In order to improve the optimism guarantees of the LMC algorithm,
we follow the idea in Ishfaq et al. [2021], and repeat the LMC update M times, taking the
maximum over these samples (Line 9). Iterating this procedure backwards from h = H to 1,
we can obtain the desired critic parameters.

Note that compared to UCB-based approaches, LMC does not require computing confidence
sets at every episode. Instead, it simply perturbs gradient descent by injecting Gaussian
noise, allowing for a natural extension beyond the linear function approximation setting and
rendering it easier to implement in practice.

4.5.2 Optimism Guarantee and Error Bound

In order to theoretically analyze Algorithm 4, we first define the following model prediction
error.

Definition 2. Given an estimated Q-function ˆ︁Qt and the corresponding estimated value
function ˆ︁V t, for all (t, h, s, a), the model prediction error is defined as: ιth(s, a) := rh(s, a) +
Ph
ˆ︁V t

h+1(s, a)− ˆ︁Qt
h(s, a).

The theoretical analyses in existing work [Jin et al., 2020, Zhong and Zhang, 2023, Liu
et al., 2023] that use UCB bonuses typically proceed by proving an upper bound of 0 on ιth
(optimism) and a lower bound of ˜︁O(

√
T ). The following lemma shows that LMC can offer

similar guarantees.

Lemma 2. Let Λt
h := ∑︁

(s,a,s′)∈Dt
h
ϕ(s, a)ϕ(s, a)⊤ +λ I. With appropriate choices of λ, ζ, Jt,

αt
c, M and for any δ ∈ (0, 1), Algorithm 2 with the LMC critic in Algorithm 4 ensures that in
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Algorithm 4: Critic: LMC
1: Input: collected data Dt, policy πt−1, number of critic updates Jt, critic learning rate
αh,t

c , inverse temperature ζ, number of critic samples M
2: ˆ︁V t

H+1(·)← 0
3: for h = H,H − 1, . . . , 1 do
4: Define the critic loss Lt

h(w) using Equation (4.18)
5: wt,m,0

h ← w
t−1,m,Jt−1
h ∀m ∈ [M ]

6: for j = 1, . . . , Jt do
7: νt,m,j

h ← N(0, I) ∀m ∈ [M ]
8: wt,m,j

h ← wt,m,j−1
h − αh,t

c ∇wLt
h(wt,m,j−1

h )
+
√︂
αh,t

c /ζ νt,m,j
h ∀m ∈ [M ]

9: end for

10: ˆ︁Qt
h(·, ·) = min

{︄
max

m∈[M ]

⟨︂
ϕ(·, ·), wt,m,Jt

h

⟩︂
, H

}︄+

11: ˆ︁V t
h(·) = Ea∼πt−1(·|s)

ˆ︁Qt
h(·, a)

12: end for
13: Return: critic parameters for the estimated Q-function {wt,m,Jt

h }(m,h)∈[M ]×[H]

both the on-policy and off-policy settings, for all t, h, s, a and some constant ΓLMC = ˜︁O(H dc),
with probability at least 1− δ,

−ΓLMC × ∥ϕ(s, a)∥(Λt
h

)−1 ≤ ιth(s, a) ≤ 0.

The exact definition of ΓLMC varies between the on-policy and off-policy settings, although
they are both bounded by ˜︁O(H dc) (see Section C.4 for the full version of this lemma).
In order to prove this result in the on-policy setting, we use the fact that all the data
points in Dt

h are collected via independent trajectories from the same policy πt, and are
therefore independent and identically distributed. Hence, we can use the self-normalized
bounds in Abbasi-Yadkori et al. [2011] to analyze the dependence in h, and prove the
corresponding result. In the off-policy setting, since the data points in Dt

h are collected by
different data-dependent policies, these samples are correlated in a complicated manner.
Hence, we use the value-aware uniform concentration result from Jin et al. [2020]. We remark
that this result requires control over the covering number of the value function class, which
is deferred to Section 4.6.

Therefore, we conclude that, compared to UCB bonuses, LMC offers significant practical
advantages while still providing similar theoretical guarantees.
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4.6 Sample Complexity Analysis

In this section, we analyze the sample complexity of Algorithm 2 with the projected NPG

actor from Algorithm 3 and the LMC critic from Algorithm 4. Section 4.6.1 focuses on the
on-policy setting, while Section 4.6.2 addresses the off-policy setting.

4.6.1 On-Policy Setting

We now present the following theorem that shows that our proposed algorithm achieves a
sample complexity of ˜︁O(ϵ−4) in the on-policy setting.

Theorem 7. Under Assumptions 4 and 5, consider Algorithm 2 in the on-policy setting
with the projected NPG actor (Algorithm 3) and the LMC critic (Algorithm 4). Suppose ϵ is the
projection error in the actor. For an appropriate choice of the actor and critic parameters,
including N = H4/ϵ2, and any δ ∈ (0, 1), it holds that with probability at least 1− δ,

OG(T ) ≤ ˜︁O(︄H2√︁d3
c log |A|√
T

+H2√ϵ
)︄
. (4.20)

Hence, for any ϵ > 0, Algorithm 2 with T = d3
c H

4 log|A| ϵ−2 yields a (ϵ+H2√ϵ)-optimal
mixture policy, and therefore requires T ×N = ˜︁O(ϵ−4) samples.

Proof Sketch. We decompose the difference between V πT

1 (s1) and V ⋆
1 (s1) into two terms

that only depend on either the actor or the critic.

E
[︂
V π⋆

1 − V πT

1 (s1)
]︂

= (4.21)

1
T

T∑︂
t=1

H∑︂
h=1

Eπ⋆

[︂⟨︂
π⋆

h(· | sh)− πt
h(· | sh), ˆ︁Qt

h(sh, ·)
⟩︂]︂

⏞ ⏟⏟ ⏞
policy optimization (actor) error

(4.22)

+ 1
T

T∑︂
t=1

H∑︂
h=1

(︂
Eπ⋆ [ιth(sh, ah)]− Eπt [ιth(sh, ah)]

)︂
⏞ ⏟⏟ ⏞

policy evaluation (critic) error

. (4.23)

The policy optimization (actor) error can be bounded using Equation (4.10), and the policy
evaluation (critic) error is bounded using Lemma 14. In particular, in the on-policy setting,
the lower-bound in Lemma 14 can be instantiated as:

T∑︂
t=1

H∑︂
h=1

Eπt

[︂
−ιth(s, a)

]︂
≤ O

(︃√︂
d3

c H
4 T log2(N/δ)/N

)︃
. (4.24)

Putting everything together with the chosen value of N leads to the stated sample complexity.
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Comparison to Liu et al. [2023]. The on-policy sample-complexity in Theorem 7 matches
the bound in Liu et al. [2023, Theorem 1]. However, unlike the proposed algorithm, Liu
et al. [2023] uses NPG with implicit policies for the actor. Consequently, sampling from
the current policy (to interact with the environment) requires calculating ∑︁t−1

τ=1
ˆ︁Qτ

h(·, ·) for
each encountered state-action pair. Since they use clipped Q functions with UCB bonuses
for the critic, the above sum of Q functions cannot be stored succinctly. Hence, sampling
from the policy requires instantiating each previous Q function for each step h and episode
t, resulting in a computational cost of O(d2

c H ϵ−2).

4.6.2 Off-Policy Setting

Next, we show that, in the off-policy setting, Algorithm 2 can achieve ˜︁O(ϵ−2) sample
complexity.

Theorem 8. Under Assumptions 4 and 5, consider Algorithm 2 in the off-policy setting
with the projected NPG actor (Algorithm 3) and the LMC critic (Algorithm 4). Suppose ϵ is the
projection error in the actor. For an appropriate choice of the actor and critic parameters
and any δ ∈ (0, 1), it holds that with probability at least 1− δ,

OG(T ) ≤ ˜︁O(︄H2√︁d3
c max {da, dc} log|A|√

T
+H2√ϵ

)︄
. (4.25)

Hence, for any ϵ > 0, Algorithm 2 with T = d3
c max {da, dc} H4 log|A| ϵ−2 yields a (ϵ +

H2√ϵ)-optimal mixture policy, and therefore requires T × 1 = ˜︁O(ϵ−2) samples.

Proof Sketch. The proof uses a similar regret decomposition to Theorem 7. Compared to
the on-policy setting, the most significant difference is the bound on the policy evaluation
(critic) errors. First, using Lemma 2, we have that

T∑︂
t=1

H∑︂
h=1

Eπt

[︂
−ιth(s, a)

]︂
≤ Γ

T∑︂
t=1

H∑︂
h=1

Eπt ∥ϕ(s, a)∥(Λt
h

)−1 . (4.26)

The term, ∑︁T
t=1

∑︁H
h=1 Eπt ∥ϕ(s, a)∥(Λt

h
)−1 , can be bounded using the standard elliptical

potential lemma. However, since we are in the off-policy setting, bounding Γ > 0 requires
the uniform concentration argument from Jin et al. [2020], which yields that

Γ ≤ O

⎛⎝H
√︄
dc log T + log

(︃N∆(V)
δ

)︃
+ T ∆

⎞⎠ . (4.27)

This involves obtaining a bound on log (N∆(V)), the logarithm of the covering number of
the value function class. The covering number is a measure of the complexity of the space
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of value functions. In particular, we show that for an actor with log-linear policies, we can
bound the logarithm of the covering number using the following lemma.

Lemma 3. Let Πlin be the policy class induced by Equation (4.2) such that supθ,h,s,a ∥zh(s, a | θ)∥ ≤
Z. Let Q =

{︂
min {⟨ϕ(·, ·), w⟩), H}+ | ∥w∥ ≤W

}︂
be the Q-function class and V = {⟨Q(·, ·), π(· | ·, θ)⟩A |

Q ∈ Q, π ∈ Πlin} be the corresponding value function class. Then, it holds that logN∆(V) ≤
V where V := dc log

(︃
1 + 4 W +4 H

√
2 Z

∆

)︃
+ da log

(︃
1 + 4 H

√
2 Z

∆

)︃
.

In particular, we can show that W ≤ O(
√
T ) (Lemma 19), and Z ≤ O(ϵ T ) (Lemma 34).

Putting everything together and setting ∆ = 1/T yields that

T∑︂
t=1

H∑︂
h=1

Eπt

[︂
−ιth(s, a)

]︂
≤ ˜︁O(︃√︂d3

c max {da, dc} H4 T

)︃
. (4.28)

Following a proof similar to Theorem 7 leads to the desired sample complexity.

Remark 2. In order to effectively bound the logarithm of the covering number, previous
work [Sherman et al., 2023, Cassel and Rosenberg, 2024, Tan et al., 2025] has incorporated
various algorithmic tweaks, including reward-free warm-ups, feature contractions, and rare-
switching. On the contrary, since our algorithm projects the implicit policy onto the log-linear
policy class at each iteration, the logarithm of the covering number can be bounded in a more
direct manner.

Comparison to Sherman et al. [2023], Cassel and Rosenberg [2024]. The off-policy
sample-complexity in Theorem 8 matches the bound in Sherman et al. [2023], Cassel and
Rosenberg [2024]. Similar to Liu et al. [2023], both works use NPG with implicit policies
for the actor and UCB bonuses for the critic. Consequently, the resulting methods suffer
from a high cost of policy inference. Finally, we note that similar to the proposed algorithm
(see Section 4.4.2), Sherman et al. [2023] also uses a reward-free warm-up phase [Wagenmaker
et al., 2022]. However, while we require the warm-up phase to identify a coreset to efficiently
minimize the actor loss (a computational reason), Sherman et al. [2023] requires the warm-
up procedure to restrict the subsequent regret minimization procedure to high occupancy
regions of the state-action space and effectively control the capacity of the policy class (a
statistical reason).

4.7 Experiments

In this section, we first evaluate our proposed algorithm in linear MDPs, consistent with our
theoretical analyses. To further demonstrate its versatility, we extend the proposed algorithm
to large-scale deep RL applications, evaluating its performance across several Atari games.
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4.7.1 Experiments in Linear MDPs

Figure 4.1: Comparison of LMC-NPG-EXP (our proposed algorithm), LMC-NPG-IMP (memory-
intensive variant), and LMC (value-based baseline) in the Random MDP.

To demonstrate the practical value of our proposed algorithm, we evaluate it over various
benchmarks. We first test our proposed algorithm in the randomly generated linear MDPs
(Random MDP). We compare our proposed algorithm, LMC-NPG-EXP, with the memory-
intensive variant with implicit policy parameterization, LMC-NPG-IMP, and the value-based
baseline, LMC [Ishfaq et al., 2024a]. As shown in Figure 4.1, our proposed algorithm can
achieve comparable performance with the memory-intensive variant and better performance
than LMC. In Section C.7.1, we also do the same experiment in the linear MDP version of
the Deep Sea environment [Osband et al., 2019]. In Section C.7.2, we further conduct some
ablation studies in these two environments of linear MDPs.

4.7.2 Experiments Beyond Linear MDPs: Atari

We extend our proposed algorithm to large-scale deep RL applications and conduct experi-
ments in Atari [Mnih et al., 2013] using Stable Baselines3 [Raffin et al., 2021]. We compare
our proposed algorithm to PPO [Schulman et al., 2017b] in the on-policy setting and
DQN [Mnih et al., 2015] in the off-policy setting. The adaptations to deep RL, environment
setup, and hyperparameters are described in Appendix C.7.3; the on-policy and off-policy
hyperparameters are listed in Tables C.3 and C.4, respectively.
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Experimental Results

Figures 4.2 and 4.3 test whether the theoretically motivated LMC-NPG-EXP design remains
useful beyond linear MDPs. The method is comparable to or better than PPO in the
on-policy setting and matches or exceeds DQN on most games in the off-policy setting.
These results support the practical value of the proposed optimistic actor-critic framework
for deep RL.

Figure 4.2: In the on-policy setting, LMC-NPG-EXP achieves comparable or better performance
compared to PPO.

Figure 4.3: In the off-policy setting, LMC-NPG-EXP achieves comparable or better performance
compared to DQN.
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4.8 Discussion

We proposed an optimistic actor–critic algorithm with explicitly parameterized policies and
a systematic exploration mechanism. In particular, for the actor, we demonstrated that
using projected NPG with parametric policies is not only practical, but also equipped with
theoretical guarantees. For the critic, we demonstrated that LMC is a principled and easy-
to-implement exploration scheme for policy optimization methods. We derived theoretical
guarantees in both the on-policy and off-policy settings, showcasing that the proposed
actor-critic algorithm can simultaneously achieve sample efficiency and practicality.

For future work, eliminating the dependence on Dexp and ρexp will result in a more
practical algorithm. We also aim to investigate the actor-critic algorithms in more realistic
setups (e.g., infinite-horizon discounted MDPs) with more general function approximation
schemes beyond linear models for both the environment and the policy. It would also be
fruitful to further evaluate their empirical performance in more challenging large-scale deep
RL applications.
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Chapter 5

Conclusion

5.1 Summary of Contributions

This thesis studied the design of policy-gradient and actor-critic algorithms that are both
theoretically principled and practically effective. The central theme was the interaction
between policy optimization, value estimation, data reuse, and exploration. Rather than
treating these issues as separate implementation details, the thesis examined how they shape
the design and analysis of reinforcement learning algorithms.

The first part of the thesis focused on on-policy policy optimization. Chapter 2 in-
troduced Softmax Policy Mirror Ascent (SPMA), a logit-space mirror-ascent method for
policy optimization. It showed that SPMA achieves strong convergence guarantees in tabular
and function-approximation settings, while performing competitively on standard deep RL
benchmarks such as Atari and MuJoCo without algorithmic modifications.

The second part studied off-policy actor-critic methods for discrete actions. Chapter 3
identified critic entropy regularization as a key bottleneck in discrete SAC and used this
observation to develop a modular off-policy actor-critic framework. This framework separates
actor entropy from critic entropy and gives rise to new actor objectives, including an off-
policy extension of SPMA. The chapter also provided tabular convergence guarantees for the
resulting class of objectives and demonstrated their empirical robustness on Atari.

The third part addressed exploration more directly. Chapter 4 studied optimistic actor-
critic methods for finite-horizon linear MDPs with explicit parametric policies. The proposed
approach combines logit matching for the actor with Langevin-based optimistic value
estimation for the critic. This resulted in sample-complexity guarantees in both on-policy
and off-policy settings. Experiments in linear MDPs verified the theoretical predictions,
while large-scale Atari experiments investigated preliminary practical adaptations of the
method.

Together, these results contribute to a broader goal: narrowing the gap between reinforce-
ment learning algorithms that are theoretically analyzable and algorithms that are practically
useful. Each part isolates a different aspect of this goal: principled policy optimization, stable
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off-policy actor-critic design, and exploration through optimism. The next section discusses
how these directions can be extended in future work.

5.2 Future Work

Extending SPMA to preference-based alignment. The SPMA update in Chapter 2 can
avoid explicit normalization over the action space under appropriate conditions. This property
may be useful in reinforcement learning from human feedback (RLHF), where an action can
correspond to an entire response generated by a large language model (LLM). In this setting,
normalization over actions requires summing over all possible responses from the LLM,
which is intractable. This difficulty is closely related to the normalization term that appears
in NPG-based updates. Existing RLHF methods therefore rely on objective reformulations or
cancellations to avoid computing such terms [Rafailov et al., 2023, Gao et al., 2024, Azar
et al., 2024, Wu et al., 2025, Zhang et al., 2025].

A natural direction is to study whether the SPMA update can be extended to offline
preference optimization, leading to an SPMA-style analogue of Direct Preference Optimization
(DPO) [Rafailov et al., 2023]. A further direction is to study the corresponding online RLHF
setting, where the updated policy is used to collect additional feedback and optimization
continues over multiple rounds.

Exploration theory and actor-update efficiency. The analysis in Chapter 3 studies
actor-critic updates in the tabular setting, but does not address exploration directly: the
critic is obtained through a policy-evaluation procedure over all state-action pairs, so the
question of how the data provide sufficient coverage is assumed away. Chapter 4 addresses
this missing issue, but only in the linear MDP setting. When adapted to deep RL, the
proposed optimistic algorithm does not show a statistically significant improvement over
the methods from Chapter 3. This adaptation also requires multiple actor-gradient steps,
whereas the methods from Chapter 3 can perform well with a single actor update. In this
sense, the methods from Chapter 3 are more efficient in terms of actor updates.

This leaves an important gap between theory and practice. One direction is to extend the
theory of Chapter 4 beyond linear MDPs while developing a more actor-efficient version of
the algorithm. Another direction is to revisit the analysis of Chapter 3 without sidestepping
exploration. Such a study could clarify when actor-critic methods with a single actor-gradient
update are sufficient, when optimism provides a more effective exploration mechanism than
entropy regularization, and how these mechanisms should be incorporated into practical
deep RL algorithms.

Understanding the role of entropy regularization and optimism in deep RL. The
experiments in Chapter 4 show that explicit exploration is beneficial in the linear MDP
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setting, but the deep RL adaptation does not provide strong evidence for the same conclusion.
This is consistent with the results in Chapter 3, where removing entropy regularization
from both the actor and the critic, while increasing the number of actor-gradient steps,
performs well on many Atari games. A related behavior has been studied theoretically in
prior work [Hu et al., 2021].

A useful future direction is therefore to study when entropy regularization and optimism
improve deep actor-critic methods, and when comparable gains can instead be obtained by
increasing the number of actor-optimization steps. Such a study should go beyond average
Atari performance and examine individual games in which these choices lead to different
learning dynamics or final returns.
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Appendix A

Fast Convergence of Softmax Policy
Mirror Ascent

A.1 Multi-armed Bandit Proofs

Theorem 1. The SPMA update in Equation (2.2) with (i) a constant step-size η ≤ 1, and
(ii) uniform initialization i.e. π0(a) = 1

K for all a converges as:

r(a∗)− ⟨πT , r⟩ ≤
(︃

1− 1
K

)︃
exp

(︃−η∆min T

K

)︃
,

where T is the number of iterations, a∗ is the optimal arm i.e. a∗ = arg maxa r(a) and
∆min := mina̸=a∗ ∆(a∗, a) = r(a∗)− r(a) is the gap.

Proof. . As in equation (2.2), we can write the update for arm a as following where ∆(a, a′) =
r(a)− r(a′),

πt+1(a) = πt(a)

⎡⎣1 + η
∑︂
a′ ̸=a

πt(a′)∆(a, a′)

⎤⎦

1− πt+1(a∗) = 1− πt(a∗)− η πt(a∗)

⎡⎣ ∑︂
a′ ̸=a∗

πt(a′)∆(a∗, a′)

⎤⎦ (A.1)

We first find a lower-bound for ∑︁a′ ̸=a∗ πt(a′)∆(a∗, a′):∑︂
a′ ̸=a∗

πt(a′)∆(a∗, a′) ≥ ∆min
∑︂

a′ ̸=a∗

πt(a′)

= ∆min(1− πt(a∗))
(A.2)

Next, we observe that ∑︁a′ ̸=a∗ πt(a′)∆(a∗, a′) ≥ 0. Using this information and starting with
a uniform initialization for selecting an arm implies a monotonic improvement on the
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probability of selecting the optimal arm:

πt+1(a∗) > πt(a∗) > ... > π0(a∗) = 1
K

(A.3)

Let ϵt = 1− πt(a∗).

ϵt+1 = ϵt − η πt(a∗)

⎡⎣ ∑︂
a′ ̸=a∗

πt(a′)∆(a∗, a′)

⎤⎦
≤ ϵt −

η

K

⎡⎣ ∑︂
a′ ̸=a∗

πt(a′)∆(a∗, a′)

⎤⎦ (using (A.3))

≤ ϵt −
η∆min
K

ϵt (using (A.2))

= ϵt

(︃
1− η∆min

K

)︃

Recursing from t = 0 to t = T − 1 we have:

ϵT ≤ ϵ0
(︃

1− η∆min
K

)︃T

≤ ϵ0 exp
(︃−η∆minT

K

)︃
(using 1− x ≤ exp(−x))

=
(︃

1− 1
K

)︃
exp

(︃−η∆minT

K

)︃
Finally, we define the sub-optimality gap, δT := r(a∗)− ⟨πT , r⟩:

δT =
∑︂
a′

πT (a′)
[︁
r(a∗)− r(a′)

]︁
=
∑︂

a′ ̸=a∗

πT (a)∆(a∗, a)

≤ max
a′

∆(a∗, a′)
∑︂

a′ ̸=a∗

πT (a)

= max
a′

∆(a∗, a′)(1− πT (a∗))

≤ 1− πT (a∗) (using the fact 0 ≤ r ≤ 1)
= ϵT

≤
(︃

1− 1
K

)︃
exp

(︃−η∆minT

K

)︃
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A.1.1 Super-linear Rate for Bandits

In order to achieve the desired fast rate of convergence, we modify the update in Equation (2.2)
to use a set of

(︁K
2
)︁

constant gap-dependent step-sizes {ηa,a′}a,a′∈[K]. The new update can be
written as:

πt+1(a) = πt(a) [1 +
∑︂
a′ ̸=a

πt(a′) ηa,a′ ∆(a, a′)] (A.4)

The following theorem shows that the above update results in super-linear convergence.

Theorem 9. Using the SPMA update in Equation (A.4) with (i) ηa,a′ = 1
|∆(a,a′)| and a (ii)

uniform initialization similar to Theorem 1 results in valid probability distributions and
converges as:

r(a∗)− ⟨πT , r⟩ ≤
[︃(︃

1− 1
K

)︃]︃2T

where T is the number of iterations, a∗ is the optimal arm and ∆(a, a′) := r(a) − r(a′)
represents the reward gap between arms a and a′.

Proof. We define ∆(a, a′) := r(a)− r(a′),

Aπt = r(a)− ⟨πt, r⟩

=
∑︂
a′

πt(a′)[r(a)− r(a′)]

=
∑︂
a′

πt(a′)∆(a, a′)

Choosing different step sizes for every pair of arms, depending on their corresponding gap,
ηa,a′ = 1

|∆(a,a′)| we get the following update for πt+1(a):

πt+1(a) = πt(a)

⎡⎣1 +
∑︂
a′ ̸=a

ηa,a′πt(a′)∆(a, a′)

⎤⎦
= πt(a)

⎡⎣1 +
∑︂
a′ ̸=a

πt(a′) sign (∆(a, a′))

⎤⎦ (i)
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Now we check if πt+1 is a probability distribution with this choice of η. Note that ∆(a, a′) =
−∆(a′, a).∑︂

a

πt+1(a) =
∑︂

a

πt(a) +
∑︂

a

πt(a)
∑︂
a′ ̸=a

πt(a′) sign (∆(a, a′))

= 1 +
∑︂

(a,a′),a̸=a′

πt(a)πt(a′)(sign (∆(a, a′)) + sign (∆(a′, a)))

= 1 +
∑︂

(a,a′),a̸=a′

πt(a)πt(a′)(sign (∆(a, a′))− sign (∆(a, a′)))

( since ∆(a, a′) = −∆(a′, a))
= 1

Furthermore, it is clear that πt(a) ∈ [0, 1]. Based on this we just need to show that the
probability of the optimal arm a∗ converges to 1.

Computing the probability of pulling the optimal arm using update (i):

πt+1(a∗) = πt(a∗)

⎡⎣1 +
∑︂

a′ ̸=a∗

πt(a′) sign (∆(a∗, a′))

⎤⎦
= πt(a∗)

⎡⎣1 +
∑︂

a′ ̸=a∗

πt(a′)

⎤⎦ (∆(a∗, a′) > 0 ∀a′)

= πt(a∗) [2− πt(a∗)] (ii)

We use induction to show πt(a∗) = 1−
[︂
(1− 1

K )
]︂2t

solves the recurrence relation (ii). We
consider the uniform distribution over the arms at the initialization i.e. π0(a) = 1

K , ∀a ∈ A.
For the base case, we show the suggested solution satisfies recursion (ii):

π1(a∗) = 1
K

(︃
2− 1

K

)︃
(using the recursion in (ii))

=
(︃

1− 1 + 1
K

)︃(︃
1 + 1− 1

K

)︃
= 1−

[︃(︃
1− 1

K

)︃]︃2

Assuming the suggested solution is true for t, we show it is also true for t+ 1:

πt+1(a∗) =
[︄
1−

(︃
1− 1

K

)︃2t]︄ [︄
2− 1 +

(︃
1− 1

K

)︃2t]︄

= 1−
[︄(︃

1− 1
K

)︃2t+1]︄
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Let δT := r(a∗)− ⟨πT , r⟩ represent the sub-optimality gap.

δT =
∑︂
a′

πT (a′)
[︁
r(a∗)− r(a′)

]︁
=
∑︂

a′ ̸=a∗

πT (a)∆(a∗, a)

≤ max
a′

∆(a∗, a′)
∑︂

a′ ̸=a∗

πT (a)

≤ 1− πT (a∗) (using the fact 0 ≤ r ≤ 1)

=
[︃(︃

1− 1
K

)︃]︃2T

(using the formula for πT (a∗))

A.2 MDP Proofs

A.2.1 Tabular Setting

Lemma 4. For any policy πt we have∑︂
a

πt(a|s)[Aπt(s, a)]2 ≥ Ct max
a

Aπt(s, a)

where Ct := mins{πt(Ãt(s)|s) ∆t(s)}, Ãt(s) := arg maxa∈AQ
πt(s, a), πt(Ãt(s)|s) = ∑︁

a∈Ãt(s) πt(at(s)|s)
and ∆t(s) := maxa∈AQ

πt(s, a)−maxa/∈ÃQ
πt(s, a).

Proof. Recall Ãt(s) := arg maxa∈AA
πt(s, a) i.e. Ãt(s) is a set containing actions with

maximum advantage for state s. Let’s define πt(Ãt(s)|s) = ∑︁
a∈Ãt(s) πt(ãt(s)|s). We can split

the sum on the LHS of the above over Ãt(s):∑︂
a

πt(a|s)[Aπt(s, a)]2 =
∑︂

a∈Ãt(s)

πt(ãt(s)|s)[max
a

Aπt(s, a)][max
a

Aπt(s, a)]

+
∑︂

a/∈Ãt(s)

πt(a|s)[Aπt(s, a)]2

= πt(Ãt(s)|s)[max
a

Aπt(s, a)][max
a

Aπt(s, a)]

+
∑︂

a/∈Ãt(s)

πt(a|s)[Aπt(s, a)]2

(A.5)

Let π̃t be the following distribution over the actions.

π̃t(a|s) =

⎧⎨⎩0 if a ∈ Ãt(s)
πt(a|s)

1−πt(Ãt(s)|s) otherwise
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Re-writing ∑︁a πt(a|s)Aπt(s, a) = 0 using the above distribution we obtain:

(1− πt(Ãt(s)|s)) Ea∼π̃t [Aπt(s, a)] + πt(Ãt(s)|s)[max
a

Aπt(s, a)] = 0

(1− πt(Ãt(s)|s)) Ea∼π̃t [Aπt(s, a)] = −πt(Ãt(s)|s)[max
a

Aπt(s, a)] (A.6)

Expanding the second term in Eq. A.5 using π̃t we obtain:∑︂
a/∈Ãt(s)

πt(a|s)[Aπt(s, a)]2 = (1− πt(Ãt(s)|s)) Ea∼π̃t [Aπt(s, a)]2

≥ (1− πt(Ãt(s)|s)) (Ea∼π̃t [Aπt(s, a)])2 (using E[x2] ≥ (E[x])2)
= (1− πt(Ãt(s)|s)) (Ea∼π̃t [Aπt(s, a)]) (Ea∼π̃t [Aπt(s, a)])
= − πt(Ãt(s)|s)[max

a
Aπt(s, a)] (Ea∼π̃t [Aπt(s, a)])(using Eq. A.6)

Plugging in the result above into Eq. A.5 we obtain:∑︂
a

πt(a|s)[Aπt(s, a)]2 ≥ πt(Ãt(s)|s)[max
a

Aπt(s, a)][max
a

Aπt(s, a)]

− πt(Ãt(s)|s)[max
a

Aπt(s, a)] (Ea∼π̃t [Aπt(s, a)])

≥ πt(Ãt(s)|s)[max
a

Aπt(s, a)]
[︂
max

a
Aπt(s, a)− Ea∼π̃t [Aπt(s, a)]

]︂

≥ πt(Ãt(s)|s)[max
a

Aπt(s, a)]

⎡⎢⎢⎢⎢⎣max
a

Aπt(s, a)−max
a/∈Ã

Aπt(s, a)⏞ ⏟⏟ ⏞
:=∆t(s)

⎤⎥⎥⎥⎥⎦
= πt(Ãt(s)|s)[max

a
Aπt(s, a)]∆t(s)

≥ Ct max
a

Aπt(s, a)

Lemma 5. Using the update πt+1(a|s) = πt(a|s) (1 + ηAπt(s, a)) with a step-size η <

min
{︂

1− γ, 1
Ct(1−γ)

}︂
, at any iteration t and state s ∈ S, we have

V ∗(s)− V πt+1(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)]

where Ct := mins{πt(Ãt(s)|s) ∆t(s)}, Ãt(s) := arg maxaQ
πt(s, a), πt(Ãt(s)|s) = ∑︁

a∈Ãt(s) πt(at(s)|s),
∆t(s) := maxaQ

πt(s, a)−maxa/∈ÃQ
πt(s, a), and V ∗(s) is the value function corresponding

to the optimal policy π∗ at s ∈ S.
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Proof. First, we use the value difference Lemma to show the SPMA update in Equation (2.3)
leads to a monotonic improvement in the value function.

V πt+1(s)− V πt(s) = 1
1− γEs∼dπt+1

[︄∑︂
a

πt+1(a|s)Aπt(s, a)
]︄

(A.7)

Plugging update Equation (2.3) into the term within the brackets, we obtain the following:∑︂
a

πt+1(a|s)Aπt(s, a) =
∑︂

a

πt(a|s)Aπt(s, a)[1 + ηAπt(s, a)]

=
∑︂

a

πt(a|s)Aπt(s, a) + η
∑︂

a

πt(a|s)[Aπt(s, a)]2

= η
∑︂

a

πt(a|s)[Aπt(s, a)]2

> 0

Hence, V πt+1(s) ≥ V πt(s). Using Lemma 4, we have:

η
∑︂

a

πt(a|s)[Aπt(s, a)]2 ≥ η Ct max
a

Aπt(s, a) (A.8)

Combining the above with the result from the value difference Lemma we have:∑︂
a

πt+1(a|s)Aπt(s, a) = η
∑︂

a

πt(a|s)[Aπt(s, a)]2

≥ η Ct max
a

Aπt(s, a)
(A.9)

We now show a linear convergence when using the update in Equation (2.3). Let T be the
Bellman optimality operator defined as:

(Tv)(s) = max
a
{r(s, a) + γ

∑︂
s′

Pr[s′|s, a]v(s′)}

Applying the operator at iteration t we obtain:

TV πt(s)− V πt(s) = max
a

Qπt(s, a)− V πt(s) = max
a

Aπt(s, a) (A.10)

Let T π be an operator w.r.t π defined as:

T π(v) =
∑︂

a

π(a|s)r(s, a) + γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a]v(s′)

Applying T π to V π′(s) results in:

T πV π′(s) =
∑︂

a

π(a|s)r(s, a) + γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a]V π′(s)

=
∑︂

a

π(a|s)Qπ′(s, a)
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Using the above we obtain:

T πt+1V πt(s)− V πt(s) =
∑︂

a

πt+1(a|s)Aπt(s, a)

≥ η Ct max
a

Aπt(s, a) (using Ineq. A.9)

= η Ct [TV πt(s)− V πt(s)] (using Eq. A.10)

Assuming π∗ is the optimal policy we have:

V ∗(s)− V πt+1(s) = V ∗(s)− T πt+1V πt+1(s) (since T πV π(s) = V π(s))
≤ V ∗(s)− T πt+1V πt(s) (since V πt+1(s) ≥ V πt(s) ∀s)
= V ∗(s)− V πt(s)− [T πt+1V πt(s)− V πt(s)] (add and subtract V πt(s))
≤ V ∗(s)− V πt(s)− η Ct [TV πt(s)− V πt(s)]
= η Ct[V ∗(s)− V πt(s)] + (1− η Ct)[V ∗(s)− V πt(s)]− η Ct [TV πt(s)− V πt(s)]
= η Ct [TV ∗(s)− V πt(s)− TV πt(s) + V πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)]
= η Ct [TV ∗(s)− TV πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)]
≤ γ η Ct [V ∗(s)− V πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)]

(T is a γ contraction map)
= [1− η Ct(1− γ)] [V ∗(s)− V πt(s)]

Theorem 2. Using the SPMA update in Equation (2.3) with a step-size η < min
{︂

1− γ, 1
Ct(1−γ)

}︂
converges as:

⃦⃦⃦
V π∗ − V πT

⃦⃦⃦
∞
≤
(︄

T −1∏︂
t=0

αt

)︄ ⃦⃦⃦
V π∗ − V π0

⃦⃦⃦
∞
,

where αt := (1 − η Ct (1 − γ)), Ct := mins{πt(ãt(s)|s) ∆t(s)}, ãt(s) := arg maxaQ
πt(s, a)

and ∆t(s) := maxaQ
πt(s, a)−maxa̸=ãQ

πt(s, a).

Proof. Using Lemma 5 we have

V ∗(s)− V πt+1(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)]

If η < 1
Ct(1−γ) , both sides of the inequality above are positive leading to |V ∗(s)−V πt+1(s)| ≤

(1− η Ct(1− γ))|V ∗(s)− V πt(s)|. This is true for all s ∈ S, hence we have:⃦⃦⃦
V π∗ − V πt+1

⃦⃦⃦
∞
≤ (1− η Ct(1− γ))

⃦⃦⃦
V π∗ − V πt

⃦⃦⃦
∞

= αt

⃦⃦⃦
V π∗ − V πt

⃦⃦⃦
∞

Recursing from t = 0 to t = T − 1 we obtain a linear convergence:

⃦⃦⃦
V π∗ − V πT

⃦⃦⃦
∞
≤
(︄

T −1∏︂
t=0

αt

)︄ ⃦⃦⃦
V π∗ − V π0

⃦⃦⃦
∞
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A.2.2 Function Approximation With Exact Advantage

Recall the definitions of ℓ̃t and ℓt

ℓ̃t(θ) =
∑︂

s

dπt(s) KL(πt+1/2(·|s) ||πθ(·|s))

ℓt(θ) =
∑︂
s∼τ

KL (h(fθt(s, ·))(1 + ηAπt(s, ·)) ||h(fθ(s, ·)))

Theorem 3. Under Assumption 1-3, SPMA with η < min
{︂

1− γ, 1
Ct(1−γ)

}︂
converges as,

J(π∗)− J(πT )

≤
(︄

T −1∏︂
t=0

αt

)︄
(J(π∗)− J(π0)) + β

T −1∑︂
t=0

T −1∏︂
i=t+1

αi ,

where β =
√

2
(1−γ)2ρmin

√
ϵstat + ϵbias and αt has the same definition as in Theorem 2.

Proof. We assumed that zθ(s, a) := fθ(s, a) ∀(s, a) and zt(s, a) = fθt+1(s, a) where fθ :
RSA → R is a complex, non-linear model. We remind the following updates:

zt+1/2 = arg max
z̄∈R|S||A|

{⟨∇zJ(zt), z⟩ − 1/ηDΦ(z, zt)}

∇Φ(zt+1/2) = ∇Φ(zt) + η∇zJ(zt) (Mirror Ascent update without projection)
πt+1/2 = h(zt+1/2) (h is softmax)
πt+1/2(a|s) = πt(a|s)(1 + ηAπt(s, a))
θt+1 = (S)GD(ℓt(θ)) (using (Stochastic)Gradient Descent for m iteration to minimize ℓt)
πt+1 = h(zt+1)

zt+1/2 is an unprojected update for the tabular setting and therefore using Lemma 5 we
have:

V ∗(s)− V πt+1/2(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)]

By adding and removing V πt+1(s) to both sides and rearranging we have

V ∗(s)− V πt+1(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)] + V πt+1/2(s)− V πt+1(s).
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Taking the expectation w.r.t. ρ, we obtain:

J(π∗)− J(πt+1) ≤ [1− η Ct(1− γ)] [J(π∗)− J(πt)] + J(πt+1/2)− J(πt+1)⏞ ⏟⏟ ⏞
:=E1

The term E1 can be bounded as follows:

E1 =
∑︂

s

dπt+1/2(s)⟨Qπt+1(s, .), πt+1/2(.|s)− πt+1(.|s)⟩

≤
∑︂

s

dπt+1/2(s) ∥Qπt+1(s, .)∥∞
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(Holder inequality)

≤ 1
1− γ

∑︂
s

dπt+1/2(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(since ∥Qπt+1(s, .)∥∞ ≤ 1
1−γ )

= 1
1− γ

∑︂
s

dπt+1/2(s)
ρ(s) ρ(s)

⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

≤ 1
1− γ

⃦⃦⃦⃦
dπt+1/2

ρ

⃦⃦⃦⃦
∞

∑︂
s

ρ(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

≤ 1
(1− γ)ρmin

∑︂
s

ρ(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(since dπt+1/2(s) ≤ 1 and using Assumption 3)

≤ 1
(1− γ)2ρmin

∑︂
s

dπt(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(sicne dπt ≥ (1− γ)ρ)

≤
√

2
(1− γ)2ρmin

∑︂
s

dπt(s)
√︂

KL(πt+1/2(.|s) ||πt+1(.|s))

(using strong convexity of KL divergence or Pinsker’s inequality)

≤
√

2
(1− γ)2ρmin

⌜⃓⃓⃓
⎷
∑︂

s

dπt(s)KL(πt+1/2(.|s) ||πt+1(.|s))⏞ ⏟⏟ ⏞
:=E2

(due to concavity of √ and Jensen’s inequality)

where E2 can be bounded as follows.

E2 = ℓ̃t(θt+1)
= ℓ̃t(θt+1)−min

θ
ℓ̃t(θt+1) + min

θ
ℓ̃t(θt+1)

≤ ϵstat + min
θ
ℓ̃t(θt+1) (using Assumption 1)

≤ ϵstat + ϵbias (using Assumption 2)

Putting everything together we have:

E1 ≤
√

2
(1− γ)2ρmin

√
ϵstat + ϵbias⏞ ⏟⏟ ⏞

:=β

79



Therefore we have

J(π∗)− J(πt+1) ≤ [1− η Ct(1− γ)]⏞ ⏟⏟ ⏞
αt

[J(π∗)− J(πt)] + β

Unrolling the above recursion for T iterations,

J(π∗)− J(πT ) ≤
(︄

T −1∏︂
t=0

αt

)︄
(J(π∗)− J(π0)) + β

T −1∑︂
t=0

T −1∏︂
i=t+1

αt

A.2.3 Function Approximation With Inexact Advantage

In practice computing the Aπt at every iteration is costly. In this section, we assume that
we access an oracle such that at each iteration t, it gives us Âπt an approximation of Aπt .

Assumption 6. Valid Approximation. For all iterations t and (s, a) ∈ S ×A, |Âπt(s, a)| ≤
1

1−γ .

Assumption 7. Approximation Error. For all iterations t and s ∈ S,
⃦⃦⃦
Aπt(s, .)− Âπt(s, .)

⃦⃦⃦
∞
≤

ϵapprox.

Using this inexact advantage function, we define the following update and functions

πt+1/2(a|s) = πt(a|s)(1 + ηÂπt(s, a)) (replacing Aπt with Âπt)
ℓ̃t(θ) =

∑︂
s

dπt(s) KL(πt+1/2(·|s) ||πθ(·|s))

ℓt(θ) =
∑︂
s∼τ

KL
(︂
h(fθt(s, ·))(1 + ηÂπt(s, ·)) ||h(fθ(s, ·))

)︂

Since we use the inexact advantage, we cannot reuse the result of Lemma 5. So we provide a
variant of that lemma with an inexact advantage.

Lemma 6. Using the update πt+1(a|s) = πt(a|s) (1 + ηÂπt(s, a)) with (i) a step-size η <
min

{︂
1− γ, 1

Ct(1−γ)

}︂
and (ii) Âπt satisfying assumptions 6 and 7, at any iteration t and

s ∈ S we have

V ∗(s)− V π(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)] + ϵapprox

1− γ

where Ct := mins{πt(Ãt(s)|s) ∆t(s)}, Ãt(s) := arg maxaQ
πt(s, a), πt(Ãt(s)|s) = ∑︁

a∈Ãt(s) πt(at(s)|s)
and ∆t(s) := maxaQ

πt(s, a)−maxa/∈ÃQ
πt(s, a), and V ∗(s) is the value function correspond-

ing to the optimal policy π∗ at s ∈ S.
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Proof. First, we use the value difference Lemma for a state s ∈ S

V π(s)− V πt(s) = 1
1− γEs′∼dπ

[︄∑︂
a

π(a|s′)Aπt(s′, a)
]︄

= 1
1− γEs′∼dπ

[︄∑︂
a

πt(a|s′) (1 + ηÂπt(s′, a))Aπt(s′, a)
]︄

= 1
1− γEs′∼dπ

[︄∑︂
a

ηπt(a|s′) Âπt(s′, a)Aπt(s′, a)
]︄

= 1
1− γEs′∼dπ

[︄∑︂
a

ηπt(a|s′) (Âπt(s′, a)−Aπt(s′, a) +Aπt(s′, a))Aπt(s′, a)
]︄

= 1
1− γEs′∼dπ

[︄∑︂
a

ηπt(a|s′) (Aπt(s′, a))2
]︄

⏞ ⏟⏟ ⏞
:=T1

+ 1
1− γEs′∼dπ

[︄∑︂
a

ηπt(a|s′) (Âπt(s′, a)−Aπt(s′, a))Aπt(s′, a)
]︄

⏞ ⏟⏟ ⏞
:=T2

T1 can be bounded using Lemma 4,

T1 ≥ ηCt max
a

Aπt(s, a)

To bound T2, we use Assumption 7,

T2 ≥ −η
[︄∑︂

a

πt(a|s′) |(Âπt(s′, a)−Aπt(s′, a))||Aπt(s′, a)|
]︄

≥ −η
[︄∑︂

a

πt(a|s′) |(Âπt(s′, a)−Aπt(s′, a))| 1
1− γ

]︄
(since Aπ ≤ 1/(1− γ))

≥ −η
[︄∑︂

a

πt(a|s′) ϵapprox

1− γ

]︄
(using Assumption 7)

= −ηϵapprox

1− γ

Using the lower-bound for T1 and T2 we have∑︂
a

π(a|s)Aπt(s, a) ≥ ηCt max
a

Aπt(s, a)− ηϵapprox

1− γ (A.11)
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Putting everything together we have,

V π(s) ≥ V πt(s)− ηϵapprox

(1− γ)2 (A.12)

≥ V πt(s)− ϵapprox

(1− γ) (since η ≤ 1− γ)

=⇒ V πt(s)− V π(s) ≤ ϵapprox

(1− γ) (A.13)

(A.14)

Let T be the Bellman optimality operator defined as:

(Tv)(s) = max
a
{r(s, a) + γ

∑︂
s′

Pr[s′|s, a]v(s′)}

Applying the operator at iteration t we obtain:

TV πt(s)− V πt(s) = max
a

Qπt(s, a)− V πt(s) = max
a

Aπt(s, a) (A.15)

Let T π be an operator w.r.t π defined as:

T π(v) =
∑︂

a

π(a|s)r(s, a) + γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a]v(s′)

Applying T π to V π′(s) results in:

T πV π′(s) =
∑︂

a

π(a|s)r(s, a) + γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a]V π′(s)

=
∑︂

a

π(a|s)Qπ′(s, a)

Using the above we obtain:

T πV πt(s)− V πt(s) =
∑︂

a

π(a|s)Aπt(s, a)

≥ η Ct max
a

Aπt(s, a)− ηϵapprox

1− γ (using Equation (A.11))

= η Ct [TV πt(s)− V πt(s)]− ηϵapprox

1− γ (using Eq. A.15)

≥ η Ct [TV πt(s)− V πt(s)]− ϵapprox (since η ≤ 1− γ)

Using Equation (A.13) we have

T πV πt(s)− T πV π(s) = γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a](V πt(s′)− V π(s′)) (A.16)

≤ γ
∑︂

a

π(a|s)
∑︂
s′

Pr[s′|s, a]ϵapprox

1− γ (using Equation (A.13))

= γϵapprox

1− γ (A.17)

Assuming π∗ is the optimal policy we have:
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V ∗(s)− V π(s) = V ∗(s)− T πV π(s) (since T πV π(s) = V π(s))
= V ∗(s)− T πV πt(s) + T πV πt(s)− T πV π(s)

≤ V ∗(s)− T πV πt(s) + γϵapprox

1− γ (using Equation (A.17))

= V ∗(s)− V πt(s)− [T πV πt(s)− V πt(s)] + γϵapprox

1− γ
(add and subtract V πt(s))

≤ V ∗(s)− V πt(s)− η Ct [TV πt(s)− V πt(s)] + ϵapprox + γϵapprox

1− γ
= η Ct[V ∗(s)− V πt(s)] + (1− η Ct)[V ∗(s)− V πt(s)]− η Ct [TV πt(s)− V πt(s)] + ϵapprox

1− γ
= η Ct [TV ∗(s)− V πt(s)− TV πt(s) + V πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)] + ϵapprox

1− γ
= η Ct [TV ∗(s)− TV πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)] + ϵapprox

1− γ
≤ γ η Ct [V ∗(s)− V πt(s)] + (1− η Ct) [V ∗(s)− V πt(s)] + ϵapprox

1− γ
(T is a γ contraction map)

= [1− η Ct(1− γ)] [V ∗(s)− V πt(s)] + ϵapprox

1− γ

Theorem 10. Under Assumption 1-7, Algorithm 1 with η < min
{︂

1− γ, 1
Ct(1−γ)

}︂
converges

as,

J(π∗)− J(πT )

≤
(︄

T −1∏︂
t=0

αt

)︄
(J(π∗)− J(π0)) + β

T −1∑︂
t=0

T −1∏︂
i=t+1

αt ,

where β =
√

2
(1−γ)2ρmin

√
ϵstat + ϵbias+ ϵapprox

1−γ , αt = [1− η Ct(1− γ)], Ct := mins{πt(Ãt(s)|s) ∆t(s)},
Ãt(s) := arg maxaQ

πt(s, a), πt(Ãt(s)|s) = ∑︁
a∈Ãt(s) πt(at(s)|s) and ∆t(s) := maxaQ

πt(s, a)−
maxa/∈ÃQ

πt(s, a).

Proof. Using Lemma 6 with π = πt+1/2,

V ∗(s)− V πt+1/2(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)] + ϵapprox

1− γ

The rest of the proof is similar to the proof of Theorem 3. For completeness, we repeat it
here. By adding and removing V πt+1(s) to both sides and rearranging we have

V ∗(s)− V πt+1(s) ≤ [1− η Ct(1− γ)] [V ∗(s)− V πt(s)] + V πt+1/2(s)− V πt+1(s) + ϵapprox

1− γ .
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Taking the expectation w.r.t. ρ we obtain:

J(π∗)− J(πt+1) ≤ [1− η Ct(1− γ)] [J(π∗)− J(πt)] + J(πt+1/2)− J(πt+1)⏞ ⏟⏟ ⏞
:=E1

+ϵapprox

1− γ .

The term E1 can be bounded as follows:

E1 =
∑︂

s

dπt+1/2(s)⟨Qπt+1(s, .), πt+1/2(.|s)− πt+1(.|s)⟩

≤
∑︂

s

dπt+1/2(s) ∥Qπt+1(s, .)∥∞
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(Holder inequality)

≤ 1
1− γ

∑︂
s

dπt+1/2(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(since ∥Qπt+1(s, .)∥∞ ≤ 1
1−γ )

= 1
1− γ

∑︂
s

dπt+1/2(s)
ρ(s) ρ(s)

⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

≤ 1
1− γ

⃦⃦⃦⃦
dπt+1/2

ρ

⃦⃦⃦⃦
∞

∑︂
s

ρ(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

≤ 1
(1− γ)ρmin

∑︂
s

ρ(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(since dπt+1/2(s) ≤ 1 and using Assumption 3)

≤ 1
(1− γ)2ρmin

∑︂
s

dπt(s)
⃦⃦⃦
πt+1/2(.|s)− πt+1(.|s)

⃦⃦⃦
1

(sicne dπt ≥ (1− γ)ρ)

≤
√

2
(1− γ)2ρmin

∑︂
s

dπt(s)
√︂

KL(πt+1/2(.|s) ||πt+1(.|s))

(using strong convexity of KL divergence or Pinsker’s inequality)

≤
√

2
(1− γ)2ρmin

⌜⃓⃓⃓
⎷
∑︂

s

dπt(s)KL(πt+1/2(.|s) ||πt+1(.|s))⏞ ⏟⏟ ⏞
:=E2

(due to concavity of √)

where E2 can be bounded as follows:

E2 = ℓ̃t(θt+1)
= ℓ̃t(θt+1)−min

θ
ℓ̃t(θt+1) + min

θ
ℓ̃t(θt+1)

≤ ϵstat + min
θ
ℓ̃t(θt+1) (using Assumption 1)

≤ ϵstat + ϵbias (using Assumption 2)

Putting everything together we have:

E1 ≤
√

2
(1− γ)2ρmin

√
ϵstat + ϵbias⏞ ⏟⏟ ⏞

:=β′
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Therefore we have

J(π∗)− J(πt+1) ≤ [1− η Ct(1− γ)]⏞ ⏟⏟ ⏞
αt

[J(π∗)− J(πt)] + β′ + ϵapprox

1− γ⏞ ⏟⏟ ⏞
:=β

.

Unrolling the above recursion for T iterations,

J(π∗)− J(πT ) ≤
(︄

T −1∏︂
t=0

αt

)︄
(J(π∗)− J(π0)) + β

T −1∑︂
t=0

T −1∏︂
i=t+1

αi
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A.3 Tabular MDP Experiments

In this section, we empirically evaluate SPMA on tabular MDP environments. For these
experiments, we use Cliff World [Sutton and Barto, 2018] and Frozen Lake [Brockman, 2016]
following the setup in Vaswani et al. [2024]. In subsection, A.3.1 we examine the case where
the policy is parametrized using softmax tabular representation. In subsection, A.3.2 we
investigate the function approximation setting as described in Section 2.4, where the policy
is parametrized using a linear model.

A.3.1 Softmax Tabular Representation

For this parametrization we initialize z ∈ RS×A uniformly, i.e., π0(a|s) = 1
|A| for each a and

s. Furthermore, for each algorithm, we set η using a grid search and pick the step-sizes
that result in the best area under the curve (AUC). The tabular MDP results suggest that
SPMA and NPG achieve similar performance and both outperform SPG [Sutton et al., 1999,
Schulman et al., 2017b] (see Fig. A.1).

Figure A.1: SPMA matches the performance of NPG and they both outperform SPG.
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Sensitivity to the step size. Figure A.2 compares the algorithms across choices of η.
The greater sensitivity of SPG (green), relative to SPMA (blue) and NPG (red), complements
the convergence comparison by showing that the mirror-ascent updates in Chapter 2 remain
effective over a broader range of step sizes.

Figure A.2: SPG (green) is more sensitive to η compared to SPMA and NPG (blue and red).
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A.3.2 Linear Functional Approximation (Linear FA)

For the Linear FA setting, we use a log-linear policy parametrization: πt(a|s) = exp(X(s,a)θ)∑︁
a′ exp(X(s,a′)θ) ,

with X ∈ RSA×d and θ ∈ Rd representing the features and parameters. We use constant
initialization for θ and following Vaswani et al. [2024], use tile-coded features for X. As in
the previous section, we set η for SPMA and MDPO via grid search and report results based on
the best AUC. For the inner loop optimization (e.g., minimizing Equation (2.5)), we use
Armijo line search [Armijo, 1966], avoiding an additional grid search for the step-size. For
SPG we use the update from Mei et al. [2020] where Armijo line search is used to set η.

We make the following observations from the results: (i) SPG performs poorly in the linear
FA setting, while both SPMA and MDPO perform well when the parameter dimension d and the
number of inner loop optimizations m are sufficiently large. (ii) In the CW environment, for
smaller d, SPMA converges faster than MDPO (Fig. A.3, top row). Increasing m from 25 to 50
narrows the gap between SPMA and MDPO (top vs. bottom row). (iii) In the FL environment,
SPMA and MDPO perform similarly, both outperforming SPG (Fig. A.4).

Figure A.3: CW environment: The top row (m = 25) shows that SPMA converges faster than
MDPO as d decreases, while the bottom row (m = 50) shows the gap decreases as the number
of inner loop optimizations increases.

Figure A.4: FL environment: The top row (m = 25) and bottom row (m = 50) show that
SPMA and MDPO have similar convergence and both outperform SPG. The performance of both
SPMA and MDPO improves as d increases (i.e., the bias decreases) and m increases (i.e., the
optimization error decreases).
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A.3.3 Empirical Verification that Ct is Non-zero

In this section, we empirically investigate the value of Ct. Recall that Ct := mins{πt(Ãt(s)|s) ∆t(s)},
Ãt(s) := arg maxaQ

πt(s, a), πt(Ãt(s)|s) = ∑︁
a∈Ãt(s) πt(a|s), and ∆t(s) := maxaQ

πt(s, a)−
maxa/∈Ãt(s)Q

πt(s, a). To this end, we compute the per-state metric Ct(s) := πt(Ãt(s)|s) ∆t(s)
and its components, πt(Ãt(s)|s) and ∆t(s), for the CliffWorld and FrozenLake environments
using softmax tabular policy parametrization. Our results indicate that Ct(s) is nonzero for
all states except for certain terminal states, specifically the goal state and the hole states
in FrozenLake, where Qπ(s, a) is zero for all actions a and policies π. In these cases, we
observe that ∆t(s) becomes zero, leading to Ct(s) = 0 and consequently Ct = 0. Note that
in the CliffWorld environment, the transition probability matrix moves the agent back to the
starting point at terminal states, so they do not pose an issue. However, in the FrozenLake
environment, the agent remains at the terminal state with probability one.

Given these empirical results, one could modify the theorems in this paper to exclude the
problematic terminal states. For example, in Theorem 2, instead of bounding V π∗(s)−V πT (s)
for all states using the ℓ∞ norm, we could exclude states where Qπ∗(s, a) = 0 for all actions
a. This exclusion is analogous to the bandit literature, which considers only arms with a
nonzero gap in the regret bound. In Figure A.5, we plot Ct using softmax tabular policy
parameterizations for both CliffWorld and FrozenLake environments, confirming that after
excluding terminal states, Ct is lower-bounded by a positive constant.

Figure A.5: SPMA with softmax tabular policy parametrization: After excluding terminal
states, results confirm that Ct is lower-bounded by a positive constant.
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A.4 Additional Details for Stable Baselines Experiments
In subsection A.4.1, we provide additional details on the hyper-parameters used for the
results in Section 2.5. Next, we present an ablation study on the number of inner loop
optimization steps (m) in subsection A.4.2.

A.4.1 Atari and Mujoco Details
In the Atari experiments, we use the default hyper-parameters for each method from stable
baselines [Raffin et al., 2021]. This choice is motivated by two factors: i) following the work
of Tomar et al. [2020], we aim to evaluate the effectiveness of different surrogate losses
without conducting an exhaustive search over numerous hyper-parameters; ii) the CNN-based
actor and critic networks make grid searching over many hyper-parameters (e.g., framestack,
GAE λ, horizon length, discount factor) computationally infeasible. For a complete list of
hyper-parameters used in the Atari experiments, see Table A.1.

In the MuJoCo experiments, we use the default hyper-parameters from stable baselines
for each method, but perform a grid search on the Adam inner loop step size for PPO and
TRPO-constrained (best among [3 × 10−3, 3 × 10−4, 3 × 10−5]) and the probability ratio
clipping parameter in PPO (best from [0.1, 0.2, 0.3]). For the regularized surrogates (i.e., the
remaining methods: SPMA, MDPO, and TRPO-regularized), we avoid a grid search for the inner
loop step size by using a full batch (i.e., the horizon length) along with the Armijo line
search [Armijo, 1966]. See Table A.2 for the full list of hyper-parameters used in the MuJoCo
experiments.

To set η for the regularized surrogates, we perform a grid search over five fixed values
([0.3, 0.5, 0.7, 0.9, 1.0]). Although Tomar et al. [2020] anneals η from 1 to 0 during training,
we observe that using a constant step size results in better performance. Our grid search
strategy for all stable baselines experiments is consistent: we run the experiments for 2
million iterations, select the hyper-parameters that yield the best AUC, and then use these
hyper-parameters for an additional 8 million iterations.

Hyperparameter SPMA MDPO TRPO_regularized TRPO_constrained PPO
Reward normalization ✗ ✗ ✗ ✗ ✗

Observation normalization ✗ ✗ ✗ ✗ ✗

Orthogonal weight initialization ✓ ✓ ✓ ✓ ✓

Value function clipping ✗ ✗ ✗ ✗ ✗

Gradient clipping ✗ ✗ ✗ ✗ ✓

Probability ratio clipping ✗ ✗ ✗ ✗ ✓

Adam step-size 3× 10−4

Minibatch size 256
Framestack 4
Number of environment copies 8
GAE λ 0.95
Horizon (T ) 128
Number of inner loop updates (m) 5
Entropy coefficient 0
Discount factor 0.99
Total number of timesteps 107

Number of runs for plot averages 5
Confidence interval for plot runs ∼ 95%

Table A.1: Hyperparameters for Atari experiments.
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Hyperparameter SPMA MDPO TRPO_regularized TRPO_constrained PPO
Minibatch size 2048 2048 2048 64 64
Reward normalization ✗ ✗ ✗ ✗ ✗

Observation normalization ✗ ✗ ✗ ✗ ✗

Orthogonal weight initialization ✓ ✓ ✓ ✓ ✓

Value function clipping ✗ ✗ ✗ ✗ ✗

Gradient clipping ✗ ✗ ✗ ✗ ✓

Probability ratio clipping ✗ ✗ ✗ ✗ ✓

Adam step-size ✗ ✗ ✗ ✓ ✓

GAE λ 0.95
Horizon (T ) 2048
Number of inner loop updates (m) 5
Entropy coefficient 0
Discount factor 0.99
Total number of timesteps 107

Number of runs for plot averages 5
Confidence interval for plot runs ∼ 95%

Table A.2: Hyperparameters for MuJoCo experiments.
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A.4.2 Ablation Study on the Number of Inner Loop Optimization Steps

This subsection studies how the number of inner-loop optimization steps m affects the
stable-baselines experiments. Consistent with Tomar et al. [2020], m = 1 performs poorly,
so the experiments focus on larger optimization budgets.

MuJoCo at larger inner-loop budgets. Figure A.6 extends the main-paper MuJoCo
comparison from m = 5 to m = 10 and m = 15 inner-loop optimization steps. As the inner-
loop is optimized more accurately, SPMA can approach the fine-tuned TRPO-constrained.

(a)

(b)

Figure A.6: MuJoCo results form = 10 (a) andm = 15 (b). Asm increases from 5 ( Figure 2.2)
to 10 and 15, SPMA shows performance comparable to the fine-tuned TRPO-constrained.
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Atari at larger inner-loop budgets. Figure A.7 shows that the MuJoCo trend in the
previous figure does not transfer uniformly to Atari: increasing the number of inner-loop
optimization steps m from 5 to 10 or 15 does not consistently improve performance.

(a)

(b)

Figure A.7: Atari results for m = 10 (top) and m = 15 (bottom). Increasing m does not
necessarily lead to performance improvements.
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MuJoCo ablation across optimization budgets. Figure A.8 isolates the effect of m
across the four MuJoCo environments. The results indicate consistent gains for SPMA as m
increases.

Figure A.8: MuJoCo ablation on m: The rows correspond to the Hopper-v4, Walker2d-
v4, HalfCheetah-v4, and Ant-v4 environments, respectively. As the number of inner loop
optimization steps m increases, SPMA shows improvements in expected reward and becomes
comparable to the fine-tuned TRPO-constrained.
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Atari ablation across optimization budgets. Figure A.9 reports the corresponding
ablation on Atari. Increasing the number of inner-loop optimization steps does not necessarily
lead to a monotonic improvement in performance.

Figure A.9: Atari ablation on m: The rows correspond to the BeamRider-v4, DemonAttack-
v4, Alien-v4, and Amidar-v4 games. We observe that increasing m does not necessarily
improve results across methods.
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Appendix B

Dissecting Discrete Soft
Actor-Critic: Limitations and
Principled Alternatives

B.1 Actor Objective Instantiations

In this section, we instantiate our forward and reverse KL-based objectives in Equations 3.5a
and 3.5b using soft NPG, and soft SPMA in the function approximation setting.

B.1.1 NPG-FKL(τ, ζ)

πt+1 = arg min
πθ∈Π

Es∼Dt

[︂
KL(πt+1/2(·|s)||πθ(·|s))− τtH(πθ(·|s))

]︂

= arg minπθ∈Π Es∼Dt

⎡⎣Ea∼πt(·|s)

⎡⎣− exp(ηt qt
ζ(s,a))

Zt(s) ln

⎛⎝ πθ(a|s)
πt(a|s) exp(ηtqt

ζ
(s,a))

Zt(s)

⎞⎠⎤⎦− τtH(πθ(·|s))

⎤⎦
(Using the NPG update in Equation (3.3))

= arg min
πθ∈Π

Es∼Dt

[︄
Ea∼πt(·|s)

[︄
−

exp(ηt q
t
ζ(s, a))

Zt(s)
ln
(︃
πθ(a|s)
πt(a|s)

)︃]︄
− τtH(πθ(·|s))

]︄
(dropping the constant w.r.t π)

= arg maxπθ∈Π Es∼Dt

[︃
Ea∼πt(·|s)

[︃
exp(ηt qt

ζ(s,a))∑︁
a′ πt(a′) exp(ηt qt

ζ
(s,a)) ln

(︂
πθ(a|s)
πt(a|s)

)︂]︃
+ τtH(πθ(·|s))

]︃
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B.1.2 SPMA-FKL(τ, ζ)

πt+1 = arg min
πθ∈Π

Es∼Dt

[︂
KL(πt+1/2(·|s)||πθ(·|s))− τtH(πθ(·|s))

]︂

= arg minπθ∈Π Es∼Dt

[︄
Ea∼πt(·|s)

⎡⎣− (︁1+ηt(qt
ζ(s,a)−vζ(s)t)

)︁
Zt(s) ln

⎛⎝ πθ(a|s)
πt(a|s) (1+ηt (qt

ζ
(s,a)−vt

ζ
(s)))

Zt(s)

⎞⎠⎤⎦
− τtH(πθ(·|s))

]︄
(Using the SPMA update in Equation (3.4))

= arg min
πθ∈Π

Es∼Dt

[︄
Ea∼πt(·|s)

⎡⎣−
(︂
1 + ηt(qt

ζ(s, a)− vt
ζ(s))

)︂
Zt(s)

ln
(︃
πθ(a|s)
πt(a|s)

)︃⎤⎦
− τtH(πθ(·|s))

]︄
(dropping the constant w.r.t π)

= arg max
πθ∈Π

Es∼Dt

[︄
Ea∼πt(·|s)

⎡⎣
(︂
1 + ηt(qt

ζ(s, a)− vt
ζ(s))

)︂
∑︁

a′ πt(a′|s)
(︂
1 + ηt(qt

ζ(s, a′)− vt
ζ(s))

)︂ ln
(︃
π(a|s)
πt(a|s)

)︃⎤⎦
+ τtH(πθ(·|s))

]︄

B.1.3 NPG-RKL(τ, ζ)

πt+1 = arg min
πθ∈Π

Es∼Dt

[︂
KL(πθ(·|s)||πt+1/2(·|s))− τtH(πθ(·|s))

]︂
= arg min

πθ∈Π
Es∼Dt Ea∼πθ(.|s)

[︂
(1 + τt) ln(πθ(a|s))− ln(πt+1/2(a|s))

]︂
= arg min

πθ∈Π
Es∼DtEa∼πθ(.|s)

[︃
(1 + τt) ln(πθ(a|s))− ln

(︃
πt(a|s) exp(ηt q

t
ζ(s, a))

)︃]︃
(Using the NPG update in Equation (3.3) and since Zt can be marginalized out)

= arg min
πθ∈Π

Es∼DtEa∼πθ(.|s)
[︂
(1 + τt) ln(πθ(a|s))− ln(πt(a|s))− ηt q

t
ζ(s, a))

]︂
= arg min

πθ∈Π
Es∼DtEa∼πθ(.|s)

[︃
(1 + τηt) ln(πθ(a|s))− ηt

(︃
qt

ζ(s, a) + 1
ηt

ln(πt(a|s))
)︃]︃

(Since τt = ηt τ)

= arg max
πθ∈Π

Es∼DtEa∼πθ(.|s)

[︃
qt

ζ(s, a)− τ ln(πθ(a|s))− 1
ηt

ln
(︃
πθ(a|s)
πt(a|s)

)︃]︃
= arg max

πθ∈Π
Es∼Dt

[︃
Ea∼πθ(.|s)

[︂
qt

ζ(s, a)− τ ln(πθ(a|s))
]︂
− 1
ηt

KL(πθ(·|s) ||πt(·|s))
]︃
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Given an estimate of the entropy-regularized q function, DSAC is a special of NPG-RKL by
setting ηt =∞ resulting in the following surrogate loss:

πt+1 = arg max
πθ∈Π

Es∼DtEa∼πθ(.|s)
[︂(︂
qt

ζ(s, a)
)︂
− τ ln(πθ(a|s))

]︂

B.1.4 SPMA-RKL(τ, ζ)

πt+1 = arg min
πθ∈Π

Es∼Dt

[︂
KL(πθ(·|s)||πt+1/2(·|s))− τtH(πθ(·|s))

]︂
= arg min

πθ∈Π
Es∼Dt Ea∼πθ(.|s)

[︂
(1 + τt) ln(π(a|s))− ln(πt+1/2(a|s))

]︂
= arg minπθ∈Π Es∼DtEa∼πθ(.|s)

[︃
(1 + τt) ln(πθ(a|s))− ln

(︃
πt(a|s) [1 + ηt

(︂
qt

ζ(s, a′)− vt
ζ(s)

)︂
]
)︃]︃

(Using the SPMA update in Equation (3.4))

= arg max
πθ∈Π

Es∼Dt

[︂
Ea∼πθ(·|s) ln

(︂
1 + ηt(qt

ζ(s, a)− vt
ζ(s))

)︂
−KL(πθ||πt)− τt ln πθ(a|s)

]︂

B.2 General Off-Policy Actor-Critic Pseudocode

Algorithm 5: General Off-Policy Actor-Critic Framework
1: Input: θ0 (π0’s parameters), ϕ0 (q0

ζ ’s parameters), πθ (function approximation for
actor), qϕ (function approximation for critic), Lt (critic loss), ℓt (actor loss), K (total
iterations), N (number of environment steps), n (number of policy optimization steps),
α (inner-loop step-size)

2: for t = 0 to K − 1 do
3: Interact with the environment for N steps to collect data using πt:
Dt ← Dt ∪ {si, ai, r(si, ai), si+1}Ni=1

4: ϕt = arg minLt(ϕ) ; qt
ζ = qϕt

5: Initialize inner-loop: ω0 = θt

6: for j = 0 to n− 1 do
7: ωj+1 = ωj − α∇ωℓt(ωj)
8: end for
9: θt+1 = ωn

10: πt+1(·|s) = πθt+1(·|s)
11: end for
12: Return: θK
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B.3 Theoretical Results

B.3.1 Proof of Theorem 4

Theorem 4 (Generic Reduction with Actor Entropy). If π∗
τ is the optimal entropy-regularized

policy whose value function is v∗
τ , for a qt

ζ obtained via the policy evaluation scheme at
iteration t, define ϵt := qt

ζ − qπt
τ . For any sequence of policies {π0, π1, . . . , πK−1}, if π̄K is

the corresponding uniform mixture policy, then,

⃦⃦⃦
v∗

τ − vπ̄K
τ

⃦⃦⃦
∞
≤ ∥Regret(K)∥∞

K (1− γ) +
2 ∑︁t∈[K] ∥ϵt∥∞
K (1− γ) ,

where, (Regret(K))(s) :=
K−1∑︂
t=0

[︂
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ

(︁
H(π∗

τ (·|s))−H(πt(·|s))
)︁]︂
,

is the regret incurred on an online optimization problem for each state s ∈ S.

Proof.

vπ∗
τ

τ − vπ
τ = T π∗

τ
τ vπ∗

τ
τ − vπ

τ (Since vπ∗
τ

τ is a fixed point of T π∗
τ

τ )

= [T π∗
τ

τ vπ
τ − vπ

τ ] + [T π∗
τ

τ vπ∗
τ − T π∗

τ
τ vπ

τ ] (Add/subtract T π∗
τ

τ vπ
τ )

= [T π∗
τ

τ vπ
τ − vπ

τ ] + γPπ∗
τ
(vπ∗

τ
τ − vπ

τ ) (Using the definition of T π∗
τ

τ )

=⇒ vπ∗
τ

τ − vπ
τ =

(︁
I − γPπ∗

τ

)︁−1
[︂
T π∗

τ
τ vπ

τ − T π
τ vπ

τ

]︂
Summing up from t = 0 to t = K − 1 and dividing by K,

v∗
τ −

∑︁K−1
t=0 vπt

τ

K
= 1
K

(I − γPπ∗
τ
)−1

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − vπt
τ

]︂
(By definition of v∗

τ )

=⇒ v∗
τ − vπ̄K

τ = 1
K

(I − γPπ∗
τ
)−1

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − vπt
τ

]︂
(Since vπ̄K

τ =
∑︁K−1

t=0 v
πt
τ

K )

= 1
K

(I − γPπ∗
τ
)−1

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂
(Since vπ

τ = T π
τ v

π
τ )

=⇒
⃦⃦⃦
v∗

τ − vπ̄K
τ

⃦⃦⃦
∞

= 1
K

⃦⃦⃦⃦
⃦(I − γPπ∗

τ
)−1

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂⃦⃦⃦⃦⃦
∞

≤ 1
K

⃦⃦⃦
(I − γPπ∗

τ
)−1
⃦⃦⃦

∞

⃦⃦⃦⃦
⃦

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂⃦⃦⃦⃦⃦
∞

(By definition of matrix norm)

≤ 1
K (1− γ)

⃦⃦⃦⃦
⃦

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂⃦⃦⃦⃦⃦
∞

(Since
⃦⃦
(I − γPπ)−1⃦⃦

∞ =
⃦⃦∑︁∞

t=0[γ Pπ]t
⃦⃦

∞ ≤
∑︁∞

t=0 γ
t = 1

1−γ )
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Let us calculate
[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂
(s).

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂
(s) = (T π∗

τ
τ vπt

τ )(s)− (T πt
τ vπt

τ )(s)

= Ea∼π∗
τ

[qπt
τ (s, a)− τ ln(π∗

τ (a|s))]
− Ea∼πt [qπt

τ (s, a)− τ ln(πt(a|s))] (By definition of T π1
τ vπ2

τ )
= ⟨π∗

τ (·|s)− πt(·|s), qπt
τ (s, ·)⟩

− τ [⟨π∗
τ (·|s), ln(π∗

τ (·|s))⟩ − ⟨πt(·|s), ln(πt(·|s))⟩]
= ⟨π∗

τ (·|s)− πt(·|s), qπt
τ (s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
(By definition of H(π(·|s)))

= ⟨π∗
τ (·|s)− πt(·|s), qt

ζ(s, ·)⟩+ τ [H(π∗
τ (·|s))−H(πt(·|s))]

+ ⟨π∗
τ (·|s)− πt(·|s), qπt

τ (s, ·)− qt
ζ(s, ·)⟩

(Add/Subtract ⟨π∗
τ (·|s)− πt(·|s), qt

ζ(s, ·)⟩)
≤ ⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]

+ ∥π∗
τ (·|s)− πt(·|s)∥1

⃦⃦⃦
qπt

τ (s, ·)− qt
ζ(s, ·)

⃦⃦⃦
∞

(By Holder’s inequality)
≤ ⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]

+ 2
⃦⃦⃦
qπt

τ (s, ·)− qt
ζ(s, ·)

⃦⃦⃦
∞

(Since ∥π∗
τ (·|s)− πt(·|s)∥1 ≤ 2)

Define Regret(K,u, s) = ∑︁K−1
t=0

[︂
⟨u(·|s)− πt(·|s), qt

ζ(s, ·)⟩+ τ [H(u(·|s))−H(πt(·|s))]
]︂

as
the regret incurred for state s when the comparator is policy u. Hence,

K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂
(s) ≤ Regret(K,π∗

τ , s) + 2
K∑︂

t=0

⃦⃦⃦
qπt

τ (s, ·)− qt
ζ(s, ·)

⃦⃦⃦
∞⃦⃦⃦⃦

⃦
K−1∑︂
t=0

[︂
T π∗

τ
τ vπt

τ − T πt
τ vπt

τ

]︂⃦⃦⃦⃦⃦
∞
≤ max

s
Regret(K,π∗

τ , s) + 2
K∑︂

t=0
∥ϵt∥∞ (By definition of ϵt)

Using the definition of Regret(K) =
[︁
Regret(K,π∗

τ , si)
]︁S
i=1 ∈ RS ,

⃦⃦⃦
v∗

τ − vπ̄K
τ

⃦⃦⃦
∞
≤ ∥Regret(K)∥∞

K (1− γ) +
2 ∑︁t∈[K] ∥ϵt∥∞
K (1− γ)

In the special case (0, ζ), i.e., no entropy regularization from the actor side, the problem
reduces to online linear optimization, as in Politex [Abbasi-Yadkori et al., 2019], yielding
the following corollary.
Corollary 3 (Generic Reduction without Actor Entropy). If π∗ is the optimal policy whose
value function is equal to v∗, for an estimate of qπt

τ at iteration t s.t. ϵt = qt
ζ − qπt

τ and for
any sequence of policies {π0, π1, . . . , πK−1}, if π̄K is the corresponding mixture policy, then,

⃦⃦⃦
v∗ − vπ̄K

⃦⃦⃦
∞
≤ ∥Regret(K)∥∞

K (1− γ) +
2 ∑︁t∈[K] ∥ϵt∥∞
K (1− γ) ,
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where (Regret(K))(s) := ∑︁K−1
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂

is the regret incurred on an online
linear optimization problem for each state s ∈ S.

B.3.2 Proof of Corollary 1

Generic Policy Evaluation

Theorem 11 (Generic policy evaluation). Using the policy evaluation scheme in Equa-
tion (3.1), if δ(τ, ζ) := |τ−ζ| ln(A)

1−γ , and TVi := ∥πi(·|s)− πi−1(·|s)∥1, then, for all t ∈ [K],

ϵt := ∥ϵt∥∞ =
⃦⃦⃦
qπt

τ − qt
ζ

⃦⃦⃦
∞

≤ Hτ γ
m

1− γ

t∑︂
i=1

(γm)t−i max
s

[︂
TVi + τ(1− γ)

⃓⃓
H(πi(·|s))−H(πi−1(·|s))

⃓⃓]︂

+
t∑︂

i=0
(γm)t−i δ(τ, ζ)

Furthermore, if for all i ∈ [t], TVi ≤ 1
2 , then, for any constant C ∈ (0, 1/2),

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

[︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

]︃]︃

+
t∑︂

i=0
(γm)t−i δ(τ, ζ)
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Proof.

ϵt =
⃦⃦⃦
qπt

τ − qt
ζ

⃦⃦⃦
∞

=
⃦⃦⃦
qπt

τ − P[0,Hτ ][(T πt
ζ )mqt−1

ζ ]
⃦⃦⃦

∞
(Using the update)

=
⃦⃦⃦
P[0,Hτ ][qπt

τ ]− P[0,Hτ ][(T πt
ζ )mqt−1

ζ ]
⃦⃦⃦

∞
(Since qπt

τ ∈ [0,Hτ ])

=
⃦⃦⃦
P[0,Hτ ][(T πt

τ )mqπt
τ ]− P[0,Hτ ][(T πt

ζ )mqt−1
ζ ]

⃦⃦⃦
∞

(Since qπt
τ = T πt

τ qπt
τ )

≤
⃦⃦⃦
(T πt

τ )mqπt
τ − (T πt

ζ )mqt−1
ζ

⃦⃦⃦
∞

(Since projections are non-expansive)

≤
⃦⃦⃦
(T πt

τ )mqπt
τ − (T πt

τ )mqt−1
ζ

⃦⃦⃦
∞

+
⃦⃦⃦
(T πt

τ )mqt−1
ζ − (T πt

ζ )mqt−1
ζ

⃦⃦⃦
∞

(Add/Subtract (T πt
τ )mqt−1

ζ and using triangle inequality)

≤
⃦⃦⃦
(T πt

τ )mqπt
τ − (T πt

τ )mqt−1
ζ

⃦⃦⃦
∞

+ |ζ − τ |1− γ ln(A)⏞ ⏟⏟ ⏞
:=δ(τ,ζ)

(Using Lemma 10)

=
⃦⃦⃦
(T πt

τ )mqπt
τ − (T πt

τ )mqt−1
ζ

⃦⃦⃦
∞

+ δ(τ, ζ)

≤ γm
⃦⃦⃦
qπt

τ − qt−1
ζ

⃦⃦⃦
∞

+ δ(τ, ζ) (Since T π
τ is a γ contraction)

≤ γm ∥qπt
τ − qπt−1

τ ∥∞ + γm
⃦⃦⃦
qπt−1

τ − qt−1
ζ

⃦⃦⃦
∞

+ δ(τ, ζ)
(Add/subtract qπt−1

τ and using triangle inequality)
= γm ∥qπt

τ − qπt−1
τ ∥∞ + γm ϵt−1 + δ(τ, ζ)

The first term is the difference in the qτ functions between two consecutive policies, and we
bound it next. For all (s, a),

qπt
τ (s, a)− qπt−1

τ (s, a) = γ
∑︂
s′

P(s′|s, a)vπt
τ (s′)− γ

∑︂
s′

P(s′|s, a)vπt−1
τ (s′)

= γ Es′∼P(·|s,a)[vπt
τ (s′)− vπt−1

τ (s′)]
=⇒ ∥qπt

τ − qπt−1
τ ∥∞ ≤ γ ∥v

πt
τ − vπt−1

τ ∥∞

Let us now bound the difference in the vτ functions between two consecutive policies.

∥vπt
τ − vπt−1

τ ∥∞ = ∥T πt
τ vπt

τ − T πt
τ vπt−1

τ + T πt
τ vπt−1

τ − T πt−1
τ vπt−1

τ ∥∞
(Since T π

τ v
π
τ = vπ

τ and add/subtract T πt
τ v

πt−1
τ )

≤ ∥T πt
τ vπt

τ − T πt
τ vπt−1

τ ∥∞ + ∥T πt
τ vπt−1

τ − T πt−1
τ vπt−1

τ ∥∞
(Triangle inequality)

≤ γ ∥vπt
τ − vπt−1

τ ∥∞ + ∥T πt
τ vπt−1

τ − T πt−1
τ vπt−1

τ ∥∞
(Since T π

τ is a γ-contraction)

=⇒ ∥vπt
τ − vπt−1

τ ∥∞ ≤
1

1− γ ∥T
πt
τ vπt−1

τ − T πt−1
τ vπt−1

τ ∥∞
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In order to bound
⃦⃦
T πt

τ v
πt−1
τ − T πt−1

τ v
πt−1
τ

⃦⃦
∞, consider a fixed state s. By definition of T π

τ ,

T πt
τ vπt−1

τ (s)− T πt−1
τ vπt−1

τ (s) = ⟨πt(·|s)− πt−1(·|s), r(s, ·)⟩
+ γ

∑︂
a

[πt(a|s)− πt−1(a|s)]Es′∼P(·|s,a)v
πt−1
τ (s′)

+ τ [H(πt(·|s))−H(πt−1(·|s))]
≤ ∥πt(·|s)− πt−1∥1 ∥r(s, ·)∥∞

+ γ ∥πt(·|s)− πt−1∥1 ∥v
πt−1
τ ∥∞

+ τ [H(πt(·|s))−H(πt−1(·|s))] (By Holder’s inequality)
≤ (1 + γ Hτ ) ∥πt(·|s)− πt−1(·|s)∥1

+ τ |H(πt(·|s))−H(πt−1(·|s))|
(Since rewards are in [0, 1] and v

πt−1
τ (s) ≤ Hτ )

≤ Hτ ∥πt(·|s)− πt−1(·|s)∥1 + τ |H(πt(·|s))−H(πt−1(·|s))|
(Since 1 ≤ 1 + τ ln(A) = (1− γ)Hτ )

=⇒ ∥T πt
τ vπt−1

τ − T πt−1
τ vπt−1

τ ∥∞ ≤ Hτ

(︂
max

s
[TVi + τ(1− γ) |H(πt(·|s))−H(πt−1(·|s))|]

)︂
(Since 1 ≤ (1− γ)Hτ )

Combining the above inequalities,

∥vπt
τ − vπt−1

τ ∥∞ ≤
Hτ

(1− γ) max
s

[TVi + τ(1− γ) |H(πt(·|s))−H(πt−1(·|s))|]

=⇒ ∥qπt
τ − qπt−1

τ ∥∞ ≤
Hτ

(1− γ) max
s

[TVi + τ(1− γ) |H(πt(·|s))−H(πt−1(·|s))|]

=⇒ ϵt ≤
Hτ γ

m

(1− γ) max
s

[TVi + τ(1− γ) |H(πt(·|s))−H(πt−1(·|s))|]⏞ ⏟⏟ ⏞
:=Bt

+γm ϵt−1 + δ(τ, ζ)

=⇒ ϵt ≤ Bt + γm ϵt−1 + δ(τ, ζ)
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Bounding ϵ0,

ϵ0 = qπ0
τ − q

π0
ζ = Es′∼P(·|s,a)

[︁
r(s, a) + γvπ

τ (s′)
]︁
− Es′∼P(·|s,a)

[︂
r(s, a) + γvπ

ζ (s′)
]︂

(By definition)
= γEs′∼P(·|s,a)[vπ0

τ (s′)− vπ0
ζ (s′)]

= γEs′∼P(·|s,a)

[︄
[vπ0(s′) + τ

∞∑︂
t=0

γt [︁H(π0(·|st))|s0 = s′]︁
− [vπ0(s′) + ζ

∞∑︂
t=0

γt [︁H(π0(·|st))|s0 = s′]︁]]︄ (By definition)

≤ |τ − ζ| ln(A)
1− γ = δ(τ, ζ) (Since H(π(·|s)) ≤ ln(A))

For a fixed t ∈ [K], recursing from i = t− 1 to i = 1 and using that

ϵt ≤ (γm)tϵ0 +
t∑︂

i=1
(γm)t−i (Bi + δ(τ, ζ))

≤ Hτ γ
m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[TVi + τ(1− γ) |H(πi(·|s))−H(πi−1(·|s))|]

+
t∑︂

i=0
(γm)t−i δ(τ, ζ)

Furthermore, if TVi ≤ 1
2 for all i ∈ [t], using Lemma 7, we can further upper-bound

|H(πi(·|s))−H(πi−1(·|s))| to get that for any constant C ∈ (0, 1/2),

|H(πi(·|s))−H(πi−1(·|s))| ≤ TVi ln
(︃
A

C

)︃
+
(︃ ln(A− 1)

2 +
√

2
)︃ √

C

Combining the above relations, in this case, we get that,

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

[︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

]︃]︃

+
t∑︂

i=0
(γm)t−i δ(τ, ζ)

Corollary 4. Using the policy evaluation scheme in Equation (3.1) with ζ = τ , for all t ∈ [K],
if for all i ∈ [t], TVi := ∥πi(·|s)− πi−1(·|s)∥1 ≤ 1

2 , then, for any constant C ∈ (0, 1/2),

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

[︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

]︃]︃
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Proof. Setting ζ = τ in Theorem 11.

Corollary 5. Using the policy evaluation scheme in Equation (3.1) with ζ = 0, for all t ∈ [K],
if for all i ∈ [t], TVi := ∥πi(·|s)− πi−1(·|s)∥1 ≤ 1

2 , then, for any constant C ∈ (0, 1/2),

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

[︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

]︃]︃

+ τ ln(A)
(1− γ)2

Proof. Setting ζ = 0 in Theorem 11.

The following proposition shows that the objective in Equation (3.5b) admits a closed-form
solution. Substituting the intermediate policies NPG and SPMA into the closed-form expression
in Equation (B.1) yields their entropy-regularized (actor entropy) counterparts, referred to
as soft NPG and soft SPMA.

Proposition 1. If αt := 1
1+τt

, the closed-form solution for the proximal update in Equa-
tion (3.5b) for any s, a is given as,

πt+1(a|s) =
[πt+1/2(a|s)]αt∑︁
a′ [πt+1/2(a′|s)]αt

(B.1)

Proof.

πt+1(·|s) = arg min
π(·|s)∈∆

[︂
KL(π(·|s)||πt+1/2(·|s))− τtH(π(·|s))

]︂
= arg min

π(·|s)∈∆
Ea∼π(.|s)

[︂
(1 + τt) ln(π(.|s))− ln(πt+1/2(·|s))

]︂
(Using the definition of H(π(·|s)))

= arg min
π(·|s)∈∆

Ea∼π(.|s)
[︂
ln(π(.|s))− αt ln(πt+1/2(·|s))

]︂
(Since αt = 1

1+τt
)

= arg min
π(·|s)∈∆

Ea∼π(.|s)
[︂
ln(π(.|s))− ln([πt+1/2(·|s)]αt)

]︂
= arg min

π(·|s)∈∆
KL(π(.|s)||πt+1/2(·|s)αt) (By definition of the KL divergence)

Using the fact that KL projection onto the simplex results in normalization, we get that,

πt+1(a|s) =
[πt+1/2(a|s)]αt∑︁
a′ [πt+1/2(a′|s)]αt
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Note that when τ = 0, we have τt = 0 and αt = 1 for all t, recovering the standard
unregularized updates for both NPG and SPMA. For τ > 0, the soft updates can be expressed
as: for any s, a, with αt = 1

1+τt
and τt = ηt τ ,

πt+1(a|s) =
[πt(a|s)]αt exp(ηt αt q

t
ζ(s, a))

Zt
, (B.2)

with Zt =
∑︂
a′

[πt(a′|s)]αt exp(ηt αt q
t
ζ(s, a′)), (Soft-NPG)

πt+1(a|s) =
[πt(a|s)]αt

[︂
1 + ηt

(︂
qt

ζ(s, a)− vt
ζ(s)

)︂]︂αt

Zt
, (B.3)

with Zt =
∑︂
a′

[πt(a′|s)]αt

[︂
1 + ηt

(︂
qt

ζ(s, a′)− vt
ζ(s)

)︂]︂αt

, (Soft-SPMA)

Policy Error Bound for (soft) NPG

In the next corollary, we use Theorem 11 with ζ = τ to instantiate the policy error bound
for soft NPG with entropy-regularized policy evaluation.

Corollary 6 (Policy evaluation with ζ = τ). Using the policy evaluation update in Equa-
tion (3.1) with ζ = τ , for soft NPG with ηt = 1

c+τ (t+1) and a constant c ≥ max
{︂

8 (1+τ ln(A))
(1−γ) , 32 τ ln(A)

}︂
,

for all t ∈ [K], ϵt := ∥ϵt∥∞ can be bounded as:

ϵt ≤
8(1 + τ ln(A))γm

(1− γ)3

[︄ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︄(︃

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K

)︄

+ τ (ln(A) + 1) 1
K2

]︄

Proof. For a fixed iteration t ∈ [K] and state s ∈ S, let us first bound ∥πt+1(·|s)− πt(·|s)∥1.

∥πt+1(·|s)− πt(·|s)∥1 ≤
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1

+
⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦
1

(Triangle inequality)
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We first bound
⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦
1
. Using the mirror descent view of NPG [Xiao, 2022],

the update can be written as:

πt+1/2(·|s) = arg min
π∈∆

[︂
−ηt⟨qt

τ (s, ·), π(·|s)⟩+ KL(π(·|s)||πt(·|s))
]︂

=⇒ − ηt⟨qt
τ (s, ·), πt+1/2(·|s)⟩+ KL(πt+1/2(·|s)||πt(·|s)) ≤ −ηt⟨qt

τ (s, ·), πt(·|s)⟩
+ KL(πt(·|s)||πt(·|s))

=⇒ 1
2
⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦2

1
≤ KL(πt+1/2(·|s)||πt(·|s)) ≤ ηt⟨qt

τ (s, ·), πt+1/2(·|s)− πt(·|s)⟩
(By Pinsker’s inequality)

≤ ηt

⃦⃦⃦
qt

τ (s, ·)
⃦⃦⃦

∞

⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦
1

(By Holder’s inequality)

=⇒
⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦
1
≤ 2ηtHτ (Since

⃦⃦
qt

τ (s, ·)
⃦⃦

∞ ≤ Hτ )

In order to bound
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1
, we use the Equation (3.5b) update. Specifically,

πt+1(·|s) = arg min
π∈∆

[︂
KL(π(·|s)||πt+1/2(·|s))− τtH(π(·|s))

]︂

=⇒ KL(πt+1(·|s)||πt+1/2(·|s))− τtH(πt+1(·|s)) ≤ KL(πt+1/2(·|s)||πt+1/2(·|s))
− τtH(πt+1/2(·|s))

1
2
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦2

1
≤ KL(πt+1||πt+1/2(·|s))

(By Pinsker’s inequality)
≤ τtH(πt+1(·|s))− τtH(πt+1/2(·|s))
≤ τt ln(A)

=⇒
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1
≤
√︂

2 τ ηt ln(A) (since τt = τ ηt)

Combining the above relations,

∥πt+1(·|s)− πt(·|s)∥1 ≤
√︂

2 τ ηt ln(A) + 2 ηtHτ (B.4)

Using Equation (B.4) in Theorem 11, for the special case ∥πt+1(·|s)− πt(·|s)∥1 ≤ 1
2 for all

t ∈ [K], ηt must satisfy the following conditions:

• 2 ηtHτ ≤ 1
4 =⇒ ηt ≤ (1−γ)

8 (1+τ ln(A))

•
√︁

2 τ ηt ln(A) ≤ 1
4 =⇒ ηt ≤ 1

32 τ ln(A)

For ηt = 1
c+τ(t+1) ≤

1
c , it is thus sufficient to ensure that,

c ≥ max
{︃8 (1 + τ ln(A))

(1− γ) , 32 τ ln(A)
}︃
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Given this constraint on c, we use Theorem 11 with ζ = τ and TVi := ∥πi(·|s)− πi−1(·|s)∥1,
to get that, for any constant C ∈ (0, 1/2), for all t ∈ [K],

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

[︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

]︃]︃

Observe that the choice of c ensures ∥πt+1(·|s)− πt(·|s)∥1 ≤ 1
2 . Using Lemma 8 we obtain,

∥πt+1(·|s)− πt(·|s)∥1 ≤ 4 τ ηt ln(A
C

) + 2
√
τ C

1
4 + 2 ηtHτ

Combining the above with the upper bound on ϵt, we get,

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i

[︄(︃
1 + τ (1− γ) ln(A

C
)
)︃ (︃

2 ηi (2 τ ln(A
C

) +Hτ ) + 2
√
τ C

1
4

)︃

+ τ(1− γ)
(︃ ln(A)

2 +
√

2
)︃ √

C

]︄

Setting C = 1
K4 ,

≤ Hτ γ
m

(1− γ)

[︄
2
(︂
1 + τ ln

(︂
AK4

)︂)︂ (︄(︃
2 ln(AK4) + Hτ

τ

)︃ t∑︂
i=1

(γm)t−i

(i+ 1) +
√
τ

K(1− γm)

)︄

+ τ

1− γm

(︂ ln(A)
2 +

√
2
)︂ 1
K2

]︄
(since γ < 1)

Using Lemma 9, we can bound ∑︁t
i=1

(γm)t−i

(i+1) ≤
2

1−γm (1
t + (γm)t/2) ≤ 2

1−γ (1
t + (γm)t/2).

=⇒ ϵt ≤
Hτ γ

m

(1− γ)

[︄
4
(︂
1 + τ ln

(︂
AK4

)︂)︂
(︄(︃

2 ln(AK4) + Hτ

τ

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K(1− γm)

)︄

+ τ

1− γm

(︂ ln(A)
2 +

√
2
)︂ 1
K2

]︄

≤ 8Hτ γ
m

(1− γ)2

[︄(︂
1 + τ ln

(︂
AK4

)︂ )︂ (︂(︁
ln(AK4) + Hτ

τ

)︁
(1
t

+ (γm)t/2) +
√
τ

K

)︂

+ τ (ln(A) + 1) 1
K2

]︄
(Since γ < 1)

In the next corollary, we use Theorem 11 with ζ = 0 to instantiate the policy error bound
for (soft) NPG with entropy-regularized policy evaluation.
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Corollary 7 (Policy evaluation with ζ = 0). Using the policy evaluation update in Equa-
tion (3.1) with ζ = 0, ϵt := ∥ϵt∥∞ can be bounded as:

• Soft NPG: If ηt = 1
c+τ (t+1) for a constant c ≥ max

{︂
8 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

, then, for
all t ∈ [K],

ϵt ≤
8(1 + τ ln(A))γm

(1− γ)3

[︃(︂
1 + τ ln

(︂
AK4

)︂ )︂
(︄(︃

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K

)︄

+ τ (ln(A) + 1) 1
K2

]︃
+ τ

(1− γ)2 ln (A)

• NPG: If ηt = η = (1−γ)
√

ln(A)√
K

, then, for all t ∈ [K],

ϵt ≤
2
√︁

ln(A) γm

(1− γ)3
1√
K

Proof. Using Theorem 11 for soft NPG and Corollary 5 for NPG, and following the same proof
as Corollary 6.

Policy Error Bound for (soft) SPMA

In the next corollary, we use Theorem 11 with ζ = τ to instantiate the policy error bound
for soft SPMA with entropy-regularized policy evaluation.

Corollary 8 (Policy evaluation with ζ = τ). Using the policy evaluation update in Equa-
tion (3.1) with ζ = τ , for soft SPMA with ηt = 1

c+τ (t+1) and a constant c ≥ max
{︂

4(1+τ ln(A))
(1−γ) , 32 τ ln(A)

}︂
,

for all t ∈ [K], ϵt can be bounded as:

ϵt := ∥ϵt∥∞ ≤
8(1 + τ ln(A))γm

(1− γ)3

[︄ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︄(︃

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K

)︄

+ τ (ln(A) + 1) 1
K2

]︄

109



Proof. For a fixed iteration t ∈ [K] and state s ∈ S, let us first bound ∥πt+1(·|s)− πt(·|s)∥1.

∥πt+1(·|s)− πt(·|s)∥1 ≤
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1

+
⃦⃦⃦
πt+1/2(·|s)− πt(·|s)

⃦⃦⃦
1

(Triangle inequality)

≤
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1

+ ηt

∑︂
a

πt(a) [qt
τ (s, a)− vt

τ (s)]

(By the SPMA update in Equation (3.4))

=⇒ ∥πt+1(·|s)− πt(·|s)∥1 ≤
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1

+ ηtHτ

(Since |qt
τ (s, a)− vt

τ (s)| ≤ Hτ )

In order to bound
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1
, we use the Equation (3.5b) update. Specifically,

πt+1(·|s) = arg min
π∈∆

[︂
KL(π||πt+1/2(·|s))− τtH(π(·|s))

]︂

=⇒ KL(πt+1(·|s)||πt+1/2(·|s))− τtH(πt+1(·|s)) ≤ KL(πt+1/2(·|s)||πt+1/2(·|s))
− τtH(πt+1/2(·|s))

1
2
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦2

1
≤ KL(πt+1(·|s)||πt+1/2(·|s))

(By Pinsker’s inequality)
≤ τtH(πt+1(·|s))− τtH(πt+1/2(·|s))
≤ τt ln(A) (Since H(π) ∈ [0, ln(A)])

=⇒
⃦⃦⃦
πt+1(·|s)− πt+1/2(·|s)

⃦⃦⃦
1
≤
√︂

2 τ ηt ln(A) (Since τt = τ ηt)

Combining the above relations,

∥πt+1(·|s)− πt(·|s)∥1 ≤
√︂

2 τ ηt ln(A) + ηtHτ (B.5)

In order to use Theorem 11, we need to ensure that ∥πt+1(·|s)− πt(·|s)∥1 ≤ 1
2 for all t ∈ [K].

Using Equation (B.5), it is sufficient to ensure that ηt satisfies the following relations:

• ηtHτ ≤ 1
4 =⇒ ηt ≤ (1−γ)

4 (1+τ ln(A))

•
√︁

2 τ ηt ln(A) ≤ 1
4 =⇒ ηt ≤ 1

32 τ ln(A)

For ηt = 1
c+τ(t+1) ≤

1
c , it is thus sufficient to ensure that,

c ≥ max
{︃4 (1 + τ ln(A))

(1− γ) , 32 τ ln(A)
}︃
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Given this constraint on c, we use Theorem 11 with ζ = τ and TVi := ∥πi(·|s)− πi−1(·|s)∥1,
to get that, for any constant C ∈ (0, 1/2), for all t ∈ [K],

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i max
s

[︃
TVi + τ(1− γ)

(︃
TVi ln

(︃
A

C

)︃
+
(︃ ln(A)

2 +
√

2
)︃ √

C

)︃]︃

Observe that the choice of c ensures ∥πt+1(·|s)− πt(·|s)∥1 ≤ 1
2 . Using Lemma 8 we obtain,

∥πt+1(·|s)− πt(·|s)∥1 ≤ 4 τ ηt ln(A
C

) + 2
√
τ C

1
4 + 2 ηtHτ

Combining the above with the upper bound on ϵt, we get,

ϵt ≤
Hτ γ

m

(1− γ)

t∑︂
i=1

(γm)t−i

[︄(︃
1 + τ (1− γ) ln(A

C
)
)︃ (︃

2 ηi (2 τ ln(A
C

) +Hτ ) + 2
√
τ C

1
4

)︃

+ τ(1− γ)
(︃ ln(A)

2 +
√

2
)︃ √

C

]︄

Setting C = 1
K4 ,

≤ Hτ γ
m

(1− γ)

[︄
2
(︂
1 + τ ln

(︂
AK4

)︂)︂ (︄(︃
2 ln(AK4) + Hτ

τ

)︃ t∑︂
i=1

(γm)t−i

(i+ 1) +
√
τ

K(1− γm)

)︄

+ τ

1− γm

(︂ ln(A)
2 +

√
2
)︂ 1
K2

]︄
(since γ < 1)

Using Lemma 9, we can bound ∑︁t
i=1

(γm)t−i

(i+1) ≤
2

1−γm (1
t + (γm)t/2) ≤ 2

1−γ (1
t + (γm)t/2).

=⇒ ϵt ≤
Hτ γ

m

(1− γ)

[︄
4
(︂
1 + τ ln

(︂
AK4

)︂)︂
(︄(︃

2 ln(AK4) + Hτ

τ

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K(1− γm)

)︄

+ τ

1− γm

(︂ ln(A)
2 +

√
2
)︂ 1
K2

]︄

≤ 8Hτ γ
m

(1− γ)2

[︄(︂
1 + τ ln

(︂
AK4

)︂ )︂ (︂(︁
ln(AK4) + Hτ

τ

)︁
(1
t

+ (γm)t/2) +
√
τ

K

)︂

+ τ (ln(A) + 1) 1
K2

]︄
(Since γ < 1)

In the next corollary, we use Theorem 11 with ζ = 0 to instantiate the policy error bound
for (soft) SPMA without entropy-regularized policy evaluation.
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Corollary 9 (Policy evaluation with ζ = 0). Using the policy evaluation update in Equa-
tion (3.1) with (soft) SPMA, ϵt := ∥ϵt∥∞ can be bounded as:

• Soft SPMA: if ηt = 1
c+τ (t+1) for a constant c ≥ max

{︂
4(1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

, then, for
all t ∈ [K],

ϵt ≤
8(1 + τ ln(A))γm

(1− γ)3

[︃(︂
1 + τ ln

(︂
AK4

)︂ )︂
(︄(︃

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︃ (︃1
t

+ (γm)t/2
)︃

+
√
τ

K

)︄

+ τ (ln(A) + 1) 1
K2

]︃
+ τ

(1− γ)2 ln (A)

• SPMA: if ηt = η = min
{︃

1−γ
2 ,

(1−γ)
√

ln(A)√
K

}︃
, then, for all t ∈ [K],

ϵt := ∥ϵt∥∞ ≤
√︁

ln(A) γm

(1− γ)3
1√
K

Proof. Using Theorem 11 for soft SPMA and Corollary 5 for SPMA, and following the same
proof as Corollary 8. Note that the requirement for η ≤ 1−γ

2 is to ensure ln(1 + ηt ∆t(s, ·))
in the SPMA update is well-defined (see the proof in Corollary 11 for details)

B.3.3 Proof of Corollary 2

Generic Regret Bound

Theorem 12 (Generic Regret Bound). Consider a sequence of linear functions ft(π) :=
⟨π, dt⟩ for a sequence of vectors {d0, d1, . . . , dK−1} s.t. ∥dt∥∞ ≤ Dt. Consider the following
update at iteration t ∈ [K], if ηt is a step-size sequence, τt = ηt τ , π0 is the uniform
distribution and

πt+1 = arg min
π∈∆A

{︂
⟨π, dt⟩+ KL(π||πt) +Rt(π)

}︂
Rt(π) := τtR(π)
R(π) := ln(A)−H(π) ≥ 0

then, for any comparator u ∈ ∆A,

K−1∑︂
t=0

[︃⟨πt − u, dt⟩
ηt

+ τ [H(u)−H(πt)]
]︃
≤

K−1∑︂
t=0

[︃KL(u||πt)
ηt

− KL(u||πt+1)
ηt

− τKL(u||πt+1)
]︃

+
K−1∑︂
t=0

D2
t

2 ηt
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Proof. The following properties will be helpful in proving the theorem. For policies π, π′ and
comparator u,

Rt(π)−Rt(π′) = τt ⟨ln(π), π − π′⟩ − τt KL(π′||π) (Entropy property)
⟨u− π′, ln(π′)− ln(π)⟩ = KL(u||π)−KL(u||π′)−KL(π′||π) (3 point property)
⟨π − πt+1, dt + ln(πt+1)− ln(πt) + τt ln(πt+1)⟩ ≥ 0 (Optimality condition)

[ft(πt)− ft(u)] +Rt(πt+1)−Rt(u) = ⟨πt − u, dt⟩+ ⟨τt ln(πt+1), πt+1 − u⟩
− τtKL(u||πt+1)

(Entropy property with π = πt+1, π′ = u)
= ⟨πt+1 − u, dt⟩+ ⟨πt − πt+1, dt⟩

+ ⟨τt ln(πt+1), πt+1 − u⟩ − τtKL(u||πt+1)
= ⟨πt+1 − u, dt + τt ln(πt+1)− ln(πt) + ln(πt+1)⟩⏞ ⏟⏟ ⏞

≤0 by the optimality condition for π = u

+ ⟨πt+1 − u, ln(πt)− ln(πt+1)⟩+ ⟨πt − πt+1, dt⟩
− τtKL(u||πt+1) (Dropping the negative term)
≤ ⟨πt+1 − u, ln(πt)− ln(πt+1)⟩+ ⟨πt − πt+1, dt⟩
− τtKL(u||πt+1)

= KL(u||πt)−KL(u||πt+1)−KL(πt+1||πt)
+ ⟨πt − πt+1, dt⟩ − τtKL(u||πt+1)

(3 point property with u = u, π = πt, π
′ = πt+1)

≤ KL(u||πt)−KL(u||πt+1)−KL(πt+1||πt)

− τtKL(u||πt+1) + 1
2 ||πt − πt+1||21 + 1

2 ||dt||2∞
(Fenchel-Young inequality)

≤ KL(u||πt)−KL(u||πt+1)−KL(πt+1||πt)

− τtKL(u||πt+1) + KL(πt+1||πt) + 1
2 ||dt||2∞

(Pinsker’s inequality)

= KL(u||πt)−KL(u||πt+1)− τtKL(u||πt+1) + 1
2 ||dt||2∞

≤ KL(u||πt)−KL(u||πt+1)− τtKL(u||πt+1) + D2
t

2
(Since ∥dt∥∞ ≤ Dt)

= KL(u||πt)−KL(u||πt+1)− ηtτKL(u||πt+1) + D2
t

2
(Since τt = ηt τ)
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Rearranging and dividing both-sides by ηt we get

⟨πt − u, dt⟩
ηt

+R(πt+1)−R(u) ≤ KL(u||πt)
ηt

− KL(u||πt+1)
ηt

− τKL(u||πt+1) + D2
t

2 ηt

⟨πt − u, dt⟩
ηt

+R(πt)−R(u) ≤ [R(πt)−R(πt+1)] + KL(u||πt)
ηt

− KL(u||πt+1)
ηt

− τKL(u||πt+1) + D2
t

2 ηt

Summing from t = 0 to K − 1,

K−1∑︂
t=0

[︃⟨πt − u, dt⟩
ηt

+R(πt)−R(u)
]︃
≤ [R(π0)−R(πK)] +

K−1∑︂
t=0

[︄
KL(u||πt)

ηt
− KL(u||πt+1)

ηt

− τKL(u||πt+1) + D2
t

2 ηt

]︄

≤
K−1∑︂
t=0

[︃KL(u||πt)
ηt

− KL(u||πt+1)
ηt

− τKL(u||πt+1)
]︃

+
K−1∑︂
t=0

D2
t

2 ηt

(Since R(π0) = ln(A)−H(π0) = 0 and R(πK) ≥ 0)

Regret Bound for (soft) NPG

In this section, we instantiate the regret and policy evaluation bounds for (soft) NPG

Corollary 10 (Regret Bounds). Suppose π0(·|s) is the uniform distribution over actions
for each state s. For any sequence {qt

ζ}
K−1
t=0 satisfying

⃦⃦⃦
qt

ζ

⃦⃦⃦
∞
≤ Hτ , the regret for (soft) NPG

can be bounded as:

• Soft NPG: Setting ηt = 1
c+τ (t+1) for a constant c ≥ 0 to be determined later, guarantees

that,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︁
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︁⃓⃓⃓⃓⃓

≤ H2
τ

2 τ [1 + ln(K)] + (c+ τ) ln(A)

• NPG: Setting ηt = η =
√

2 (1−γ)
√

ln(A)√
K

guarantees that,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂⃓⃓⃓⃓⃓ ≤

√︁
2 ln(A)

√
K

1− γ
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Proof. First note that by using the mirror descent view of the (soft) NPG update [Xiao, 2022],
it can be equivalently written as: for all s ∈ S,

πt+1(·|s) = arg min
π∈∆

[︂
−ηt⟨qt

ζ(s, ·), π(·|s)⟩+ KL(π(·|s)||πt(·|s))− τtH(π(·|s))
]︂

By comparing to the update in Theorem 12, we note that dt = −ηt q
t
ζ(s, ·) and ∥dt∥∞ =

ηt

⃦⃦⃦
qt

ζ

⃦⃦⃦
∞
≤ ηtHτ . If τt = ηtτ and π0(·|s) is a uniform distribution for each state s, we

can instantiate Theorem 12 for each state s, and obtain the following regret bound for the
comparator u.

K−1∑︂
t=0

[︂
⟨u(·|s)− πt(·|s), qt

ζ(s, ·)⟩+ τ [H(u(·|s))−H(πt(·|s))]
]︂

≤
K−1∑︂
t=0

[︃KL(u(·|s)||πt(·|s))
ηt

− KL(u(·|s)||πt+1(·|s))
ηt

− τKL(u(·|s)||πt+1(·|s))
]︃

+ H2
τ

2

K−1∑︂
t=0

ηt

Now we consider two cases corresponding to NPG and its soft variant.

Soft NPG: Using that τ ̸= 0, setting u = π∗
τ and bounding the RHS in the above inequality,

K−1∑︂
t=0

[︂
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︂

≤
K−1∑︂
t=1

KL(π∗
τ (·|s)||πt(·|s))

[︃ 1
ηt
− 1
ηt−1

− τ
]︃

+ 1
η0

KL(π∗
τ (·|s)||π0(·|s)) + H2

τ

2

K−1∑︂
t=0

ηt

= H2
τ

2

K−1∑︂
t=0

1
c+ τ (t+ 1) + (c+ τ) KL(π∗

τ (·|s)||π0(·|s)) (Setting ηt = 1
c+τ (t+1))

≤ H2
τ

2

K−1∑︂
t=0

1
τ (t+ 1) + (c+ τ) ln(A) (Since π0(·|s) is a uniform distribution for all s)

≤ H2
τ

2 τ [1 + ln(K)] + (c+ τ) ln(A) (Since ∑︁K
t=1 1/t ≤ 1 + ln(K))

Since the above bound holds for all s,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︁
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︁⃓⃓⃓⃓⃓

≤ H2
τ

2 τ [1 + ln(K)] + (c+ τ) ln(A)
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NPG: Using u = π∗ and a constant step-size i.e. ηt = η for all t, in which case the regret
bound can be simplified as:

K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂
≤ 1
η

KL(π∗(·|s)||π0(·|s) + ηK

2 (1− γ)2

≤ ln(A)
η

+ ηK

2 (1− γ)2

(Since π0 is the uniform distribution)

≤
√︁

2 ln(A)
√
K

1− γ (Setting η =
√

2 (1−γ)
√

ln(A)√
K

)

Since the above bound holds for all s,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂⃓⃓⃓⃓⃓ ≤

√︁
2 ln(A)

√
K

1− γ .

Regret Bound for (soft) SPMA

In this section, we instantiate the regret and policy evaluation bounds for (soft) SPMA.

Corollary 11 (Regret Bounds). Suppose π0(·|s) is the uniform distribution over actions
for each state s, and let ηt = 1

c+τ (t+1) for some constant c ≥ 0 to be determined later. For
any sequence {qt

ζ}
K−1
t=0 satisfying

⃦⃦⃦
qt

ζ

⃦⃦⃦
∞
≤ Hτ , the regret for (soft) SPMA can be bounded as:

• Soft SPMA: Setting ηt = 1
c+τ (t+1) for a constant c ≥ 2 max{Hτ , ζ ln(A)}, guarantees

that,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︁
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︁⃓⃓⃓⃓⃓

≤ 3H2
τ

τ
[1 + ln(K)] + (c+ τ) ln(A)

• SPMA: Setting ηt = η = min
{︃

1−γ
2 ,

√
2 (1−γ)

√
ln(A)√

K

}︃
guarantees that,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂⃓⃓⃓⃓⃓ ≤ 7

√︁
ln(A)

√
K√

2 (1− γ)
+ 2

1− γ ln(A).
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Proof. For a fixed state s ∈ S, first note that the (soft) SPMA update in Equation (3.5b) can be
equivalently be written as follows: if ∆t(s, a) := qt

ζ(s, a)− vt
ζ(s) for dt := − ln(1 + ηt ∆t(s, ·)),

πt+1(·|s) = arg min
π∈∆

[︂
KL(π(·|s)||πt(·|s)

[︂
1 + ηt

(︂
∆t(s, ·)

)︂]︂
)− τtH(π(·|s))

]︂
= arg min

π∈∆
[⟨dt, π(·|s)⟩+ KL(π(·|s)||πt(·|s))− τtH(π(·|s))] ,

where we require that 1+ηt∆t(s, ·) ≥ 0. Note that since
⃦⃦⃦
qt

ζ(s, ·)
⃦⃦⃦

∞
≤ Hτ ,

⃦⃦
∆t(s, ·))

⃦⃦
∞ ≤ Hτ

and we require that ηt ≤ 1
2Hτ

. With this choice, |ηt ∆t(s, a)| ≤ 1
2 . By comparing to the

update in Theorem 12, we note that dt = − ln(1 + ηt ∆t(s, ·)). Since | ln(1 + x)| ≤ 2|x| for
all x ≥ −1

2 ,

| − ln(1 + ηt ∆t(s, a))| ≤ 2 ηt |∆t(s, a)| ≤ 2 ηtHτ =⇒ ∥dt∥∞ ≤ 2 ηtHτ

Hence, Dt = 2 ηtHτ . If τt = ηtτ and π0(·|s) is a uniform distribution for each state s, we
can instantiate Theorem 12 for each state s, and obtain the following regret bound for the
comparator u,

K−1∑︂
t=0

[︄
⟨u(·|s)− πt(·|s), ln(1 + ηt ∆t(s, ·))⟩

ηt
+ τ [H(u(·|s))−H(πt(·|s))]

]︄

≤
K−1∑︂
t=0

[︃
KL(u(·|s)||πt(·|s))

ηt
− KL(u(·|s)||πt+1(·|s))

ηt
− τKL(u(·|s)||πt+1(·|s))

]︃

+ 2H2
τ

K−1∑︂
t=0

ηt

In order to simplify the above expression, first note that,

⟨πt(·|s), ln(1 + ηt ∆t(s, ·))⟩ ≤ ln(1− ηt ζH(πt(·|s)))
(Using Jensen’s inequality and the fact ∑︁a πt(a|s)∆t(s, a) = −ζH(πt(·|s))

If ηt is chosen such that ηt ζH(πt(·|s)) ≤ 1
2 , and since H(π) ∈ [0, ln(A)], it suffices to ensure

ηt ≤ 1
2ζ ln(A) , and use the fact ln(1 + x) ≤ x for x > −1 to guarantee:

⟨πt(·|s), ln(1 + ηt ∆t(s, ·))⟩ ≤ −ηt ζH(πt(·|s)) (B.6)
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On the other hand, since choosing ηt ≤ 1
2Hτ

ensures ln(1 + ηt∆t(s, ·)) is well-defined,

⟨u(·|s), ln(1 + ηt∆t(s, ·))⟩ ≥ [⟨u(·|s), ηt∆t(s, ·)⟩ − ⟨u(·|s), η2
t [∆t(s, ·)]2⟩]

(since ln(1 + x) ≥ x− x2 for x > −1/2)

= ηt

(︂
⟨u(·|s), qt

ζ(s, ·)⟩ − vt
ζ(s)

)︂
− η2

t ⟨u(·|s), [∆t(s, ·)]2⟩

= ηt

(︂
⟨u(·|s), qt

ζ(s, ·)⟩ − ⟨πt, q
t
ζ(s, ·)⟩ − ζH(πt(·|s))

)︂
− η2

t ⟨u(·|s), [∆t(s, ·)]2⟩
(since vt

ζ(s) = ⟨πt(·|s), qt
ζ⟩+ ζH(πt(·|s)))

≥ ηt

(︂
⟨u(·|s), qt

ζ(s, ·)⟩ − ⟨πt(·|s), qt
ζ(s, ·)⟩ − ζH(πt(·|s))

)︂
− η2

tH
2
τ

(since
⃦⃦
∆t(s, ·))

⃦⃦
∞ ≤ Hτ )

Combining the above inequalities with Equation (B.6),

⟨u(·|s)− πt(·|s), ln(1 + ηt ∆t(s, ·))⟩
ηt

≥ ⟨u(·|s), qt
ζ(s, ·)⟩ − ⟨πt, q

t
ζ(s, ·)⟩ − ηtH

2
τ

= ⟨u(·|s)− πt(·|s), qt
ζ(s, ·)⟩ − ηtH

2
τ

Using the above relation with the regret expression,

K−1∑︂
t=0

[︂
⟨u(·|s)− πt(·|s), qt

ζ(s, ·)⟩+ τ [H(u(·|s))−H(πt(·|s))]
]︂

≤
K−1∑︂
t=0

[︃
KL(u(·|s)||πt(·|s))

ηt
− KL(u(·|s)||πt+1(·|s))

ηt
− τKL(u(·|s)||πt+1(·|s))

]︃

+ 3H2
τ

K−1∑︂
t=0

ηt

Note that we require ηt ≤ 1
2Hτ

and ηt ≤ 1
2ζ ln(A) simultaneously for all t. Hence, it is sufficient

to ensure that ηt ≤ 1
2 max{Hτ ,ζ ln(A)} for all t, and hence require that c ≥ 2 max{Hτ , ζ ln(A)}.

Now we consider two cases corresponding to SPMA and its soft variant.
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Soft SPMA: Using that τ ≠ 0, setting u = π∗
τ and bounding the RHS in the above inequality,

K−1∑︂
t=0

[︂
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︂

≤
K−1∑︂
t=1

KL(π∗
τ (·|s)||πt(·|s))

[︃ 1
ηt
− 1
ηt−1

− τ
]︃

+ 1
η0

KL(π∗
τ (·|s)||π0(·|s))

+ 3H2
τ

K−1∑︂
t=0

ηt

= 3H2
τ

K−1∑︂
t=0

1
c+ τ (t+ 1) + (c+ τ) KL(π∗

τ (·|s)||π0(·|s)) (Since ηt = 1
c+τ (t+1))

≤ 3H2
τ

K−1∑︂
t=0

1
c+ τ (t+ 1) + (c+ τ) ln(A)

(Since π0(·|s) is a uniform distribution for all s)

≤ 3H2
τ

τ

K−1∑︂
t=0

1
t+ 1 + (c+ τ) ln(A)

≤ 3H2
τ

τ
[1 + ln(K)] + (c+ τ) ln(A) (Since ∑︁K

t=1 1/t ≤ 1 + ln(K))

Since the above bound holds for all s,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︁
⟨π∗

τ (·|s)− πt(·|s), qt
ζ(s, ·)⟩+ τ [H(π∗

τ (·|s))−H(πt(·|s))]
]︁⃓⃓⃓⃓⃓

≤ 3H2
τ

τ
[1 + ln(K)] + (c+ τ) ln(A)

SPMA: Using u = π∗, τ = ζ = 0, and a constant step-size i.e. ηt = η for all t, in which case
the regret bound can be simplified as:

K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂
≤ 1
η

KL(π∗(·|s)||π0(·|s)) + 3 ηK
(1− γ)2

≤ ln(A)
η

+ 3 ηK
(1− γ)2

(Since π0(·|s) is a uniform distribution for all s)
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Recall that in the presence of entropy ensuring ln(1 + ηt∆t(s, ·)) is well-defined required us
to choose ηt ≤ 1

2 Hτ
. When τ = 0 and ηt = η, the condition simplifies to η ≤ 1−γ

2 . Setting

η = min
{︃√

2 (1−γ)
√

ln(A)√
K

, 1−γ
2

}︃
and using the fact that 1

min{a,b} = max{1/a, 1/b}

≤ ln(A) max
{︄ √

K√
2 (1− γ)

√︁
ln(A)

,
2

1− γ

}︄

+ 3K
(1− γ)2 min

{︄√
2 (1− γ)

√︁
ln(A)√

K
,
1− γ

2

}︄

≤ 7
√︁

ln(A)
√
K√

2 (1− γ)
+ 2

1− γ ln(A)

(Since max{a, b} ≤ a+ b, min{a, b} ≤ a)

Since the above bound holds for all s,

max
s

⃓⃓⃓⃓
⃓
K−1∑︂
t=0

[︂
⟨π∗(·|s)− πt(·|s), qt

ζ(s, ·)⟩
]︂⃓⃓⃓⃓⃓ ≤ 7

√︁
ln(A)

√
K√

2 (1− γ)
+ 2

1− γ ln(A).

B.3.4 Proof of Theorem 5

Finally, we put everything together, and in the following two subsections, we prove theorems
that quantify the performance of (soft) NPG and (soft) SPMA when using the hard or soft
Bellman operator (i.e., ζ = τ or ζ = 0) as well as the case of no entropy regularization (i.e,
τ = 0 and ζ = 0).

Putting everything together for soft NPG

Theorem 13 (Sub-optimality of soft NPG). Let π∗
τ denote the optimal entropy-regularized

policy with value function v∗
τ . Consider the soft NPG update with step size ηt = 1

c+τ (t+1) ,
c ≥ max

{︂
8 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

and, δ(τ, ζ) := |τ−ζ| ln(A)
1−γ . Let π0(·|s) be the uniform

policy over actions for all s ∈ S and assume the policy evaluation step in Equation (3.1).
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Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
(1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃
+ 2 δ(τ, ζ)

(1− γ)2

Proof. Plugging the regret bound in Corollary 10 for soft NPG into the regret part of Theorem 4
immediately gives the first part of the upper-bound:

∥Regret(K)∥∞
K (1− γ) ≤ 1

K (1− γ)

[︄
(1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

Using the result from Theorem 11 and Corollary 6 to upper-bound the error part EK :=
2
∑︁

k∈[K]∥ϵk∥∞
K (1−γ) in Theorem 4 we obtain:

EK ≤
16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︄(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︄

+ τ (ln(A) + 1) 1
K

]︃
+ 2 δ(τ, ζ)

(1− γ)2

Where the above inequality can be obtained using the fact ∑︁K
t=1

1
t ≤ 1 + ln(K) (using

integration) and ∑︁K
t=1(γm)t/2 ≤ 1

1−γm/2 ≤ 1
1−√

γ

Corollary 12 (Sub-optimality of soft NPG with critic entropy). Let π∗
τ denote the optimal

entropy-regularized policy with value function v∗
τ . Consider the soft NPG update with step size

ηt = 1
c+τ (t+1) and c ≥ max

{︂
8 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

. Let π0(·|s) be the uniform policy over
actions for all s ∈ S and assume the policy evaluation step in Equation (3.1) with ζ = τ .
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Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
(1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃

Proof. Using Theorem 4 with Corollary 10 for soft NPG, Theorem 11, Corollary 6 and the
result from Theorem 13.

Corollary 13 (Sub-optimality of soft NPG without critic entropy). Let π∗
τ denote the optimal

entropy-regularized policy with value function v∗
τ . Consider the soft NPG update with step size

ηt = 1
c+τ (t+1) and c ≥ max

{︂
8 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

. Let π0(·|s) be the uniform policy over
actions for all s ∈ S and assume the policy evaluation step in Equation (3.1) with ζ = 0.
Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
(1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃
+ 2 τ ln(A)

(1− γ)3

Proof. Using Theorem 4 with Corollary 10 for soft NPG, Theorem 11, Corollary 7 and the
result from Theorem 13.

Theorem 14 (NPG + policy evaluation without entropy regularization). If π∗ is the optimal
policy whose value function is equal to v∗, the NPG update with ηt = η =

√
2 (1−γ)

√
ln(A)√

K
,

π0(·|s) as the uniform initial policy for each s ∈ S with the policy evaluation procedure
in Equation (3.1) with ζ = 0 satisfies the following sub-optimality bound for the mixture
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policy π̄K ,

⃦⃦⃦
vπ̄K − v∗

⃦⃦⃦
∞
≤

√︁
2 ln(A)√

K (1− γ)2
+ 4

√︁
ln(A) γm

√
K (1− γ)4

Proof. Using Corollary 3 with Corollary 10 for NPG and Corollary 7.

Putting everything together for soft SPMA

Theorem 15 (Sub-optimality of soft SPMA). Let π∗
τ denote the optimal entropy-regularized

policy with value function v∗
τ . Consider the soft SPMA update with step size ηt = 1

c+τ (t+1) ,
c ≥ max

{︂
4 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

, and, δ(τ, ζ) := |τ−ζ| ln(A)
1−γ . Let π0(·|s) be the uniform

policy over actions for all s ∈ S and assume the policy evaluation step in Equation (3.1).
Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
3 (1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃
+ 2 δ(τ, ζ)

(1− γ)2

Proof. Using Theorem 4 with Corollary 11 for soft SPMA, Theorem 11, Corollary 8 and the
facts from the proof of Theorem 13.

Corollary 14 (Sub-optimality of soft SPMA with critic entropy). Let π∗
τ denote the optimal

entropy-regularized policy with value function v∗
τ . Consider the soft SPMA update with step

size ηt = 1
c+τ (t+1) , c ≥ max

{︂
4 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

. Let π0(·|s) be the uniform policy over
actions for all s ∈ S and assume the policy evaluation step in Equation (3.1) with ζ = τ .
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Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
3 (1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃

Proof. Using Theorem 4 with Corollary 11 for soft SPMA, Theorem 11, Corollary 8, Theorem 15
and the facts from the proof of Theorem 13.

Corollary 15 (Sub-optimality of soft SPMA without critic entropy). Let π∗
τ denote the

optimal entropy-regularized policy with value function v∗
τ . Consider the soft SPMA update with

step size ηt = 1
c+τ (t+1) , c ≥ max

{︂
4 (1+τ ln(A))

(1−γ) , 32 τ ln(A)
}︂

. Let π0(·|s) be the uniform policy
over actions for all s ∈ S and assume the policy evaluation step in Equation (3.1) with ζ = 0.
Then the resulting mixture policy π̄K satisfies the following sub-optimality bound,

⃦⃦⃦
vπ̄K

τ − v∗
τ

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
3 (1 + τ ln(A))2

2 τ (1− γ)2 [1 + ln(K)] + (c+ τ) ln(A)
]︄

+ 16(1 + τ ln(A))γm

(1− γ)4K

[︃ (︂
1 + τ ln

(︂
AK4

)︂)︂
(︃(︁

ln(AK4) + 1 + τ ln(A)
τ(1− γ)

)︁ (︁
1 + ln(K) + 1

1−√γ
)︁

+
√
τ

)︃
+ τ (ln(A) + 1) 1

K

]︃
+ 2 τ ln(A)

(1− γ)3

Proof. Using Theorem 4 with Corollary 11 for soft SPMA, Theorem 11, Corollary 9, Theorem 15
and the facts from the proof of Theorem 13.

Theorem 16 (SPMA + policy evaluation without entropy regularization). If π∗ is the
optimal policy whose value function is equal to v∗, the SPMA update in Equation (3.4) with
ηt = η = min

{︃
1−γ

2 ,
√

2 (1−γ)
√

ln(A)√
K

}︃
, π0(·|s) as the uniform initial policy for each s ∈ S

with the policy evaluation procedure in Equation (3.1) with ζ = 0 satisfies the following
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sub-optimality bound for the mixture policy π̄K ,

⃦⃦⃦
vπ̄K − v∗

⃦⃦⃦
∞
≤ 1
K (1− γ)

[︄
7
√︁

ln(A)
√
K√

2 (1− γ)
+ 2

1− γ ln(A)
]︄

+ 2
√︁

ln(A) γm

√
K (1− γ)4

Proof. Using Corollary 3 with Corollary 11 for SPMA and Corollary 9.

B.4 Helper Lemmas

Lemma 7. For any constant C ∈ (0, 1/2), if P and Q are discrete distributions with support
A, if ∥P −Q∥1 ≤ 1

2 ,then,

|H(Q)−H(P )| ≤ ∥Q− P∥1 ln
(︃
A

C

)︃
+
(︃ ln(A− 1)

2 +
√

2
)︃ √

C

Proof. By Cover [1999, Theorem 17.3.3], if ∥Q− P∥1 ≤ 1
2 , then,

|H(Q)−H(P )| ≤ ∥Q− P∥1 ln
(︄

A

∥Q− P∥1

)︄
(B.7)

Furthermore, using Sason [2013, Theorem 3], we also know that,

|H(Q)−H(P )| ≤ ln(A− 1)
2 ∥Q− P∥1 + h

(︃1
2 ∥Q− P∥1

)︃
,

where h is a binary entropy, i.e. for 0 < x < 1, h(x) = −x ln(x)− (1− x) ln(1− x). Using
the fact that h(x) ≤ 2

√︁
x(1− x),

≤ ln(A− 1)
2 ∥Q− P∥1 +

√
2
√︄
∥Q− P∥1

(︃
1− ∥Q− P∥12

)︃
≤ ln(A− 1)

2 ∥Q− P∥1 +
√

2
√︂
∥Q− P∥1

Assuming ∥Q− P∥1 ≤ 2

|H(Q)−H(P )| ≤
(︃ ln(A− 1)

2 +
√

2
)︃ √︂
∥Q− P∥1 (B.8)

We will use each of these inequalities for different cases of ∥Q− P∥1, where ∥Q− P∥1 ≤ 1
2 .

Case (1): For any constant C ∈ (0, 1/2), if ∥Q− P∥1 ≥ C, then, using Equation (B.7),

|H(Q)−H(P )| ≤ ∥Q− P∥1 ln
(︃
A

C

)︃
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Case (2): On the other hand, if ∥Q− P∥1 ≤ C, then we use Equation (B.8) to get that,

|H(Q)−H(P )| ≤
(︃ ln(A− 1)

2 +
√

2
)︃ √

C

Combining both cases, if ∥Q− P∥1 ≤ 1
2 , then, for a constant C ∈ (0, 1/2),

|H(Q)−H(P )| ≤ ∥Q− P∥1 ln
(︃
A

C

)︃
+
(︃ ln(A− 1)

2 +
√

2
)︃ √

C

Lemma 8. For any constant C ∈ (0, 1/2), and α = η τ for 0 < η ≤ 1 to be determined, if
P and Q are discrete distribution with support A such that ∥Q− P∥1 ≤ 1

2 , then,

1
2∥Q− P∥

2
1 ≤ α(H(Q)−H(P )) =⇒ ∥Q− P∥1 ≤ 4 η τ ln(A

C
) + 2

√
τC

1
4

Proof. If the condition on the left-hand side of the lemma is true we have:

∥Q− P∥21 ≤ 2 η τ(H(Q)−H(P ))

≤ 2 η τ
(︃

2 ∥Q− P∥1 ln(A
C

) + 2
√
C

)︃
(Using the result from Lemma 7)

≤ 4 η τ ∥Q− P∥1 ln(A
C

) + 4 τ
√
C (since η ≤ 1)

After completing the square w.r.t ∥Q− P∥1 we obtain:

∥Q− P∥1 ≤ 4 η τ ln(A
C

) + 2
√
τ C

1
4

Lemma 9. For all k ∈ [K],

k∑︂
i=1

γk−i

(i+ 1) ≤
2

k (1− γ) + γk/2

1− γ

Proof. Define j = k − i, in which case, we need to bound,

k−1∑︂
j=0

γj

k − j + 1 =
⌊k/2⌋∑︂
j=0

γj

k − j + 1⏞ ⏟⏟ ⏞
Term (i)

+
k−1∑︂

j=⌊k/2⌋+1

γj

k − j + 1⏞ ⏟⏟ ⏞
Term (ii)
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For bounding Term (i), note that j ≤ k
2 + 1, meaning that k − j + 1 ≥ k

2 . Hence,

Term (i) =
⌊k/2⌋∑︂
j=0

γj

k − j + 1 ≤
2
k

⌊k/2⌋∑︂
j=0

γj ≤ 2
k

∞∑︂
j=0

γj ≤ 2
k

1
1− γ

For bounding Term (ii), note that since j ≤ k, k − j + 1 ≥ 1. Hence,

Term (ii) =
k−1∑︂

j=⌊k/2⌋+1

γj

k − j + 1 ≤
k−1∑︂

j=⌊k/2⌋+1
γj ≤

∞∑︂
j=⌊k/2⌋+1

γj ≤ γk/2

1− γ

Combining both terms,

k−1∑︂
j=0

γj

k − j + 1 ≤
2
k

1
1− γ + γk/2

1− γ

Lemma 10. For any state-action value function q, for any m ≥ 1,

|(T π1
τ q)m(s, a)− (T π1

ζ q)m(s, a)| ≤ |τ − ζ|1− γ ln (A)

Proof.

(T π1
τ q)m(s, a) = Est+1∼P(·|st,at)

at∼π1(·|st)

[︄
m−1∑︂
t=0

γt(︁r(st, at)− τ ln π1(at|st)
)︁

(B.9)

+ γmq(sm, am)
⃓⃓⃓
s0 = s, a0 = a

]︄
(By definition of T π1

τ )

= E
[︄

m−1∑︂
t=0

γt(r(st, at)) + γmq(sm, am)
]︄
− τ E

[︄
m−1∑︂
t=0

γt ln (π1(at|st))
]︄

(B.10)

+ ζ E
[︄

m−1∑︂
t=0

γt ln (π1(at|st))
]︄
− ζ E

[︄
m−1∑︂
t=0

γt ln (π1(at|st))
]︄

(Add/Subtract ζ E
[︂∑︁m−1

t=0 γt ln (π1(at|st))
]︂
)

= (T π1
ζ q)m(s, a)− (τ − ζ)E

[︄
m−1∑︂
t=0

γt ln (π1(at|st))
]︄

(By definition of T π1
ζ )

= (T π1
ζ q)m(s, a) + (τ − ζ)E

[︄
m−1∑︂
t=0

γtH(π1(.|st))
]︄

(By definition of H(π1(.|st)))

≤ (T π1
ζ q)m(s, a) + |τ − ζ|1− γ ln (A) (Since E[H(π1(.|st))] ≤ ln(A))
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B.5 Experimental Details and Additional Results

B.5.1 Details for Stable Baselines Experiments

Following Tomar et al. [2020], Asad et al. [2025b] we use the default hyperparameters from
stable-baselines3 [Raffin et al., 2021] for each method. This choice is motivated by prior
work, which focuses on evaluating the effectiveness of different surrogate losses rather than
performing exhaustive hyperparameter searches. Such searches are particularly impractical
for CNN-based actor and critic networks, where tuning multiple hyperparameters (e.g.,
framestack, buffer size, minibatch size, discount factor) is computationally expensive. The
full list of hyperparameters for the Atari experiments is provided in Table B.1.

For our forward and reverse KL objectives, we set ηt to a constant chosen via a small grid
search over [0.01, 0.1, 1.0]. Following prior work [Haarnoja et al., 2018a, Christodoulou, 2019,
Mnih et al., 2013] for policy evaluation, qt−1

ζ in Equation (3.2) is parameterized using a
separate target network, whose parameters are updated via an exponential moving average of
those in the critic model. For on-policy PPO, we adopt the optimal hyperparameters reported
in RL Baselines3 Zoo [Raffin, 2020]. For all experiments, we use n = 1 actor gradient updates
unless otherwise stated.

Regarding computational resources, each Atari run was executed on Digital Research Alliance
of Canada’s Narval cluster using one GPU with 12 CPU cores and 64GB of memory; runs
with n = 1 actor-gradient update took approximately 12 hours, while runs with n = 10
actor-gradient updates took approximately 32 hours.

Hyperparameter FKL Objectives RKL Objectives DSAC DQN
Reward normalization ✗ ✗ ✗ ✗

Observation normalization ✗ ✗ ✗ ✗

Orthogonal weight initialization ✗ ✗ ✗ ✗

Value function clipping ✗ ✗ ✗ ✗

Gradient clipping ✗ ✗ ✗ ✗

Probability ratio clipping ✗ ✗ ✗ ✗

Entropy coefficient auto auto auto ϵ-greedy
Adam step-size 3× 10−4

Buffer size 106

Minibatch size 256
Framestack 4
Number of environment copies 8
Discount factor 0.99
Total number of timesteps 107

Number of runs for plot averages 5
Confidence interval for plot runs ∼ 95%

Table B.1: Hyper-parameters for Atari and Retro experiments.
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B.5.2 Comparison to GreedyAC

We examine the empirical finding in our DSAC ablation in Section 3.5 ( Figure 3.2) on discrete
classic control tasks. The results in Figures B.1 and B.2 support our observation: DSAC with
a fixed, per-environment tuned entropy coefficient, with or without critic entropy, attains
strong performance on par with the prior discrete actor-critic framework GreedyAC [Neumann
et al., 2018].

Figure B.1: Comparing GreedyAC with the default DSAC (with and without critic entropy
and a fixed entropy coefficient) using batch size 32.

Figure B.2: Comparing GreedyAC with the default DSAC (with and without critic entropy
and a fixed entropy coefficient) using batch size 256.
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B.5.3 Does Double Q Learning Hurt or Improve Performance?

Zhou et al. [2022] hypothesize that DSAC suffers from two main failure modes. First, the
coupled learning of the actor and critic can induce fluctuations in the Q-function distribution
and policy entropy, leading to a sharp policy and poor performance. Second, taking the
minimum of two Q functions in double Q-learning can induce Q-value underestimation
and pessimistic exploration. To address these issues, they propose SD-SAC, which adds an
entropy-penalty regularizer to prevent the policy entropy from deviating too much from its
value at the previous iterate, together with clipped double-average Q-learning to stabilize
the critic learning. Crucially, the reported SD-SAC experiments remove the automatic entropy
tuning of the original DSAC and require tuning a fixed entropy coefficient. On the other hand,
our work identifies critic entropy as the main bottleneck limiting DSAC’s efficacy and proposes
DSAC(τ, 0), which substantially outperforms the default DSAC while retaining the automatic
entropy tuning of the original method.

The results in Table B.2 show that, unlike the findings of Zhou et al. [2022] for default DSAC,
taking the minimum of two Q functions does not harm DSAC(τ, 0), even without Q clipping.
Furthermore, both the single-Q and double-Q versions of DSAC(τ, 0) outperform SD-SAC.

Table B.2: IQM summary of final human-normalized scores with 95% stratified bootstrap
confidence intervals: prior work hypothesizes that taking the minimum of two Q-networks
harms DSAC and proposes SD-SAC, which clips and averages the two Q-values and uses an
entropy penalty to prevent the collapse of policy entropy. However, the results show that the
performance of our DSAC(τ, 0) with adaptive actor entropy does not degrade when taking the
minimum of two Q-networks, and that both its single-Q and double-Q variants substantially
outperform SD-SAC without clipping.

Method IQM CI Low CI High
DSAC Double-Q (τ, 0) 0.9487 0.8184 1.0789
DSAC (τ, 0) 0.9226 0.8228 1.0288
SD-SAC (Baseline) 0.7605 0.6728 0.8545
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Per-game comparison with SD-SAC. Figure B.3 complements the aggregate IQM
results in Table B.2 by showing the final score on each Atari game. The broad per-game
advantage of both DSAC(τ, 0) variants supports the paper’s conclusion that critic entropy,
rather than double-Q learning itself, is the principal limitation in the default discrete SAC
formulation.

Figure B.3: Expected reward after 10M steps on each of the 20 Atari games, comparing
our DSAC(τ, 0) and DSAC Double-Q (τ, 0) against SD-SAC. While the table above summarizes
aggregate performance across games using IQM, this figure shows the per-game final rewards.
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B.5.4 Is Fixed Target Entropy the Main Bottleneck in DSAC?

Table B.3: IQM summary of final human-normalized scores with 95% stratified bootstrap
confidence intervals: prior work [Xu et al., 2021] hypothesizes that using a fixed target
entropy in the adaptive entropy-coefficient scheme of Christodoulou [2019] harms DSAC, and
proposes TES-SAC, which instead uses an adaptive target entropy. The results show that our
DSAC(τ, 0), despite using a fixed target entropy, substantially outperforms TES-SAC.

Method IQM CI Low CI High
DSAC (τ, 0) 0.9226 0.8228 1.0288
TES-SAC (Baseline) 0.7210 0.6390 0.7965

Figure B.4: Expected reward after 10M steps on each of the 20 Atari games, comparing our
DSAC(τ, 0) against TES-SAC. While the table above summarizes aggregate performance across
games using IQM, this figure shows the per-game final rewards.
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B.5.5 Evaluating our DSAC Variant on Hard Exploration Games

Table 1 in [Taiga et al., 2021] provides a taxonomy of Atari games and identifies hard
exploration games, further dividing them into dense- and sparse-reward settings. We compare
our DSAC(τ, 0) with adaptive entropy against the baselines on 10 hard exploration games,
comprising 5 dense-reward games (Alien, Amidar, Frostbite, MsPacman, Qbert) and 5 sparse-
reward games (Freeway, Gravitar, Pitfall, Solaris, Venture). The results in Table B.4 show
that, when evaluation is restricted to these hard exploration games, DSAC(τ, 0) substantially
outperforms the baselines. The per-game final expected rewards are provided in Figure B.5.

Table B.4: IQM summary of final human-normalized scores with 95% stratified bootstrap
confidence intervals: comparing DSAC(τ, 0), which uses adaptive actor entropy and disables
critic entropy, against baselines on hard-exploration games with dense and sparse reward
structures. Our DSAC variant achieves significantly higher overall performance than the
baselines.

Method IQM CI Low CI High
DSAC (τ, 0) 0.6951 0.6497 0.7413
Adam LMCDQN (Baseline) 0.5862 0.5470 0.6299
DQN (Baseline) 0.4742 0.4558 0.4958
PPO (Baseline) 0.3225 0.2664 0.3825
TES-SAC (Baseline) 0.3022 0.2497 0.3485
SD-SAC (Baseline) 0.2053 0.1928 0.2188

Figure B.5: Expected reward after 10M steps on each of the 10 hard exploration games,
comparing our DSAC variant with adaptive actor entropy and no critic entropy against
baselines (grey). The table above summarizes aggregate performance using IQM, while this
figure shows per-game final performance.
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B.5.6 Evaluating our DSAC Variant on stable-retro games

In addition to the standard Atari benchmark, we test our hypothesis on the role of critic
entropy in DSAC using stable-retro games [Poliquin, 2026] with diverse reward structures
and exploration levels. Importantly, stable-retro has a substantially larger action space
than Atari, ranging from 18–468 actions compared to 4–18. The results in Figure B.6 show
that our DSAC variant, which disables critic entropy while retaining automatic entropy tuning
for the actor, yields substantial performance gains.

Figure B.6: Relative performance of DSAC(τ, 0), which uses adaptive actor entropy and disables
critic entropy (our contribution), compared to the default DSAC across 20 stable-retro
games. Results are averaged over 5 seeds with 95% confidence intervals. Consistent with the
Atari results, removing critic entropy yields substantial performance gains.
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B.5.7 Our Objectives Benefit Similarly from the Hard Bellman Operator

When using the forward and reverse KL-based objectives in our framework, we consistently
observe the same trend as with DSAC: As observed in Figure B.7, employing the hard Bellman
operator (ζ = 0) with an adaptive entropy coefficient leads to substantial performance
improvement compared to using the soft Bellman operator (ζ = τ).

Figure B.7: Relative performance of forward and reverse KL-based objectives when critic
entropy is disabled, measured against the same objectives with critic entropy enabled.
Disabling critic entropy while retaining the adaptive entropy coefficient loss, as in DSAC,
leads to performance improvements for all objectives.

While choosing ζ = 0 is practical and avoids per-game hyperparameter search, we also
consider an intermediate variant of our DSAC in which ζ is a nonzero constant selected from
{0.001, 0.01, 0.1, 0.5}. The results in Table B.5 indicate that tuning a constant nonzero ζ
can improve performance, but only at the cost of per-game hyperparameter search.

Table B.5: IQM summary of final human-normalized scores with 95% stratified bootstrap
confidence intervals: comparing DSAC(τ, 0) (adaptive actor entropy and critic entropy disabled)
vs. DSAC(τ, const-ζ) (adaptive actor entropy and constant non-zero critic entropy).

Method IQM CI Low CI High
DSAC (τ, const-ζ) 0.9495 0.8318 1.0707
DSAC (τ, 0) 0.9226 0.8228 1.0288
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Distribution of the tuned critic-entropy coefficient. Figure B.8 shows that the
best nonzero value of ζ varies across games, with the largest concentration at 0.01 and
0.001. This variation reinforces the paper’s recommendation to use ζ = 0: it removes critic
entropy and avoids a costly per-game hyperparameter search while retaining strong aggregate
performance.

Figure B.8: Distribution of the best nonzero constant ζ across games for our DSAC(τ, const-ζ)
variant.
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B.5.8 Additional Results: Is Entropy Regularization Necessary?

Effect of additional actor optimization without entropy. Figures B.9 and B.10
explain why the proposed objectives remain effective when explicit entropy regularization
is removed. Increasing the number of actor updates from n = 1 to n = 10 stabilizes policy
entropy and substantially improves performance, whereas DSAC does not obtain the same
benefit.

Figure B.9: Policy Shannon entropy during training. Without entropy regularization,
increasing n from 1 to 10 substantially increases and stabilizes the Shannon entropy for our
forward and reverse KL-based methods, compared to DSAC, across four Atari games. The
rows correspond to MsPacman-v4, Seaquest-v4, Freeway-v4, and Breakout-v4.

Figure B.10: Effect of the number of actor optimization steps n without entropy regularization.
Unlike DSAC, the performance of all objectives derived from our framework significantly
boosts when n is increased from 1 to 10.
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KL-divergence diagnostics. Figure B.11 provides a complementary view of the same
mechanism. When entropy regularization is removed and n is increased to 10, our proposed
forward- and reverse-KL actors maintain higher and more stable KL divergence than DSAC.
This result supports the paper’s broader finding that the proposed KL-based objectives
are robust to removing explicit entropy bonuses, whereas DSAC, in the absence of entropy
regularization, has no remaining source of regularization and KL collapses.

Figure B.11: KL divergence during training. Consistent with the Shannon entropy
results, in the absence of entropy regularization, increasing n to 10 allows our forward- and
reverse-KL-based actors to achieve higher KL divergence than DSAC, which also stabilizes
over the course of training. The rows correspond to MsPacman-v4, Seaquest-v4, Freeway-v4,
and Breakout-v4.

138



Performance without entropy regularization. Figure B.12 translates the preceding
diagnostics into final performance. With sufficient actor optimization, the SPMA- and
NPG-based objectives remain competitive even when both actor and critic entropy are
disabled, directly supporting the paper’s claim that their robustness is not solely produced
by entropy regularization.

Figure B.12: Entropy regularization ablation: disabling entropy. Expected reward
after 10M steps. Unlike DSAC, objectives from our framework, including the novel SPMA-RKL
and NPG-FKL, remain robust with both actor and critic entropy disabled (dashed bars); solid
bars denote the actor-entropy-enabled setting (τ ̸= 0). The dashed line denotes the best
baseline among PPO, DQN, and Adam LMCDQN.
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B.5.9 Expected reward after 10M steps

Disaggregated final performance. Figure B.13 complements the aggregate IQM com-
parison in Table 3.3 with per-game final rewards. The gains are distributed across the
benchmark rather than being driven by a small number of games, strengthening the paper’s
conclusion that disabling critic entropy and using the proposed objectives produces broadly
competitive Atari performance.

Figure B.13: Expected reward after 10M steps. While Table 3.3 reports aggregate per-
formance using IQM, this figure shows the corresponding per-game final rewards. Objectives
from our proposed framework (colored) use adaptive actor entropy (τ ̸= 0) and no critic
entropy (ζ = 0); baselines are shown in grey.
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B.5.10 Full Horizon Training Curves Across 20 Games

Comparison with PPO. Figure B.14 shows the full training trajectories against the
on-policy PPO baseline. The proposed off-policy objectives generally learn faster and reach
higher returns, providing a temporal view of the final-score advantage reported in the main
paper.

Figure B.14: On-policy PPO compared to objectives presented in this paper over the full
training horizon. Overall, PPO underperforms.
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Comparison with DQN. Figure B.15 compares the same objectives with DQN throughout
training. Their advantage on most games shows that the main-paper gains are not limited
to the final checkpoint and that the actor-critic objectives remain competitive with a strong
value-based baseline over the full horizon.

Figure B.15: DQN compared to objectives presented in this paper over the full training horizon.
Overall, DQN underperforms on most games.
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Comparison with Adam LMCDQN. Figure B.16 provides the full-horizon comparison
with Adam LMCDQN, the strongest value-based baseline considered in the paper. The
broadly comparable trajectories support the paper’s conclusion that the proposed off-policy
actor-critic framework can match a competitive value-based method while offering a unified
family of policy objectives.

Figure B.16: Comparing Adam LMCDQN with all off-policy objectives presented in this paper
over the full training horizon. Overall, the objectives from our proposed framework exhibit
performance comparable to Adam LMCDQN.
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B.5.11 Entropy Collapse of Default DSAC

When ablating the default DSAC on four Atari games in Section 3.5 (Figure 3.2), we find
that it performs well on some games but fails on others (Alien and BeamRider). The results
in Figure B.17 show that poor performance correlates with a collapse in policy entropy
(columns 1 and 3, orange curve). Prior work [Xu et al., 2021] attributes this collapse to the
fixed target entropy in DSAC, and our observations support this: reducing the learning rate for
the entropy coefficient loss improves performance (blue curve). Nevertheless, removing critic
entropy eliminates this issue, without requiring additional tuning of the entropy coefficient
loss and results in strong performance.

Figure B.17: The poor performance of default DSAC (orange curve) correlates with a collapse
in policy entropy (columns 1 and 3). Although lowering the learning rate for the entropy
coefficient loss improves performance, removing the critic entropy term resolves the issue
without additional hyperparameter tuning.
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Appendix C

Optimistic Actor-Critic with
Parametric Policies

C.1 Notations

Notation Meaning
Problem Definition
S, A state space and action space
H, h horizon length (total number of steps), current index of step
r ∈ R|S|×|A| reward function
P ∈ R|S|×|A|×|S| transition kernel
ϕ : S ×A ↦→ Rdc features for the linear MDP environment
φ : S ×A ↦→ Rda features for the learnable policy
Algorithm Design
T , t total number of learning episodes, index of current episode
Dt, Dt

h collected data of at episode t, split data at h-th step (subset of Dt)
N number of samples collected for on-policy learning
w ∈ Rdc learnable critic parameters
J number of critic updates
αc critic learning rate
ν noise vector for LMC sampled from the standard normal distribution
ζ inverse temperature for the LMC critic loss
M number of samples for the critic parameters
Dexp, ρexp subset of S ×A, distribution over the subset
θ ∈ Rda learnable actor parameters
K number of actor updates
αa actor learning rate
η policy optimization learning rate

Table C.1: Notations for Problem Definition and Algorithm Design
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Additional Notations. Throughout this paper, we use subscripts to represent the index
of the step within the horizon of the episodic MDP and superscripts to denote the index of
the episode for learning. For example, V t

h means the value function for the h-th step derived
at the learning episode t. In some cases, where the subscripts are omitted, it represents a set
of H functions for all steps h ∈ [H] (e.g., V t := {V t

h}h∈[H]). |Dt| represents the number of
trajectories in Dt or the number of (sh, ah, sh+1) tuples in Dt

h. Additionally, for any vector
v ∈ Rd and any matrix M ∈ Rd×d, we denote ∥v∥M =

√
v⊤M v.

C.2 Analysis for the Actor

C.2.1 Generalized OMD Regret (Proof of Theorem 6)

Proof of Theorem 6. Given the update of pt+1/2 and the fact that ∆(A) is a convex set, we
have the following optimality condition:⟨︂

u− pt+1/2,−η gt + log(pt+1/2)− log(pt)
⟩︂
≥ 0 . (C.1)

Then, for each t ∈ [T ], we have that⟨︂
u− pt, η gt

⟩︂
=
⟨︂
u− pt+1/2, η gt

⟩︂
+
⟨︂
pt+1/2 − pt, η gt

⟩︂
(C.2)

=
⟨︂
u− pt+1/2, η gt − log(pt+1/2) + log(pt)

⟩︂
+
⟨︂
u− pt+1/2, log(pt+1/2)− log(pt)

⟩︂
(C.3)

+
⟨︂
pt+1/2 − pt, η gt

⟩︂
(C.4)

(i)
≤
⟨︂
u− pt+1/2, log(pt+1/2)− log(pt)

⟩︂
+
⟨︂
pt+1/2 − pt, η gt

⟩︂
(C.5)

(ii)= KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) +
⟨︂
pt+1/2 − pt, η gt

⟩︂
(C.6)

(iii)
≤ KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) + 1

2
⃦⃦⃦
pt+1/2 − pt

⃦⃦⃦2

1
+ 1

2
⃦⃦⃦
η gt

⃦⃦⃦2

∞
(C.7)

(iv)
≤ KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) + KL(pt+1/2 ∥ pt) + η2H2

2 (C.8)

≤ KL(u ∥ pt)−KL(u ∥ pt+1/2) + η2H2

2 (C.9)

≤ KL(u ∥ pt)−KL(u ∥ pt+1) + KL(u ∥ pt+1)−KL(u ∥ pt+1/2) + η2H2

2 (C.10)

= KL(u ∥ pt)−KL(u ∥ pt+1) + ϵt + η2H2

2 . (C.11)

(i) drops the first term due to the optimality condition from Equation (C.1). (ii) applies
the three-point property of Bregman divergence (Lemma 12) by setting x = u, y = pt+1/2,
and z = pt. (iii) follows from the Hölder’s inequality and then the Young’s inequality (i.e.,
⟨u, v⟩ ≤ ∥u∥1 ∥v∥∞ ≤ ∥u∥

2
1 /2 + ∥v∥2∞ /2), and (iv) applies the Pinkster’s inequality and
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⃓⃓
gt
⃓⃓
≤ H. Summing up the above inequality from t = 1 to T yields that

T∑︂
t=1

⟨︂
u− pt, η gt

⟩︂
=

T∑︂
t=1

KL(u ∥ pt)−KL(u ∥ pt+1) +
T∑︂

t=1
ϵt + η2H2 T

2 (C.12)

= KL(u ∥ p1)−KL(u ∥ pT +1) +
T∑︂

t=1
ϵt + η2H2 T

2 (C.13)

(v)
≤ KL(u ∥ p1) +

T∑︂
t=1

ϵt + η2H2 T

2 (C.14)

≤
∑︂
a∈A

u(a) log(u(a))−
∑︂
a∈A

u(a) log(p1(a)) +
T∑︂

t=1
ϵt + η2H2 T

2 (C.15)

(vi)
≤ log |A|+

T∑︂
t=1

ϵt + η2H2 T

2 . (C.16)

(v) follows from the fact that KL-divergence is non-negative, and (vi) stands because the
first term is negative, and for the second term, p1 is a uniform distribution. Dividing both
side by η, we have that

T∑︂
t=1

⟨︂
u− pt, gt

⟩︂
≤ log |A|+∑︁T

t=1 ϵ
t

η
+ η H2 T

2 . (C.17)

This concludes the proof.

C.2.2 Projection Error (Proof of Lemma 1)

Proof of Lemma 1. First, we define Φ as the log-sum-exp mirror map and Φ⋆ as negative
entropy, its Fenchel conjugate. Based on this, for any softmax policy π, we can also define
its logit as z := ∇Φ⋆(π) = (∇Φ)−1(π). Consequently, π = ∇Φ(z). Additionally, for any two
softmax policies π, π′ and their corresponding logits z, z′, it holds that, DΦ(z, z′) = KL(π′, π).
Since we are using the log-linear policy class, we have zt

h(s, a) =
⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
for any

(s, a) ∈ S ×A where ˆ︁θt
h represents the parameters we attain at episode t. Therefore, for any

s ∈ S,

ϵth(s) = KL(π⋆(· | s) ∥ πt+1
h (· | s))−KL(π⋆

h(· | s) ∥ πt+1/2
h (· | s)) (C.18)

=DΦ(zt+1
h (· | s), z⋆

h(s, ·))−DΦ(zt+1/2
h (· | s), z⋆

h(· | s)) (C.19)
(i)=
⟨︂
∇Φ(zt+1

h (s, ·)))−∇Φ(z⋆
h(s, ·))), zt+1

h (s, ·))− zt+1/2
h (· | s))

⟩︂
−DΦ(zt+1/2

h (· | s), zt+1
h (· | s))
(C.20)

=
⟨︂
πt+1

h (s, ·)− π⋆
h(s, ·), zt+1

h (s, ·))− zt+1/2
h (s, ·))

⟩︂
−KL(πt+1

h (· | s)) ∥ πt+1/2
h (· | s)))

(C.21)
(ii)
≤
⟨︂
πt+1

h (· | s)− π⋆
h(· | s), zt+1

h (s, ·))− zt+1/2
h (s, ·))

⟩︂
(C.22)

(iii)
≤
⃦⃦⃦
πt+1

h (· | s)− π⋆(· | s)
⃦⃦⃦

2

⃦⃦⃦
zt+1

h (s, ·))− zt+1/2
h (s, ·))

⃦⃦⃦
2

(C.23)
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≤
√

2
⃦⃦⃦
zt+1

h (s, ·)− zt+1/2
h (s, ·)

⃦⃦⃦
2

(C.24)
(iv)=
√

2
⃦⃦⃦⟨︂
φ(s, ·), ˆ︁θt+1

h − ˆ︁θt
h

⟩︂
− η ˆ︁Qt

h(s, ·)
⃦⃦⃦

2
(C.25)

(v)
≤
√

2
⃓⃓⃓⟨︂
φ(s, ·), ˆ︁θt+1

h − ˆ︁θt
h

⟩︂
− η ˆ︁Qt

h(s, ·)
⃓⃓⃓
. (C.26)

(i) follows from the three-point property of Bregman divergence (Lemma 12) by setting
x = z

t+1/2
h (· | s), y = zt+1

h (· | s), and z = z⋆
h(· | s) where z⋆ is the logit of π⋆. (ii) is based on

the fact that KL-divergence is non-negative. (iii) uses the Cauchy-Schwarz inequality. (iv)
uses the NPG update. (v) holds because ∥·∥2 ≤ ∥·∥1.
Since the actor is designed to minimize the ridge regression in Algorithm 3, the minimizer
can be written as

ˆ︁θt,⋆
h = arg min

θh

1
2

∑︂
(s,a)∈Dexp

ρ(s, a)
[︂
⟨φ(s, a), θh⟩ − ˆ︁Zt

h(s, a)
]︂2
, (C.27)

where ˆ︁Zt
h(s, a) :=

⟨︂
φ(s, ·), ˆ︁θt

h(s, ·)
⟩︂

+η ˆ︁Qt
h(s, a) for all t ∈ [T ]. We define ˆ︁θt,⋆

h as the minimizer,
and it has the following explicit solution:

ˆ︁θt,⋆
h = G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′) ˆ︁Zt
h(s′, a′)φ(s′, a′)

⎤⎦ , (C.28)

where G := ∑︁
(s,a)∈Dexp ρ(s, a)φ(s, a)φ(s, a)⊤ ∈ Rda×da .

Suppose θt,⋆
h is the minimizer of the regression loss over the entire state-action space, ˆ︁θt,⋆

h is
the minimizer over the coreset, and ˆ︁θt

h is the parameters produced by the actor after Kt

rounds of gradient descent as shown in Algorithm 3. Under Assumptions 4 and 5, we know
that for any t and h, ⃓⃓⃓⟨︂

φ(s, a), ˆ︁θt,⋆
h

⟩︂
− ˆ︁Zt

h(s, a))
⃓⃓⃓
≤
√

2 ϵbias , (C.29)⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
−
⟨︂
φ(s, a), ˆ︁θt,⋆

h

⟩︂⃓⃓⃓
≤
√︂

2 ϵopt . (C.30)

Then, for any arbitrary (s, a) ∈ S ×A, using the triangular inequality, we have that⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
− ˆ︁Zt

h(s, a))
⃓⃓⃓

(C.31)

≤
⃓⃓⃓⟨︂
φ(s, a), θt,⋆

h

⟩︂
− ˆ︁Zt

h(s, a))
⃓⃓⃓
+
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
−
⟨︂
φ(s, a), θt,⋆

h

⟩︂⃓⃓⃓
(C.32)

=
√

2 ϵbias +
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
−
⟨︂
φ(s, a), θt,⋆

h

⟩︂⃓⃓⃓
(C.33)

≤
√

2 ϵbias +
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
−
⟨︂
φ(s, a), ˆ︁θt,⋆

h

⟩︂⃓⃓⃓
+
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h

⟩︂
−
⟨︂
φ(s, a), θt,⋆

h

⟩︂⃓⃓⃓
(C.34)

=
√

2 ϵbias +
√︂

2 ϵopt +
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h − θ
t,⋆
h

⟩︂⃓⃓⃓
. (C.35)
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Therefore, it suffices to bound
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h (s, a)− θt,⋆
h (s, a)

⟩︂⃓⃓⃓
. To do that, we first define

Υ(s′, a′) := ˆ︁Zt
h(s′, a′)−

⟨︂
φ(s′, a′), θt,⋆

h

⟩︂
for any (s′, a′) ∈ Dexp. Then, we have that

ˆ︁θt,⋆
h = G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′)
[︂
Υ(s′, a′) +

⟨︂
φ(s′, a′), θt,⋆

h

⟩︂]︂
φ(s′, a′)

⎤⎦ (C.36)

= G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′)φ(s′, a′)φ(s′, a′)⊤

⎤⎦ θt,⋆
h +G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′) Υ(s′, a′)φ(s′, a′)

⎤⎦
(C.37)

= θt,⋆
h +G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′) Υ(s′, a′)φ(s′, a′)

⎤⎦ . (C.38)

This implies that

ˆ︁θt,⋆
h − θ

t,⋆
h = G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′) Υ(s′, a′)φ(s′, a′)

⎤⎦ . (C.39)

Hence, for any arbitrary (s, a) ∈ S ×A,

⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h − θ
t,⋆
h

⟩︂⃓⃓⃓
=

⃓⃓⃓⃓
⃓⃓ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′) Υ(s′, a′)φ(s, a)⊤G−1 φ(s′, a′)

⃓⃓⃓⃓
⃓⃓ (C.40)

(vi)
≤

∑︂
(s′,a′)∈Dexp

⃓⃓
Υ(s′, a′)

⃓⃓
ρ(s′, a′)

⃓⃓⃓
φ(s, a)⊤G−1 φ(s′, a′)

⃓⃓⃓
(C.41)

≤
(︄

max
(s′,a′)∈Dexp

⃓⃓
Υ(s′, a′)

⃓⃓)︄ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′)
⃓⃓⃓
φ(s, a)⊤G−1 φ(s′, a′)

⃓⃓⃓
(C.42)

≤
√

2 ϵbias
∑︂

(s′,a′)∈Dexp

ρ(s′, a′)
⃓⃓⃓
φ(s, a)⊤G−1 φ(s′, a′)

⃓⃓⃓
(C.43)

=
√

2 ϵbias

√︃(︂
E(s′,a′)∼ρ |φ(s, a)⊤G−1 φ(s′, a′)|

)︂2
(C.44)

(vii)
≤
√

2 ϵbias

√︂
E(s′,a′)∼ρ |φ(s, a)⊤G−1 φ(s′, a′)|2 (C.45)

=
√

2 ϵbias

⌜⃓⃓⃓
⎷φ(s, a)⊤G−1

⎡⎣ ∑︂
(s′,a′)∈Dexp

ρ(s′, a′)φ(s′, a′)φ(s′, a′)⊤

⎤⎦G−1φ(s, a) (C.46)

=
√

2 ϵbias ∥φ(s, a)∥G−1 . (C.47)

(vi) applies the Cauchy-Schwarz inequality, and (vii) follows from Jensen’s inequality.
Putting everything together, we have that⃓⃓⃓⟨︂

φ(s, a), ˆ︁θt
h

⟩︂
− ˆ︁Zt

h(s, a))
⃓⃓⃓
≤
√

2
[︁
(∥φ(s, a)∥G−1 + 1)√ϵbias +√ϵopt

]︁
(C.48)

≤
√

2
[︁
(φG + 1)√ϵbias +√ϵopt

]︁
. (C.49)
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Recall that ϵth(s) ≤
√

2
⃦⃦⃦⟨︂
φ(s, ·), ˆ︁θt+1

h (s, ·)
⟩︂
− ˆ︁Zt

h(s, ·)
⃦⃦⃦

2
. Therefore, for any s ∈ S,

ϵth(s) ≤
√

2
⃓⃓⃓⟨︂
φ(s, ·), ˆ︁θt

h

⟩︂
− ˆ︁Zt

h(s, a))
⃓⃓⃓
≤ 2 (φG + 1)√ϵbias + 2√ϵopt . (C.50)

This concludes the proof.

C.2.3 Instantiating the Actor with SPMA

Lemma 1 can not only be applied to NPG but also other mirror descent-based policy opti-
mization methods such as MDPO [Tomar et al., 2020] and SPMA [Asad et al., 2025b]. In this
section, as an example, we show that the projected variant of SPMA (projected SPMA) is also
compatible with our framework and can enjoy similar sample complexity guarantees as
projected NPG.
We can instantiate the actor in Algorithm 2 with the projected SPMA by setting the actor
loss in Algorithm 3 as

ℓ̃th(θ) = 1
2

∑︂
(s,a)∈Dexp

ρexp(s, a)
[︂
⟨φ(s, a), θ⟩ − ˆ︁Zt

h(s, a)
]︂2
, (C.51)

where ˆ︁Zt
h(s, a) :=

⟨︂
φ(s, a), ˆ︁θt

h

⟩︂
+ log(1 + η Aπt(s, ·)) . (C.52)

Equivalently, the projected SPMA update can be expressed as follows. For any s ∈ S, π1(· | s)
is a uniform distribution, and

πt+1/2(· | s) = arg min
p∈∆A

{︂⟨︂
πt(· | s),− log

(︂
1 + η Aπt(s, ·)

)︂⟩︂
+ KL

(︂
p ∥ πt(· | s)

)︂}︂
, (C.53)

πt+1(· | s) = ProjΠ(πt+1/2(· | s)) . (C.54)

Hence, we introduce the following alternative lemma to show that Theorem 6 also holds for
the projected SPMA.
Lemma 11. Given a sequence of linear functions {

⟨︁
pt, gt

⟩︁
}t∈[T ] for a sequence of vectors

{gt}t∈[T ] where for any t ∈ [T ], pt ∈ ∆(A), gt ∈ R|A|, and gt(a) ∈ [0, H] for all a ∈ A.
Consider pt∈[T ] where p1 is the uniform distribution, and for all t ∈ [T ],

pt+1/2 = arg min
p∈∆A

{︂⟨︂
p,− log

(︂
1 + η

(︂
gt −

⟨︂
pt, gt

⟩︂
1
)︂)︂⟩︂

+ KL(p ∥ pt)
}︂
, (C.55)

pt+1 = ProjΠ(pt+1/2) , (C.56)

where 1 ∈ R|A| is an all-one vector. Let ϵt := KL(u ∥ pt+1)−KL(u ∥ pt+1/2) be the projection
error induced by Equation (4.7). If η ≤ 1

2 H , then for any comparator u ∈ ∆(A), it holds that

T∑︂
t=1

⟨︂
u− pt, gt

⟩︂
≤ log|A|+∑︁T

t=1 ϵ
t

η
+ 3 η H2 T

2 . (C.57)

Proof of Lemma 11. We first denote that dt = log
(︁
1 + η

(︁
gt −

⟨︁
pt, gt

⟩︁
1
)︁)︁

for all t ∈ [T ].
Then, for all a ∈ A, since η ≤ 1

2 H and gt(a)−
⟨︁
pt, gt

⟩︁
∈ [−H,H], we have η

(︁
gt(a)−

⟨︁
pt, gt

⟩︁)︁
>
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−1
2 and therefore

dt(a)
(i)
≤ η

(︂
gt(a)−

⟨︂
pt, gt

⟩︂)︂
≤ η H , (C.58)

dt(a)
(ii)
≥ η

(︂
gt(a)−

⟨︂
pt, gt

⟩︂)︂
− η2

(︂
gt(a)−

⟨︂
pt, gt

⟩︂)︂2
≥ η

(︂
gt(a)−

⟨︂
pt, gt

⟩︂)︂
− η H2 ,

(C.59)

where (i) follows from log(1+x) ≤ x for all x > −1, and (ii) holds because log(1+x) ≥ x−x2

for all x > −1
2 .

Given the update of pt+1/2 and the fact that ∆(A) is a convex set, we have the following
optimality condition: ⟨︂

u− pt+1/2,−dt + log(pt+1/2)− log(pt)
⟩︂
≥ 0 . (C.60)

Then, for all t ∈ [T ], we have that⟨︂
u− pt, dt

⟩︂
=
⟨︂
u− pt+1/2, dt

⟩︂
+
⟨︂
pt+1/2 − pt, dt

⟩︂
(C.61)

=
⟨︂
u− pt+1/2, dt − log(pt+1/2) + log(pt)

⟩︂
+
⟨︂
u− pt+1/2, log(pt+1/2)− log(pt)

⟩︂
(C.62)

+
⟨︂
pt+1/2 − pt, dt

⟩︂
(C.63)

(iii)
≤
⟨︂
u− pt+1/2, log(pt+1/2)− log(pt)

⟩︂
+
⟨︂
pt+1/2 − pt, dt

⟩︂
(C.64)

(iv)= KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) +
⟨︂
pt+1/2 − pt, dt

⟩︂
(C.65)

(v)
≤ KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) + 1

2
⃦⃦⃦
pt+1/2 − pt

⃦⃦⃦2

1
+ 1

2
⃦⃦⃦
dt
⃦⃦⃦2

∞
(C.66)

(vi)
≤ KL(u ∥ pt)−KL(u ∥ pt+1/2)−KL(pt+1/2 ∥ pt) + KL(pt+1/2 ∥ pt) + η2H2

2 (C.67)

≤ KL(u ∥ pt)−KL(u ∥ pt+1/2) + η2H2

2 (C.68)

≤ KL(u ∥ pt)−KL(u ∥ pt+1) + KL(u ∥ πt+1)−KL(u ∥ pt+1/2) + η2H2

2 (C.69)

= KL(u ∥ pt)−KL(u ∥ pt+1) + ϵt + η2H2

2 . (C.70)

(iii) drops the first term due to the optimality condition from Equation (C.60). (iv) applies
the three-point property of Bregman divergence (Lemma 12) by setting x = u, y = pt+1/2,
and z = pt. (v) follows from the Hölder’s inequality and then the Young’s inequality (i.e.,
⟨u, v⟩ ≤ ∥u∥1 ∥v∥∞ ≤ ∥u∥

2
1 /2 + ∥v∥2∞ /2), and (vi) applies the Pinkster’s inequality and⃦⃦

dt
⃦⃦

∞ ≤ H.
Moreover, we have that

⟨︂
u− pt, dt

⟩︂ (vii)
≥
⟨︂
u− pt, η

(︂
gt −

⟨︂
pt, gt

⟩︂
1
)︂⟩︂
− η H2

(viii)
≥

⟨︂
u− pt, η gt

⟩︂
− η H2 , (C.71)
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where (vii) comes from the fact that dt(a) ≥ η
(︁
gt(a)−

⟨︁
pt, gt

⟩︁)︁
− η H2 for all a ∈ A, and

(viii) follows from the fact that
⟨︁
pt, gt

⟩︁
≥ 0 since pt ∈ ∆(A) and gt(a) ∈ [0, H] for all a ∈ A.

This implies that ⟨︂
u− pt, η gt

⟩︂
≤
⟨︂
u− pt, dt

⟩︂
+ η H2 (C.72)

≤ KL(u ∥ pt)−KL(u ∥ pt+1) + ϵt + 3 η2H2

2 . (C.73)

Summing up the above inequality from t = 1 to T yields that

T∑︂
t=1

⟨︂
u− pt, η gt

⟩︂
=

T∑︂
t=1

KL(u ∥ pt)−KL(u ∥ pt+1) +
T∑︂

t=1
ϵt + 3 η2H2 T

2 (C.74)

= KL(u ∥ p1)−KL(u ∥ pT +1) +
T∑︂

t=1
ϵt + 3 η2H2 T

2 (C.75)

(ix)
≤ KL(u ∥ p1) +

T∑︂
t=1

ϵt + 3 η2H2 T

2 (C.76)

≤
∑︂
a∈A

u(a) log(u(a))−
∑︂
a∈A

u(a) log(p1(a)) +
T∑︂

t=1
ϵt + 3 η2H2 T

2 (C.77)

(x)
≤ log |A|+

T∑︂
t=1

ϵt + 3 η2H2 T

2 . (C.78)

(ix) follows from the fact that KL-divergence is non-negative, and (x) stands because the
first term is negative, and for the second term, p1 is a uniform distribution. Dividing both
side by η, we have that

T∑︂
t=1

⟨︂
u− pt, gt

⟩︂
≤ log |A|+∑︁T

t=1 ϵ
t

η
+ 3 η H2 T

2 . (C.79)

This concludes the proof.

In order to obtain a meaningful regret bound, we should set η = min
{︃

1
2 H ,

√︂
2 (log |A|+ϵ T )

3 H2 T

}︃
.

Therefore, under Assumptions 4 and 5, we can easily prove that Lemma 1 also holds for the
projected SPMA, and consequently, all the sample complexity guarantees for the projected
NPG should also hold.

C.2.4 Technical Tools

Lemma 12 (Three-Point Property of Bregman Divergence). Suppose X ⊆ Rd is closed and
convex. Consider a strictly convex function Φ : X → R. For all x ∈ X and y, z ∈ intX,

DΦ(x, y) +DΦ(y, z)−DΦ(x, z) = ⟨∇Φ(z)−∇Φ(y), x− y⟩ . (C.80)
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C.3 Constructing Dexp and ρexp via Experimental Design

In this section, we introduce various methods of experimental design to bound φG defined
in Lemma 1. The experimental design problem can be written as

inf
Dexp∈S×A

ρexp∈∆(Dexp)

sup
(s,a)∈S×A

∥φ(s, a)∥G−1 (C.81)

s.t. G =
∑︂

(s,a)∈Dexp

ρexp(s, a)φ(s, a)φ(s, a)⊤ . (C.82)

In Section C.3.1, we consider constructing a coreset for the policy features. The Kiefer–Wolfowitz
theorem guarantees that there exists a coreset that can ensure that φG is bounded, and that
such a coreset has a small O(d) size. Such a coreset can be formed using G-experimental
design. In Section C.3.2, we consider using the linear MDP features as the policy features
and constructing Dexp through limited interaction with the environment.

C.3.1 Kiefer–Wolfowitz Theorem and G-Experimental Design

We first introduce the Kiefer–Wolfowitz theorem [Kiefer and Wolfowitz, 1960] which guar-
antees that there exists a coreset Dexp and its corresponding distribution ρexp that can be
used to bound φG.
Proposition 2 (Kiefer–Wolfowitz). Let G := ∑︁

(s,a)∈Dexp ρexp(s, a)φ(s, a)φ(s, a)⊤ be the
covariance matrix for any Dexp ⊂ S ×A and ρ ∈ ∆(Dexp). There exists a coreset Dexp and
a distribution ρexp such that

sup
(s,a)∈S×A

∥φ(s, a)∥G−1 ≤ 2 da and |Dexp| ≤ 4da log log(da + 4) + 28 . (C.83)

Note that the size of Dexp is also bounded by ˜︁O(da), suggesting that the computation cost
of calculating the actor loss over Dexp is inexpensive. The problem of constructing such
a coreset is often framed as G-experimental design, and it can typically be solved using
numerous efficient approximation algorithms such as the Franke-Wolfe algorithm [Frank
et al., 1956] as mentioned in Todd [2016], Lattimore and Szepesvári [2020]. Using Dexp
and ρexp produced by such methods to construct the actor loss in Algorithm 3 offers the
guarantees that φG ≤ O(da), which is consequently used to bound the projection error
in Lemma 1 as ϵ ≤ O(da ϵbias + ϵopt).
We remark that the coreset construction can be done before the learning process in the
actor-critic algorithm since it is independent of the linear MDP environment. However, these
algorithms typically require traversing through all the policy features in S ×A, which is not
ideal for large state-action spaces.

C.3.2 Exploratory Policy and Minimum Eigenvalue

Alternatively, we can choose to use the linear MDP features as the policy features (i.e.,
φ = ϕ) and construct Dexp via interacting with the environment. Note that bounding φG

is equivalent to controlling ∥ϕ(s, a)∥G−1 for all (s, a) ∈ S × A. Consequently, given that
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∥ϕ(s, a)∥2 ≤ 1 by the linear MDP assumption and since

∥ϕ(s, a)∥G−1 ≤
∥ϕ(s, a)∥2
λmin(G) = 1

λmin(G) , (C.84)

we only need a well-conditioned covariance matrix G that has a positive minimum eigenvalue.
Several existing works [Hao et al., 2021, Agarwal et al., 2021b] assume access to an exploratory
(not necessarily optimal) policy πexp that is able to collect such covariance matrices with
minimum eigenvalue bounded away from 0. Given that, we can directly apply πexp to
roll-out trajectories and collect observations, which can be used to construct Dexp and the
corresponding covariance G.
However, in practice, we rarely have access to such an oracle policy. Consequently, Wa-
genmaker et al. [2022] proposed a reward-free approach, CoverTraj, that can effectively
collect such observations without assuming access to an exploratory policy. In particular,
the CoverTraj algorithm offers the following theoretical guarantee.
Proposition 3 (Wagenmaker et al. 2022, Theorem 4). Fix h ∈ [H] and γ ∈ [0, 1]. Suppose
there exists a problem-dependent constant ϵM > 0 such that supπ∈Π λmin

(︂
Eπ

[︂
ϕ(s, a)ϕ(s, a)⊤

]︂)︂
≥

ϵM. Running K rounds of CoverTraj to collect Dexp = {(sτ
h, a

τ
h)}Kτ=1 where

K = ˜︁O(︃ 1
ϵM
·max

{︃
dc

γ2 , d
4
c H

3 log3 1
δ

}︃)︃
(C.85)

ensures that for any δ ∈ (0, 1), with probability of at least 1− δ,

λmin (G) ≥ ϵM
γ2 , (C.86)

where G = ∑︁
(s,a)∈Dexp ϕ(s, a)ϕ(s, a)⊤.

Note that CoverTraj does not utilize the reward function of the MDP and merely use
the transition kernel when interacting with the environment. Alternatively, Wagenmaker
and Jamieson [2022] provides another approach, OptCov, that utilizes regret minimization
algorithms to construct the desired covariance matrix. According to Wagenmaker and
Jamieson [2022, Theorem 9], OptCov can also offer a similar guarantee of the minimum
eigenvalue ensuring that

λmin (G) ≥ max
{︃
dc log

(︃1
δ

)︃
, ϵM

}︃
. (C.87)

To conclude, the Frank-Wolfe algorithm can be used to form a coreset and subsequently
bound φG for any given policy features. If we use the linear MDP features as the policy
features, we can construct Dexp by interacting with the environment. Either having access to
an exploratory policy or running CoverTraj or OptCOv can offer guarantees on the minimum
eigenvalues of the covariance matrix, which will consequently control φG.
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C.4 Analysis for the Critic

C.4.1 Proof of Lemma 2

In order to prove Lemma 2, we introduce the following “good” event for the estimated value
function.
Lemma 13 (Good Event). There exists some Cδ > 0 such that for any fixed δ ∈ (0, 1), the
following event,

Eδ :=
{︃
∀(t, h) ∈ [T ]× [H] :

⃦⃦⃦∑︁
(s,a,s′)∈Dt

h
ϕ(s, a)

[︂ ˆ︁V t
h+1(s′)− Ph

ˆ︁V t
h+1(s, a)

]︂⃦⃦⃦
(Λt

h
)−1
≤ Cδ H

√
dc

}︃
,

(C.88)

holds with probability at least 1− δ (i.e., Pr(Eδ) ≥ 1− δ).

The exact definition of Cδ varies between the on-policy and the off-policy settings. We
will prove that Pr(Eδ) ≥ 1 − δ for the on-policy and off-policy setting in Section C.5
and Section C.6 respectively.
Next, conditioned on the above event, we present a formal version of Lemma 2, which
provides an upper and a lower bound for the model prediction error induced by the LMC
critic.
Lemma 14 (Formal version of Lemma 2). Consider Algorithm 2 with the LMC critic
from Algorithm 4. Conditioned on Eδ defined in Lemma 13, if we choose that λ = 1, ζ =(︁
2H
√
dcCδ + 8/3

)︁−2, αh,t
c = 1/

(︁
2λmax(Λt

h

)︁
, Jt ≥ 2κt log (1/σ), and M = log (H T/δ) / log (1/(1− c))

where κt = maxh∈[H] λmax(Λt
h)/λmin(Λt

h), σ = 1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
, and c = 1/(2

√
2eπ),

then, for all (t, h, s, a) ∈ [T ]× [H]× S ×A and for any δ ∈ (0, 1) , with probability at least
1− δ,

−ΓLMC × ∥ϕ(s, a)∥(Λt
h

)−1 ≤ ιth(s, a) ≤ 0 , (C.89)

where ΓLMC = Cδ H
√
dc + 4

3

√︂
2 dc log (1/δ)

3 ζ + 4
3 ≤ O

(︂
Cδ H dc

√︁
log(1/δ)

)︂
.

Preliminary Properties

In this section, we introduce some useful properties of LMC and state the supporting lemmas
that will be helpful in proving the above result.
First, we obtain the derivative of the critic loss defined in Algorithm 4.

∇Lt
h(wh) = Λt

hwh − bt
h, (C.90)

where Λt
h := ∑︁

(s,a)∈Dt
h
ϕ(s, a)ϕ(s, a)⊤+λ I and bt

h := ∑︁
(s,a,s′)∈Dt

h

[︂
rh(s, a) + ˆ︁V t

h+1(s′)
]︂
ϕ(s, a).

Consequently, by setting ∇Lt
h(wh) = 0, we get the minimizer of Lt

h(wh) as

ˆ︁wt
h := (Λt

h)−1 bt
h . (C.91)
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We now introduce the following lemma, showing that the noisy gradient descent performed
by the LMC critic ensures that the sampled critic parameter w follows a Gaussian distribution.

Lemma 15 (Ishfaq et al. 2024a, Proposition B.1). Consider Algorithm 2 with the LMC critic
from Algorithm 4. For any (t, h,m) ∈ [T ]× [H]× [M ], the sampled parameters wt,m,Jt

h follows
a Gaussian distribution N

(︂
µt,m,Jt

h ,Σt,m,Jt

h

)︂
. The mean and the covariance are defined as

µt,Jt

h = AJt
t . . . AJ1

1 w1,0 +
t∑︂

i=1
AJt

t . . . A
Ji+1
i+1 (I −AJi

i ) ˆ︁wi
h , (C.92)

Σt,Jt

h = 1
ζ

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1 (I −A2 Ji

i ) (Λi
h)−1 (I +Ai)−1A

Ji+1
i+1 . . . AJt

t , (C.93)

where At := I − αt
c Λt

h for all t ∈ [T ].

Since wt,m,Jt

h follows the Gaussian distribution of N
(︂
µt,m,Jt

h ,Σt,m,Jt

h

)︂
,
⟨︂
ϕh(s, a), wt,m,Jt

h

⟩︂
also

follows the Gaussian distribution of N
(︂
ϕh(s, a)⊤ µt,m,Jt

h , ϕh(s, a)⊤ Σt,m,Jt

h ϕh(s, a)
)︂
. There-

fore, we introduce the following lemmas to bound the terms related to the mean and
variance.
Lemma 16. Consider Algorithm 2 with the LMC critic from Algorithm 4. If we follow the
hyperparameter choices of Lemma 14, then for any (s, a) ∈ S ×A,⃓⃓⃓⟨︂

ϕ(s, a),
(︂
µt,Jt

h − ˆ︁wt
h

)︂⟩︂⃓⃓⃓
≤ 4

3 ∥ϕ(s, a)∥(Λt
h)−1 . (C.94)

Lemma 17. Consider Algorithm 2 with the LMC critic from Algorithm 4. If we follow the
hyperparameter choices of Lemma 14, then for any (s, a) ∈ S ×A,

1
2
√

6 ζ
∥ϕ(s, a)∥(Λt

h)−1 ≤ ∥ϕ(s, a)∥Σt,m,Jt
h

≤ 4
3

√︄
2

3 ζ ∥ϕ(s, a)∥(Λt
h)−1 . (C.95)

Additionally, we outline the necessary supporting lemmas that are useful for bounding the
model prediction error. Recall that

⃓⃓
Dt
⃓⃓

:= suph∈[H] |Dt
h| represents the number of trajectories

in Dt or the number of (sh, ah, sh+1) tuples in Dt
h, where

⃓⃓
Dt
⃓⃓

= N in the on-policy setting,
and

⃓⃓
Dt
⃓⃓

= t in the off-policy setting.
Lemma 18. Consider Algorithm 2 with the LMC critic from Algorithm 4. For any (t, h) ∈
[T ]× [H], it holds that ⃦⃦⃦ ˆ︁wt

h

⃦⃦⃦
2
≤ 2H

√︂
dc |Dt| /λ . (C.96)

Lemma 19. Consider Algorithm 2 with the LMC critic from Algorithm 4. If we follow the
hyperparameter choices of Lemma 14, then for any (t,m, h) ∈ [T ]× [M ]× [H] and for any
δ ∈ (0, 1), with probability at least 1− δ,

⃦⃦⃦
wt,m,Jt

h

⃦⃦⃦
2
≤W t

δ := 16
3 H

√︂
dc |Dt|+

√︄
2 d3

c t

3 ζ δ . (C.97)
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Lemma 20. Consider Algorithm 2 with the LMC critic from Algorithm 4. If we follow the
hyperparameter choices of Lemma 14, then for any (t,m, h, s, a) ∈ [T ]× [M ]× [H]× S ×A
and for any δ ∈ (0, 1), with probability at least 1− δ,

⃓⃓⃓⟨︂
ϕ(s, a), ˆ︁wt

h − w
t,m,Jt

h

⟩︂⃓⃓⃓
≤
(︄

8
3

√︄
2 dc log(1/δ)

3 ζ + 4
3

)︄
∥ϕ(s, a)∥(Λt

h)−1 . (C.98)

Lemma 21. Consider Algorithm 2 with the LMC critic from Algorithm 4. Conditioned on Eδ

defined in Lemma 13, if we follow the hyperparameter choices of Lemma 14, then for any
(t, h, s, a) ∈ [T ]× [H]× S ×A and for any δ ∈ (0, 1), it holds that⃓⃓⃓⟨︂

ϕ(s, a), ˆ︁wt
h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a)

⃓⃓⃓
≤ 3Cδ H

√︁
dc ∥ϕ(s, a)∥(Λt

h
)−1 . (C.99)

Main Analysis

We will use the above lemmas to complete the main proof in this section.

Proof of Lemma 14. Optimism (RHS of Equation (C.89)) Using the definition of the
model prediction error, we need to show that with high probability, ˆ︁Qt

h(s, a) ≥ rh(s, a) +
Ph
ˆ︁V t

h+1(s, a). Recall that ˆ︁Qt
h(s, a) = min

{︂⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
, H − h+ 1

}︂
. Since rh(s, a) +

Ph
ˆ︁V t

h+1(s, a) ≤ H − h + 1, when
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
> H − h + 1, the statement is trivially

true. Thus, we only need to consider the case when
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
≤ H − h+ 1 and thusˆ︁Qt

h(s, a) =
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
.

Based on the mean and covariance matrix defined in Lemma 15, we have that
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
follows the distribution N

(︂
ϕ(s, a)⊤µt,Jt

h , ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a)
)︂
.

In order to prove that ˆ︁Qt
h(s, a) ≥ rh(s, a) + Ph

ˆ︁V t
h+1(s, a), we consider the following variable

Xt := rh(s,a)+Phˆ︁V t
h+1(s,a)−

⟨︁
ϕ(s,a),µt,Jt

h

⟩︁√︂
ϕ(s,a)⊤ Σt,Jt

h
ϕ(s,a)

and will next show that |Xt| ≤ 1. First, we have that

⃓⃓⃓
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)−

⟨︂
ϕ(s, a), µt,Jt

h

⟩︂⃓⃓⃓
(C.100)

(i)
≤
⃓⃓⃓
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)−

⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂⃓⃓⃓
+
⃓⃓⃓⟨︂
ϕ(s, a), ˆ︁wt

h − µ
t,Jt

h

⟩︂⃓⃓⃓
(C.101)

(ii)
≤ Cδ H

√︁
dc ∥ϕ(s, a)∥(Λt

h
)−1 + 4

3 ∥ϕ(s, a)∥(Λt
h

)−1 (C.102)

=
(︃
Cδ H

√︁
dc + 4

3

)︃
∥ϕ(s, a)∥(Λt

h
)−1 , (C.103)

where (i) uses the triangular inequality, and (ii) is implied by Lemmas 16 and 21. Therefore,

|Xt| =

⃓⃓⃓⃓
⃓⃓rh(s, a) + Ph

ˆ︁V t
h+1(s, a)−

⟨︂
ϕ(s, a), µt,Jt

h

⟩︂
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a)

⃓⃓⃓⃓
⃓⃓ (C.104)

≤
√︁
ζ
(︂
2H

√︁
dcCδ + 8/3

)︂
. (C.105)
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Since we choose ζ =
(︁
2H
√
dcCδ + 8/3

)︁−2, we have that |Xt| ≤ 1. Then, using Lemma 24,
we can get that

Pr
(︂⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
≥ rh(s, a) + Ph

ˆ︁V t
h+1(s, a)

)︂
(C.106)

= Pr

⎛⎝
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
−
⟨︂
ϕ(s, a), µt,Jt

h

⟩︂
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a)
≥
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)−

⟨︂
ϕ(s, a), µt,Jt

h

⟩︂
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a)

⎞⎠
(C.107)

= Pr

⎛⎝
⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
−
⟨︂
ϕ(s, a), µt,Jt

h

⟩︂
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a)
≥ Xt

⎞⎠ (C.108)

≥ 1
2
√

2π
exp (−X2

t /2) (C.109)

≥ 1
2
√

2eπ
. (C.110)

The above result holds for any m ∈ [M ]. Since we have M parallel critic parameters, it holds
that

Pr
(︂
∃(s, a) ∈ S ×A : ˆ︁Qt

h(s, a) ≤ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂

(C.111)

= Pr
(︄
∃(s, a) ∈ S ×A : max

m∈[M ]
ˆ︁Qt,m

h (s, a) ≤ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︄

(C.112)

= Pr
(︂
∃(s, a) ∈ S ×A : ∀m ∈ [M ], ˆ︁Qt,m

h (s, a) ≤ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂

(C.113)

≤ Pr
(︂
∀m ∈ [M ], ∃(sm, am) ∈ S ×A : ˆ︁Qt,m

h (sm, am) ≤ rh(sm, am) + Ph
ˆ︁V t

h+1(sm, am)
)︂

(C.114)

=
M∏︂

m=1
Pr
(︂
∃(s, a) ∈ S ×A : ˆ︁Qt,m

h (s, a) ≤ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂

(C.115)

=
M∏︂

m=1

(︂
1− Pr

(︂
∀(s, a) ∈ S ×A : ˆ︁Qt,m

h (s, a) ≥ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂)︂

(C.116)

=
M∏︂

m=1

(︂
1− Pr

(︂
∀(s, a) ∈ S ×A :

⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
≥ rh(s, a) + Ph

ˆ︁V t
h+1(s, a)

)︂)︂
(C.117)

≤
(︃

1− 1
2
√

2eπ

)︃M

. (C.118)

This further implies that

Pr
(︂
∀(s, a) ∈ S ×A : ιth(s, a) ≤ 0

)︂
(C.119)

= Pr
(︂
∀(s, a) ∈ S ×A : ˆ︁Qt

h(s, a) ≥ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂

(C.120)

= 1− Pr
(︂
∃(s, a) ∈ S ×A : ˆ︁Qt

h(s, a) ≤ rh(s, a) + Ph
ˆ︁V t

h+1(s, a)
)︂

(C.121)
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= 1−
(︃

1− 1
2
√

2eπ

)︃M

. (C.122)

Let 1 −
(︂
1− 1

2
√

2eπ

)︂M
≥ 1 − δ/(H T ), which yields that M = log (H T/δ) / log (1/(1− c))

where c = 1/(2
√

2eπ). Therefore, we have that

Pr
(︂
ιth(s, a) ≤ 0, ∀(s, a) ∈ S ×A

)︂
≥ 1− δ

H T
. (C.123)

Applying union bound over [H] and [T ], we have that ιth(s, a) ≤ 0 with probability 1− δ.
Error Bound (LHS of Equation (C.89)) We can lower bound ιth as follows.

−ιth(s, a) = ˆ︁Qt
h(s, a)− rh(s, a)− Ph

ˆ︁V t
h+1(s, a) (C.124)

= min
{︄

max
m∈[M ]

⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
, H − h+ 1

}︄+

− rh(s, a)− Ph
ˆ︁V t

h+1(s, a) (C.125)

≤ max
m∈[M ]

⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a) (C.126)

= max
m∈[M ]

⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
−
⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂
+
⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a)

(C.127)

≤
⃓⃓⃓⃓
⃓ max
m∈[M ]

⟨︂
ϕ(s, a), wt,m,Jt

h

⟩︂
−
⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂⃓⃓⃓⃓⃓+ ⃓⃓⃓⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a)

⃓⃓⃓
(C.128)

(iii)
≤
(︄
Cδ H

√︁
dc + 4

3

√︄
2 dc log (1/δ)

3 ζ + 4
3

)︄
∥ϕ(s, a)∥(Λt

h
)−1 , (C.129)

where (iii) is derived from Lemmas 20 and 21. This concludes the proof.

C.4.2 Proofs of Preliminary Properties

Proof of Lemma 15

Proof. For any (t,m) ∈ [T ]× [M ], the critic update rule at j-th round can be written as

wt,m,j
h = wt,m,j−1

h − αh,t
c ∇Lt

h(wt,m,j−1
h ) +

√︂
αh,t

c ζ−1νt,m,j
h . (C.130)

Considering j = Jt and plugging in Equation (C.90), we have that

wt,m,Jt

h = wt,m,Jt−1
h − αh,t

c

(︂
Λt

hw
t,m,Jt−1
h − bt

h

)︂
+
√︂
αh,t

c ζ−1 νt,m,Jt

h (C.131)

=
(︂
I − αh,t

c Λt
h

)︂
wt,m,Jt−1

h + αh,t
c bt

h +
√︂
αh,t

c ζ−1 νt,m,Jt

h (C.132)

(i)=
(︂
I − αh,t

c Λt
h

)︂Jt

wt,m,0
h +

Jt−1∑︂
l=0

(︂
I − αh,t

c Λt
h

)︂l
(︃
αh,t

c bt
h +

√︂
αh,t

c ζ−1 νt,m,Jt−l
h

)︃
(C.133)
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=
(︂
I − αh,t

c Λt
h

)︂Jt

wt,m,0
h + αh,t

c

Jt−1∑︂
l=0

(︂
I − αh,t

c Λt
h

)︂l
bt

h +
√︂
αh,t

c ζ−1
Jt−1∑︂
l=0

(︂
I − αh,t

c Λt
h

)︂l
νt,m,Jt−l

h

(C.134)

(ii)= AJt
t wt,m,0

h + αh,t
c

Jt−1∑︂
l=0

Al
t Λt

h ˆ︁wt
h +

√︂
αh,t

c ζ−1
Jt−1∑︂
l=0

Al
t ν

t,m,Jt−l
h (C.135)

(iii)= AJt
t wt,m,0

h + (I −At)
(︂
A0

t +A1
t + . . .+AJt−1

t

)︂ ˆ︁wt
h +

√︂
αh,t

c ζ−1
Jt−1∑︂
l=0

Al
tν

t,m,Jt−l
h

(C.136)

(iv)= AJt
t wt,m,0

h +
(︂
I −AJt

t

)︂ ˆ︁wt
h +

√︂
αh,t

c ζ−1
Jt−1∑︂
l=0

Al
t ν

t,m,Jt−l
h . (C.137)

(i) comes from telescoping the previous equation from l = 0 to Jt − 1. (ii) uses the definition
that At = I − αh,t

c Λt
h and bt

h = Λt
h ˆ︁wt

h. (iii) uses the definition of At. (iv) follows from
I + A + . . . + An−1 = (I − An)(I − A)−1. Since we set αh,t

c = 1/
(︁
2λmax(Λt

h

)︁
, At satisfies

I ≻ At ≻ 0 for all t ∈ [T ]. Note that we warm-start the parameters from the previous episode
and set wt,m,0

h = w
t−1,m,Jt−1
h . Therefore, by telescoping the above equation from i = 0 to t,

we further have that

wt,m,Jt

h = AJt
t w

t−1,m,Jt−1
h +

(︂
I −AJt

t

)︂ ˆ︁wt
h +

√︂
αh,t

c ζ−1
Jt−1∑︂
l=0

Al
t ν

t,m,Jt−l
h (C.138)

= AJt
t . . . AJ1

1 w
1,m,0
h +

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂
I −AJi

i

)︂ ˆ︁wi
h +

t∑︂
i=1

√︂
αi

c ζ
−1AJt

t . . . A
Ji+1
i+1

Ji−1∑︂
l=0

Al
iν

i,Ji−l
h .

(C.139)

Note that if ξ ∼ N(0, Id×d), then we have that Aξ + µ ∼ N(µ,AA⊤) for any A ∈ Rd×d and
µ ∈ Rd. This implies that wt,m,Jt

h follows the Gaussian distribution N(µt,m,Jt

h ,Σt,m,Jt

h ), where

µt,m,Jt

h = AJt
t . . . AJ1

1 w
1,m,0
h +

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂
I −AJi

i

)︂ ˆ︁wi
h . (C.140)

We then derive the covariance matrix Σt,m,Jt

h . For any i ∈ [t], we denote that Ai+1 =
AJt

t . . . A
Ji+1
i+1 . Therefore,

√︂
αi

c ζ
−1 Ai+1

Ji−1∑︂
l=0

Al
i ν

i,Ji−l
h =

Ji−1∑︂
l=0

√︂
αi

c ζ
−1 Ai+1A

l
i ν

i,Ji−l
h (C.141)

∼ N

⎛⎝0,
Ji−1∑︂
l=0

αi
c ζ

−1 Ai+1A
l
i (Ai+1A

l
i)⊤

⎞⎠ ∼ N

⎛⎝0, αi
c ζ

−1 Ai+1

⎛⎝Ji−1∑︂
l=0

A2l
i

⎞⎠ A ⊤
i+1

⎞⎠ .

(C.142)
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This further implies that

Σt,m,Jt

h =
t∑︂

i=1
αi

c ζ
−1 Ai+1

⎛⎝Ji−1∑︂
l=0

A2l
i

⎞⎠ A ⊤
i+1 (C.143)

=
t∑︂

i=1
αi

c ζ
−1AJt

t . . . A
Ji+1
i+1

⎛⎝Ji−1∑︂
l=0

A2l
i

⎞⎠AJi+1
i+1 . . . AJt

t (C.144)

(v)=
t∑︂

i=1
αi

c ζ
−1AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

i

)︂ (︂
I −A2

i

)︂−1
A

Ji+1
i+1 . . . AJt

t (C.145)

=
t∑︂

i=1
αi

c ζ
−1AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

i

)︂ (︂
Λi

h

)︂ (︂
Λi

h

)︂−1
(I −Ai)−1 (I +Ai)−1A

Ji+1
i+1 . . . AJt

t

(C.146)

(vi)=
t∑︂

i=1
ζ−1AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

i

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1A

Ji+1
i+1 . . . AJt

t . (C.147)

(v) uses the fact that I +A+ . . .+An−1 = (I −An)(I −A)−1, and (vi) uses the fact that
αh,t

c Λt
h = I −At. This concludes the proof.

Proof of Lemma 16

Proof. Using Lemma 15, we first have that

µt,Jt

h = AJt
t . . . AJ1

1 w
1,m,0
h +

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂
I −AJi

i

)︂ ˆ︁wi
h (C.148)

= AJt
t . . . AJ1

1 w
1,m,0
h +

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1 ˆ︁wi

h −
t∑︂

i=1
AJt

t . . . AJi
i ˆ︁wi

h (C.149)

= AJt
t . . . AJ1

1 w
1,m,0
h +

t−1∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂ ˆ︁wi
h − ˆ︁wi+1

h

)︂
−AJt

t . . . AJ1
1 ˆ︁w1

h + ˆ︁wt
h (C.150)

= AJt
t . . . AJ1

1

(︂
w1,m,0

h − ˆ︁w1
h

)︂
+

t−1∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂ ˆ︁wi
h − ˆ︁wi+1

h

)︂
+ ˆ︁wt

h . (C.151)

This implies that

⃓⃓⃓⟨︂
ϕ(s, a),

(︂
µt,Jt

h − ˆ︁wt
h

)︂⟩︂⃓⃓⃓
= ϕ(s, a)⊤AJt

t . . . AJ1
1

(︂
w1,m,0

h − ˆ︁w1
h

)︂
+ ϕ(s, a)⊤

t−1∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂ ˆ︁wi
h − ˆ︁wi+1

h

)︂
(C.152)

(i)=
⃓⃓⃓⃓
⃓ϕ(s, a)⊤

t−1∑︂
i=0

AJt
t . . . A

Ji+1
i+1

(︂ ˆ︁wi
h − ˆ︁wi+1

h

)︂⃓⃓⃓⃓⃓ (C.153)

=
⃓⃓⃓⃓
⃓
t−1∑︂
i=0

ϕ(s, a)⊤AJt
t . . . A

Ji+1
i+1

(︂ ˆ︁wi
h − ˆ︁wi+1

h

)︂⃓⃓⃓⃓⃓ (C.154)
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(ii)
≤

t−1∑︂
i=0

t∏︂
j=i+1

(︂
1− αh,j

c λmin
(︂
Λj

h

)︂)︂Jj ∥ϕ(s, a)∥2 ∥ ˆ︁wi
h − ˆ︁wi+1

h ∥2 (C.155)

(iii)
≤

t−1∑︂
i=0

t∏︂
j=i+1

(︂
1− αh,j

c λmin
(︂
Λj

h

)︂)︂Jj ∥ϕ(s, a)∥2
(︂
∥ ˆ︁wi

h∥2 + ∥ ˆ︁wi+1
h ∥2

)︂
(C.156)

(iv)
≤ 4H

√︂
dc |Dt| /λ

t−1∑︂
i=0

t∏︂
j=i+1

(︂
1− αh,j

c λmin
(︂
Λj

h

)︂)︂Jj ∥ϕ(s, a)∥2 (C.157)

(v)
≤ 4H

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︂
dc/λ

t−1∑︂
i=0

t∏︂
j=i+1

(︂
1− αh,j

c λmin
(︂
Λj

h

)︂)︂Jj ∥ϕ(s, a)∥(Λi
h)−1 (C.158)

(vi)
≤ 4H

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︁
dc

t−1∑︂
i=0

σt−i ∥ϕ(s, a)∥(Λi
h)−1 (C.159)

(vii)
≤ 4H

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︁
dc

(︄
t−1∑︂
i=0

σt−i

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.160)

≤ 4H
(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︁
dc

(︄
t−1∑︂
i=0

σt−i

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.161)

= 4H
(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︁
dc

(︄
t−1∑︂
i=1

σi

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.162)

(viii)
≤ 4H

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ √︁
dc

(︃
σ

1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.163)

=
(︃ 1

1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.164)

≤ 4
3 ∥ϕ(s, a)∥(Λt

h)−1 . (C.165)

For (i), we choose w1,m,0
h = 0 and denote that ˆ︁w0

h = 0. (ii) comes from Ai ≺ (1 −
αh,j

c λmin
(︂
Λj

h

)︂
) I and the Hölder’s inequality. (iii) uses the triangular inequality. (iv)

uses Lemma 18. (v) uses the fact that ∥ϕ(s, a)∥ ≤
√︁
|Dt|+ 1 ∥ϕ(s, a)∥(Λi

h
)−1 . (vi) hold

because we set λ = 1 and uses Lemma 28 by setting Jj ≥ κj log (1/σ) where σ =
1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
. (vii) follows from ∥ϕ(s, a)∥(Λi

h)−1 ≤ ∥ϕ(s, a)∥2 ≤
√︁
|Dt|+ 1 ∥ϕ(s, a)∥(Λt

h)−1 .
(viii) follows from ∑︁t

i=1 σ
t ≤

∑︁∞
i=1 σ

i ≤ σ/(1− σ). This concludes the proof.

Proof of Lemma 17

Proof. We first bound the RHS. Using Lemma 15, we have that

ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.166)

= 1
ζ

t∑︂
i=1

ϕ(s, a)⊤AJt
t . . . A

Ji+1
i+1

(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1 A

Ji+1
i+1 . . . AJt

t ϕ(s, a)

(C.167)
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(i)= 1
ζ

t∑︂
i=1

ϕ(s, a)⊤ Ai+1
(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1 A ⊤

i+1 ϕ(s, a) (C.168)

(ii)
≤ 2

3 ζ

t∑︂
i=1

ϕ(s, a)⊤Ai+1

(︃(︂
Λi

h

)︂−1
−AJi

i

(︂
Λi

h

)︂−1
AJi

i

)︃
A ⊤

i+1 ϕ(s, a) (C.169)

= 2
3 ζ

(︄
t∑︂

i=1
ϕ(s, a)⊤Ai+1

(︂
Λi

h

)︂−1
A ⊤

i+1 ϕ(s, a)−
t∑︂

i=1
ϕ(s, a)⊤Ai

(︂
Λi

h

)︂−1
A ⊤

i ϕ(s, a)
)︄

(C.170)
(iii)
≤ 2

3 ζ

t∑︂
i=1

ϕ(s, a)⊤Ai+1
(︂
Λi

h

)︂−1
A ⊤

i+1 ϕ(s, a) (C.171)

= 2
3 ζ

(︄
∥ϕ(s, a)∥2(Λi

h)−1 +
t−1∑︂
i=1

⃦⃦⃦
A ⊤

i+1 ϕ(s, a)
⃦⃦⃦2

(Λi
h)−1

)︄
(C.172)

≤ 2
3 ζ ∥ϕ(s, a)∥2(Λt

h)−1 + 2
3 ζ

t−1∑︂
i=1

t∏︂
j=i+1

(︂
1− αc λmin(Λj

h)
)︂2 Jj ∥ϕ(s, a)∥2(Λi

h)−1 . (C.173)

For (i), we denote Ai+1 = AJt
t . . . A

Ji+1
i+1 . (ii) follows from I + Ai ⪰ 3

2I since we set αh,j
c =

1/
(︂
2λmax(Λj

h)
)︂
. In particular, it is easy to prove that A and (Λt

h)−1 are commuting matrices
and thus

A2Ji

(︂
Λi

h

)︂−1
= A2Ji−1 (I − αh,t

c Λt
h) (Λt

h)−1 (C.174)

= A2Ji−1 (Λt
h)−1 (I − αh,t

c Λt
h) (C.175)

= A2Ji−1 (Λt
h)−1A (C.176)

... (C.177)
= AJi (Λt

h)−1AJi . (C.178)

(iii) follows from the fact that ∑︁t
i=1 ϕ(s, a)⊤Ai

(︁
Λi

h

)︁−1
A ⊤

i ϕ(s, a) > 0. Therefore,⃦⃦⃦⃦
ϕ(s, a)⊤

(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2
=
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.179)

(iv)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2
3 ζ

t−1∑︂
i=1

t∏︂
j=i+1

(︂
1− αc λmin(Λj

h)
)︂Jj ∥ϕ(s, a)∥(Λi

h)−1

(C.180)
(v)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2
3 ζ

t−1∑︂
i=1

σt−i ∥ϕ(s, a)∥(Λi
h)−1 (C.181)

(vi)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2 (|Dt|+ 1)
3 ζ

(︄
t−1∑︂
i=1

σt−i

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.182)

(vii)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2 (|Dt|+ 1)
3 ζ

(︃
σ

1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.183)

≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 + 1
4

√︄
2

3 ζ

(︃ 1
1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.184)
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≤
(︄√︄

2
3 ζ + 1

3

√︄
2

3 ζ

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.185)

≤ 4
3

√︄
2

3 ζ ∥ϕ(s, a)∥(Λt
h)−1 . (C.186)

(C.187)

(iv) follows from the fact that
√
a+ b ≤ a+ b for all a, b > 0. (v) uses Lemma 28 by setting

Jj ≥ 2κj log (1/σ) where σ = 1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
. (vi) follows from ∥ϕ(s, a)∥(Λi

h)−1 ≤

∥ϕ(s, a)∥2 ≤
√︁
|Dt|+ 1 ∥ϕ(s, a)∥(Λt

h)−1 . (vii) follows from ∑︁t
i=1 σ

t−i ≤
∑︁∞

i=1 σ
i ≤ σ/(1− σ).

We then proceed to bound the LHS. Using the definition of Σt,Jt

h from Equation (C.93), we
have

ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.188)

=
t∑︂

i=1

1
ζ
ϕ(s, a)⊤AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1A

Ji+1
i+1 . . . AJt

t ϕ(s, a)

(C.189)
(iii)
≥ 1

2 ζ

t∑︂
i=1

ϕ(s, a)⊤Ai+1
(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
A ⊤

i+1 ϕ(s, a) (C.190)

= 1
2 ζ

t∑︂
i=1

1
2 ζ ϕ(s, a)⊤Ai+1

(︃(︂
Λi

h

)︂−1
−AJt

t

(︂
Λi

h

)︂−1
AJt

t

)︃
A ⊤

i+1 ϕ(s, a) (C.191)

= 1
2 ζ

t−1∑︂
i=1

ϕ(s, a)⊤Ai+1
(︂
(Λi

h)−1 − (Λi+1
h )−1

)︂
A ⊤

i+1 ϕ(s, a) (C.192)

− 1
2 ζ ϕ(s, a)⊤AJt

t . . . AJ1
1 (Λ1

h)−1AJ1
1 . . . AJt

t ϕ(s, a) + 1
2 ζ ϕ(s, a)⊤(Λt

h)−1ϕ(s, a) ,

(C.193)

where (iii) follows from (I +At)−1 ⪰ 1
2 I for all t ∈ [T ].⃓⃓⃓

ϕ(s, a)⊤Ai+1
(︂
(Λi

h)−1 − (Λi+1
h )−1

)︂
A ⊤

i+1 ϕ(s, a)
⃓⃓⃓

(C.194)

≤
⃓⃓⃓
ϕ(s, a)⊤Ai+1 (Λi

h)−1 A ⊤
i+1 ϕ(s, a)

⃓⃓⃓
(C.195)

+
⃓⃓⃓⟨︂
ϕ(s, a),Ai+1 (Λi+1

h )−1 A ⊤
i+1 ϕ(s, a)

⟩︂⃓⃓⃓
(C.196)

≤
⃦⃦⃦
ϕ(s, a)⊤Ai+1 (Λi

h)−1/2
⃦⃦⃦2

+
⃦⃦⃦
ϕ(s, a)⊤Ai+1 (Λi+1

h )−1/2
⃦⃦⃦2

(C.197)

=
t∏︂

j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂2 Jj

(︂
∥ϕ(s, a)∥2(Λi

h
)−1 + ∥ϕ(s, a)∥2(Λi+1

h
)−1

)︂
(C.198)

≤ 2
t∏︂

j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂2 Jj ∥ϕ(s, a)∥22 , (C.199)
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where we used 0 < ∥ϕ(s, a)∥(Λi
h

)−1 ≤ ∥ϕ(s, a)∥2. Therefore, we have that

ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.200)

≥ 1
2 ζ ∥ϕ(s, a)∥2(Λt

h
)−1 −

1
2 ζ

t∏︂
i=1

(︂
1− αh,j

c λmin(Λi
h)
)︂2Ji ∥ϕ(s, a)∥22 (C.201)

− 1
ζ

t−1∑︂
i=1

t∏︂
j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂2 Jj ∥ϕ(s, a)∥22 (C.202)

(iv)
≥ 1

2 ζ

(︄
∥ϕ(s, a)∥2(Λt

h
)−1 − σt ∥ϕ(s, a)∥22 −

t−1∑︂
i=1

2σi ∥ϕ(s, a)∥22

)︄
(C.203)

(v)
≥ 1

2 ζ ∥ϕ(s, a)∥2(Λt
h

)−1

(︄
1−

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂
σt − 2

(︂⃓⃓⃓
Dt
⃓⃓⃓
+ 1

)︂ t−1∑︂
i=1

σi

)︄
(C.204)

≥ 1
2 ζ ∥ϕ(s, a)∥2(Λt

h
)−1

(︃
1− σt−1 − 1

2 (1− σ)

)︃
(C.205)

≥ 1
2 ζ ∥ϕ(s, a)∥2(Λt

h
)−1

(︃
1− 1

4 −
2
3

)︃
(C.206)

= 1
24 ζ ∥ϕ(s, a)∥2(Λt

h
)−1 , (C.207)

where (iv) uses Lemma 28 by setting Jj ≥ 2κj log (1/σ) where σ = 1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
,

and (v) use ∥ϕ(s, a)∥2 ≤
√︁
|Dt|+ 1 ∥ϕ(s, a)∥(Λt

h
)−1 . This concludes the proof.

Proof of Lemma 18

Proof. Given the definition of ˆ︁wt
h in Equation (C.91), we have that

⃦⃦⃦ ˆ︁wt
h

⃦⃦⃦
=

⃦⃦⃦⃦
⃦⃦⃦(︂Λt

h

)︂−1 ∑︂
(s,a)∈Dt

h

[︂
rh(s, a) + ˆ︁V t

h+1(s)
]︂
· ϕ(sh, a)

⃦⃦⃦⃦
⃦⃦⃦ (C.208)

≤

√︄
|Dt|
λ

⎛⎜⎝ ∑︂
(s,a)∈Dt

h

⃦⃦⃦[︂
rh(s, a) + ˆ︁V t

h+1(s)
]︂
· ϕ(s, a)

⃦⃦⃦2

(Λt
h

)−1

⎞⎟⎠
1/2

(C.209)

≤ 2H

√︄
|Dt|
λ

⎛⎜⎝ ∑︂
(s,a)∈Dt

h

∥ϕ(s, a)∥2(Λt
h

)−1

⎞⎟⎠
1/2

(C.210)

≤ 2H
√︂
dc |Dt| /λ , (C.211)

where the first inequality follows from Lemma 27, the second inequality is due to the fact
that V t

h ∈ [0, H] and the reward function is bounded by 1, and the last inequality follows
from Lemma 22.
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Proof of Lemma 19

Proof. From Lemma 15, we know wt,m,Jt

h follows Gaussian distribution N(µt,Jt

h ,Σt,Jt

h ). There-
fore, we have that ⃦⃦⃦

wt,m,Jt

h

⃦⃦⃦
2

=
⃦⃦⃦
µt,Jt

h + ξt,Jt

h

⃦⃦⃦
2
≤
⃦⃦⃦
µt,Jt

h

⃦⃦⃦
2⏞ ⏟⏟ ⏞

(I)

+
⃦⃦⃦
ξt,Jt

h

⃦⃦⃦
2⏞ ⏟⏟ ⏞

(II)

, (C.212)

where ξt,Jt

h ∼ N(0,Σt,Jt

h ). We first start by bounding Term (I). Given Lemma 15, by setting
w1,m,0

h = 0, we can obtain that

⃦⃦⃦
µt,Jt

h

⃦⃦⃦
2

=
⃦⃦⃦⃦
⃦AJt

t . . . AJ1
1 w

1,m,0
h +

t∑︂
i=1

AJt
t . . . A

Ji+1
i+1

(︂
I −AJi

i

)︂ ˆ︁wi
h

⃦⃦⃦⃦
⃦

2
(C.213)

≤
t∑︂

i=1

⃦⃦⃦
AJt

t . . . A
Ji+1
i+1

(︂
I −AJi

i

)︂ ˆ︁wi
h

⃦⃦⃦
2

(C.214)

(i)
≤

t∑︂
i=1

⃦⃦⃦
AJt

t . . . A
Ji+1
i+1

(︂
I −AJi

i

)︂⃦⃦⃦
2

⃦⃦⃦ ˆ︁wi
h

⃦⃦⃦
2

(C.215)

(ii)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1

⃦⃦⃦
AJt

t . . . A
Ji+1
i+1

(︂
I −AJi

i

)︂⃦⃦⃦
2

(C.216)

(iii)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1
∥At∥Jt

2 . . . ∥Ai+1∥Ji+1
2

⃦⃦⃦(︂
I −AJi

i

)︂⃦⃦⃦
2

(C.217)

(iv)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1

t∏︂
j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂Jj

(︂
∥I∥2 + ∥AJi

i ∥2
)︂

(C.218)

(v)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1

t∏︂
j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂Jj

(︂
∥I∥2 + ∥Ai∥Ji

2

)︂
(C.219)

(vi)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1

t∏︂
j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂Jj

(︃
1 +

(︂
1− αi

c λmin(Λi
h)
)︂Ji
)︃
(C.220)

≤ 2H
√︂
dc |Dt|

t∑︂
i=1

⎛⎝ t∏︂
j=i+1

(︂
1− αh,j

c λmin(Λj
h)
)︂Jj +

t∏︂
j=i

(︂
1− αh,j

c λmin(Λj
h)
)︂Jj

⎞⎠
(C.221)

(vii)
≤ 2H

√︂
dc |Dt|

t∑︂
i=1

⎛⎝ t∏︂
j=i+1

(1− 1/(2κj))Jj +
t∏︂

j=i

(1− 1/(2κj))Jj

⎞⎠ , (C.222)

(i) uses the definition of the matrix norm (i.e., ∥A∥2 := maxx
∥A x∥2

∥x∥ =⇒ ∥Ax∥2 ≤
∥A∥2 ∥x∥2). (ii) uses Lemma 18 and sets λ = 1. (iii) and (v) come from the submultiplicativity
of matrix norm. (iv) and (vi) use the fact that ∥A∥2 ≤ λmax(A), and (iv) also uses the
triangular inequality. (vii) uses the fact that we set αh,j

c = 1/
(︂
2λmax(Λj

h)
)︂

and denotes that
κj = maxh∈[H] λmax(Λj

h)/λmin(Λj
h).
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Using Lemma 28. we can set Jj ≥ 2κj log (1/σ) where σ = 1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
. We can

further get that

∥µt,Jt

h ∥2 ≤ 2H
√︂
dc |Dt|

t∑︂
i=1

(︂
σt−i + σt−i+1

)︂
(C.223)

≤ 4H
√︂
dc |Dt|

∞∑︂
i=0

σi (C.224)

= 4H
√︂
dc |Dt|

(︃ 1
1− σ

)︃
(C.225)

= 16
3 H

√︂
dc |Dt| . (C.226)

Next, we continue to bound Term (II). Since ξt,Jt

h ∼ N(0,Σt,Jt

h ), using Lemma 23, we have
that

Pr
(︄⃦⃦⃦
ξt,Jt

h

⃦⃦⃦
2
≤
√︃

1
δ

Tr
(︂
Σt,Jt

h

)︂)︄
≥ 1− δ . (C.227)

Recall from Lemma 15 that

Σt,Jt

h =
t∑︂

i=1

1
ζ
AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

i

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1A

Ji+1
i+1 . . . AJt

t . (C.228)

Therefore, we can use Lemma 25 and derive that

Tr
(︂
Σt,Jt

h

)︂
=

t∑︂
i=1

1
ζ

Tr
(︃
AJt

t . . . A
Ji+1
i+1

(︂
I −A2Ji

i

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1A

Ji+1
i+1 . . . AJt

t

)︃
(C.229)

≤
t∑︂

i=1

1
ζ

Tr
(︂
AJt

t

)︂
. . .Tr

(︂
A

Ji+1
i+1

)︂
Tr
(︂
I −A2Ji

i

)︂
Tr
(︃(︂

Λi
h

)︂−1
)︃

Tr
(︂
(I +Ai)−1

)︂
Tr
(︂
A

Ji+1
i+1

)︂
. . .Tr

(︂
AJt

t

)︂
.

(C.230)

To bound each term, we first have,

Tr
(︂
AJi

i

)︂
≤ Tr

(︃(︂
1− αi

c λmin(Λi
h)
)︂Ji

I

)︃
(C.231)

≤ dc

(︂
1− αi

c λmin(Λi
h)
)︂Ji (C.232)

≤ dc σ ≤ 1 , (C.233)

where the first inequality follows from the fact that AJi
i ≺

(︁
1− αt

cλmin(Λt
h)
)︁Jj I. Similarly,

since we set 0 < αh,j
c < 1/ (2λmax(Λj)), we have AJi

i ≻ 1
2Ji
I and therefore,

Tr
(︂
I −A2Ji

i

)︂
≤
(︃

1− 1
22Ji

)︃
dc < dc . (C.234)
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Similarly, since we set 0 < αh,j
c < 1/ (2λmax(Λj)) and thus I +Ai ≻ 3

2I, we have that

Tr
(︂
(I +Ai)−1

)︂
≤ 2

3 dc . (C.235)

Additionally, since all eigenvalues of Λi
h are greater than or equal to 1,

Tr
(︂
(Λi

h)−1
)︂
≤ dc · 1 = dc . (C.236)

Finally, we have that

Tr
(︂
Σt,Jt

h

)︂
≤

t∑︂
i=1

1
ζ
· 2

3 · d
3
c = 2 d3

c

3 ζ t . (C.237)

Therefore, using Lemma 23, we have that

Pr

⎛⎝⃦⃦⃦ξt,Jt

h

⃦⃦⃦
2
≤
√︄

1
δ
· 2 d3

c

3 ζ T

⎞⎠ ≥ Pr
(︄⃦⃦⃦
ξt,Jt

h

⃦⃦⃦
2
≤
√︃

1
δ

Tr
(︂
Σt,Jt

h

)︂)︄
≥ 1− δ . (C.238)

Putting everything together, with probability at least 1− δ, we can obtain that

⃦⃦⃦
wt,m,Jt

h

⃦⃦⃦
2
≤W δ := 16

3 H
√︂
dc |Dt|+

√︄
2 d3

c t

3 ζ δ . (C.239)

This concludes the proof.

Proof of Lemma 20

Proof. To start, we decompose the LHS using the triangle inequality,⃓⃓⃓⟨︂
ϕ(s, a), wt,m,Jt

h − ˆ︁wt
h

⟩︂⃓⃓⃓
≤
⃓⃓⃓⟨︂
ϕ(s, a), wt,m,Jt

h − µt,Jt

h

⟩︂⃓⃓⃓
⏞ ⏟⏟ ⏞

(I)

+
⃓⃓⃓⟨︂
ϕ(s, a), µt,Jt

h − ˆ︁wt
h

⟩︂⃓⃓⃓
⏞ ⏟⏟ ⏞

(II)

, (C.240)

where µt,Jt

h is defined in Equation (C.92). To bound Term (I), we first apply Hölder’s
inequality and obtain that⃓⃓⃓⟨︂

ϕ(s, a), wt,m,Jt

h − µt,Jt

h

⟩︂⃓⃓⃓
≤
⃦⃦⃦⃦
ϕ(s, a)⊤

(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2

⃦⃦⃦⃦(︂
Σt,Jt

h

)︂−1/2 (︂
wt,m,Jt

h − µt,Jt

h

)︂⃦⃦⃦⃦
2
.

(C.241)

Since wt,m,Jt

h ∼ N(µt,Jt

h ,Σt,Jt

h ), we know that
(︂
Σt,Jt

h

)︂−1/2 (︂
wt,m,Jt

h − µt,Jt

h

)︂
∼ N(0, Idc×dc).

Therefore,

Pr
(︃⃦⃦⃦⃦(︂

Σt,Jt

h

)︂−1/2 (︂
wt,m,Jt

h − µt,Jt

h

)︂⃦⃦⃦⃦
2
≥ 2

√︂
dc log (1/δ)

)︃
≤ δ2 . (C.242)
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Then, we continue to bound
⃦⃦⃦⃦
ϕ(s, a)⊤

(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2
.

ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.243)

= 1
ζ

t∑︂
i=1

ϕ(s, a)⊤AJt
t . . . A

Ji+1
i+1

(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1 A

Ji+1
i+1 . . . AJt

t ϕ(s, a)

(C.244)

(i)= 1
ζ

t∑︂
i=1

ϕ(s, a)⊤ Ai+1
(︂
I −A2Ji

)︂ (︂
Λi

h

)︂−1
(I +Ai)−1 A ⊤

i+1 ϕ(s, a) (C.245)

(ii)
≤ 2

3ζ

t∑︂
i=1

ϕ(s, a)⊤Ai+1

(︃(︂
Λi

h

)︂−1
−AJi

i

(︂
Λi

h

)︂−1
AJi

i

)︃
A ⊤

i+1 ϕ(s, a) (C.246)

= 2
3 ζ

(︄
t∑︂

i=1
ϕ(s, a)⊤Ai+1

(︂
Λi

h

)︂−1
A ⊤

i+1 ϕ(s, a)−
t∑︂

i=1
ϕ(s, a)⊤Ai

(︂
Λi

h

)︂−1
A ⊤

i ϕ(s, a)
)︄

(C.247)
(iii)
≤ 2

3 ζ

t∑︂
i=1

ϕ(s, a)⊤Ai+1
(︂
Λi

h

)︂−1
A ⊤

i+1 ϕ(s, a) (C.248)

= 2
3 ζ

(︄
∥ϕ(s, a)∥2(Λi

h)−1 +
t−1∑︂
i=1

⃦⃦⃦
A ⊤

i+1 ϕ(s, a)
⃦⃦⃦2

(Λi
h)−1

)︄
(C.249)

≤ 2
3 ζ ∥ϕ(s, a)∥2(Λt

h)−1 + 2
3 ζ

t−1∑︂
i=1

t∏︂
j=i+1

(︂
1− αc λmin(Λj

h)
)︂2 Jj ∥ϕ(s, a)∥2(Λi

h)−1 . (C.250)

For (i), we use the denotation that Ai+1 = AJt
t . . . A

Ji+1
i+1 . (ii) follows from I+Ai ≻ 3

2I since we
set αh,j

c = 1/
(︂
2λmax(Λj

h)
)︂
. (iii) follows from the fact that∑︁t

i=1 ϕ(s, a)⊤Ai
(︁
Λi

h

)︁−1
A ⊤

i ϕ(s, a) >
0. Therefore,⃦⃦⃦⃦

ϕ(s, a)⊤
(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2
=
√︂
ϕ(s, a)⊤ Σt,Jt

h ϕ(s, a) (C.251)

(iv)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2
3 ζ

t−1∑︂
i=1

t∏︂
j=i+1

(︂
1− αc λmin(Λj

h)
)︂Jj ∥ϕ(s, a)∥(Λi

h)−1

(C.252)
(v)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2
3 ζ

t−1∑︂
i=1

σt−i ∥ϕ(s, a)∥(Λi
h)−1 (C.253)

(vi)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2 (|Dt|+ 1)
3 ζ

(︄
t−1∑︂
i=1

σt−i

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.254)

(vii)
≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 +
√︄

2 (|Dt|+ 1)
3 ζ

(︃
σ

1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.255)

≤
√︄

2
3 ζ ∥ϕ(s, a)∥(Λt

h)−1 + 1
4

√︄
2

3 ζ

(︃ 1
1− σ

)︃
∥ϕ(s, a)∥(Λt

h)−1 (C.256)
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≤
(︄√︄

2
3 ζ + 1

3

√︄
2

3 ζ

)︄
∥ϕ(s, a)∥(Λt

h)−1 (C.257)

≤ 4
3

√︄
2

3 ζ ∥ϕ(s, a)∥(Λt
h)−1 . (C.258)

(iv) follows from the fact that
√
a+ b ≤ a+ b for all a, b > 0. (v) uses Lemma 28 by setting

Jj ≥ κj log (1/σ) where σ = 1/
(︁
4H

(︁⃓⃓
Dt
⃓⃓
+ 1

)︁ √
dc
)︁
. (vi) follows from ∥ϕ(s, a)∥(Λi

h)−1 ≤

∥ϕ(s, a)∥2 ≤
√︁
|Dt|+ 1 ∥ϕ(s, a)∥(Λt

h)−1 . (vii) follows from ∑︁t
i=1 σ

t−i ≤
∑︁∞

i=1 σ
i ≤ σ/(1− σ).

Therefore, we have

Pr
(︄⃓⃓⃓⟨︂

ϕ(s, a), wt,m,Jt

h − µt,Jt

h

⟩︂⃓⃓⃓
≥ 8

3

√︄
2 dc log(1/δ)

3 ζ ∥ϕ(s, a)∥(Λt
h)−1

)︄
(C.259)

≤ Pr
(︃⃦⃦⃦⃦
ϕ(s, a)⊤

(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2

⃦⃦⃦⃦(︂
Σt,Jt

h

)︂−1/2 (︂
wt,m,Jt

h − µt,Jt

h

)︂⃦⃦⃦⃦
2
≥ 2

√︂
dc log (1/δ)

⃦⃦⃦⃦
ϕ(s, a)⊤

(︂
Σt,Jt

h

)︂1/2
⃦⃦⃦⃦

2

)︃
(C.260)

= Pr
(︃⃦⃦⃦⃦(︂

Σt,Jt

h

)︂−1/2 (︂
wt,m,Jt

h − µt,Jt

h

)︂⃦⃦⃦⃦
2
≥ 2

√︂
dc log (1/δ)

)︃
= δ2 ≤ δ . (C.261)

This implies that

Pr
(︄⃓⃓⃓⟨︂

ϕ(s, a), wt,m,Jt

h − µt,Jt

h

⟩︂⃓⃓⃓
≤ 8

3

√︄
2 dc log(1/δ)

3 ζ ∥ϕ(s, a)∥(Λt
h)−1

)︄
≥ 1− δ . (C.262)

Putting everything together, with probability at least 1− δ,⃓⃓⃓⟨︂
ϕ(s, a), wt,m,Jt

h − ˆ︁wt
h

⟩︂⃓⃓⃓
≤
⃓⃓⃓⟨︂
ϕ(s, a), wt,m,Jt

h − µt,Jt

h

⟩︂⃓⃓⃓
+
⃓⃓⃓⟨︂
ϕ(s, a), µt,Jt

h − ˆ︁wt
h

⟩︂⃓⃓⃓
(C.263)

≤
(︄

8
3

√︄
2 dc log(1/δ)

3 ζ + 4
3

)︄
∥ϕ(s, a)∥(Λt

h)−1 . (C.264)

Proof of Lemma 21

Proof. Recall that Ph V (s, a) := Es′∼Ph(·|s,a)V (s′) and Ph(· | s, a) = ⟨ϕ(s, a), ψh(·)⟩ due to
the linear MDP assumption (Definition 1). We also denote that ˆ︁Ψt

h :=
⟨︂
ψh, ˆ︁V t

h+1

⟩︂
S

and thus

Ph
ˆ︁V t

h+1(s, a) =
⟨︂
ϕ(s, a), ˆ︁Ψt

h

⟩︂
. Then, we have that

Ph
ˆ︁V t

h+1(s, a) =
⟨︂
ϕ(s, a), ˆ︁Ψt

h

⟩︂
(C.265)

= ϕ(s, a)⊤
(︂
Λt

h

)︂−1
Λt

h
ˆ︁Ψt

h (C.266)

= ϕ(s, a)⊤
(︂
Λt

h

)︂−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)ϕ(s, a)⊤ + λI

⎞⎟⎠ ˆ︁Ψt
h (C.267)
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= ϕ(s, a)⊤
(︂
Λt

h

)︂−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)(Ph
ˆ︁V t

h+1)(s, a) + λ ˆ︁Ψt
h

⎞⎟⎠ . (C.268)

This further implies that⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a) (C.269)

= ϕ(s, a)⊤
(︂
Λt

h

)︂−1 ∑︂
(s,a,s′)∈Dt

h

[︂
rh(s, a) + ˆ︁V t

h+1(s′)
]︂
· ϕ(s, a)− rh(s, a) (C.270)

− ϕ(s, a)⊤
(︂
Λt

h

)︂−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)(Ph
ˆ︁V t

h+1)(s, a) + λ ˆ︁Ψt
h

⎞⎟⎠ (C.271)

= ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⎞⎟⎠

⏞ ⏟⏟ ⏞
(I)

(C.272)

+ ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)

⎞⎟⎠− rh(s, a)

⏞ ⏟⏟ ⏞
(II)

−λϕ(s, a)⊤(Λt
h)−1 ˆ︁Ψt

h⏞ ⏟⏟ ⏞
(III)

.

(C.273)

We first start by bounding Term (I). With probability at least 1− δ, it holds that

ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⎞⎟⎠ (C.274)

(i)
≤

⃦⃦⃦⃦
⃦⃦⃦ ∑︂

(s,a,s′)∈Dt
h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

∥ϕ(s, a)∥(Λt
h

)−1 (C.275)

(ii)
≤ Cδ H

√︁
dc ∥ϕ(s, a)∥(Λt

h
)−1 , (C.276)

where (i) follows from the Cauchy-Schwarz inequality, and (ii) follows from the good event
defined in Lemma 13.
Next, we continue to bound Term (II). We observe that

ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)

⎞⎟⎠− rh(s, a) (C.277)

(iii)= ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)

⎞⎟⎠− ϕ(s, a)⊤θh (C.278)

171



= ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)− Λt
hθh

⎞⎟⎠ (C.279)

= ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)−
∑︂

(s,a,s′)∈Dt
h

ϕ(s, a)ϕ(s, a)⊤ θh − λ θh

⎞⎟⎠
(C.280)

(iv)= ϕ(s, a)⊤(Λt
h)−1

⎛⎜⎝ ∑︂
(s,a,s′)∈Dt

h

rh(s, a)ϕ(s, a)−
∑︂

(s,a,s′)∈Dt
h

ϕ(s, a) rh(s, a)− λ θh

⎞⎟⎠
(C.281)

= −λϕ(s, a)⊤ (Λt
h)−1 θh (C.282)

(v)
≤ λ ∥ϕ(s, a)∥(Λt

h
)−1 ∥θh∥(Λt

h
)−1 (C.283)

(vi)
≤
√︁
λ dc ∥ϕ(s, a)∥(Λt

h
)−1 . (C.284)

(iii) and (iv) follow from the definition rh(s, a) = ⟨ϕ(s, a), θh⟩. (v) applies the Cauchy-
Schwarz inequality. (vi) follows from ∥ϕ(s, a)∥(Λt

h
)−1 ≤

√︁
1/λ ∥ϕ(s, a)∥2 and ∥θh∥2 ≤

√
dc

(Definition 1).
Lastly, we derive the bound for Term (III).

λϕ(s, a)⊤ (Λt
h)−1 ˆ︁Ψt

h

(vii)
≤ λ ∥ϕ(s, a)∥(Λt

h
)−1

⃦⃦⃦ ˆ︁Ψt
h

⃦⃦⃦
(Λt

h
)−1

(C.285)

(viii)
≤
√
λ ∥ϕ(s, a)∥(Λt

h
)−1

⃦⃦⃦ ˆ︁Ψt
h

⃦⃦⃦
2

(C.286)

≤
√
λ ∥ϕ(s, a)∥(Λt

h
)−1

⃦⃦⃦⟨︂
ψh, ˆ︁V t

h+1

⟩︂
S

⃦⃦⃦
2

(C.287)

= H
√
λ ∥ϕ(s, a)∥(Λt

h
)−1

⃦⃦⃦⃦∫︂
s∈S

ψh(s)
(︂ˆ︁V t

h+1(s)/H
)︂

d s
⃦⃦⃦⃦

2
(C.288)

(xiv)
≤ H

√︁
λ dc ∥ϕ(s, a)∥(Λt

h
)−1 . (C.289)

(vii) applies the Cauchy-Schwarz inequality. (viii) follows from
⃦⃦⃦ ˆ︁Ψt

h

⃦⃦⃦
(Λt

h
)−1
≤
√
λ
⃦⃦⃦ ˆ︁Ψt

h

⃦⃦⃦
2
.

(xiv) comes from the assumption that
⃦⃦⃦∫︁

s∈S ψh(s)
(︂ˆ︁V t

h+1(s)/H
)︂

d s
⃦⃦⃦

2
≤
√
dc (Definition 1).

Putting everything together and setting λ = 1, we have with probability at least 1− δ,⃓⃓⃓⟨︂
ϕ(s, a), ˆ︁wt

h

⟩︂
− rh(s, a)− Ph

ˆ︁V t
h+1(s, a)

⃓⃓⃓
(C.290)

≤
(︂
Cδ H

√︁
dc +

√︁
λ dc +H

√︁
λ dc

)︂
∥ϕ(s, a)∥(Λt

h
)−1 (C.291)

= 3Cδ H
√︁
dc ∥ϕ(s, a)∥(Λt

h
)−1 . (C.292)

This concludes the proof.
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C.4.3 Technical Tools

Lemma 22 (Jin et al. 2020, Lemma D.1). Let Λ = λI +∑︁t
i=1 ϕiϕ

⊤
i , where ϕi ∈ Rd and

λ > 0. Then,

t∑︂
i=1

ϕ⊤
i (Λ)−1ϕi ≤ d . (C.293)

Lemma 23 (Ishfaq et al. 2024a, Lemma E.1). Given a multivariate normal distribution
X ∼ N(0,Σd×d), for any δ ∈ (0, 1], it hold that

Pr
(︄
∥X∥2 ≤

√︃
1
δ

Tr(Σ)
)︄
≥ 1− δ . (C.294)

Lemma 24 (Abramowitz and Stegun 1948). Suppose X is a Gaussian random variable
X ∼ N(µ, σ2), where σ > 0. For z ∈ [0, 1], it holds that

Pr(X > µ+ z σ) ≥ e−z2/2
√

8π
and Pr(X < µ− z σ) ≥ e−z2/2

√
8π

. (C.295)

Additionally, for any z ≥ 1,

e−z2/2

2 z
√
π
≤ Pr(|X − µ| > z σ) ≤ e−z2/2

z
√
π
. (C.296)

Lemma 25. If A and B are positive semi-definite square matrices of the same size, then

[Tr(AB)]2 ≤ Tr(A2) Tr(B2) ≤ [Tr(A)]2[Tr(B)]2 . (C.297)

Lemma 26. Given two symmetric positive semi-definite square matrices A and B such that
A ⪰ B, it holds that ∥A∥2 ≥ ∥B∥2.

Proof. Note that A−B is also positive semi-definite. Then, we have that

∥B∥2 = sup
∥x∥=1

x⊤Bx ≤ sup
∥x∥=1

(︂
x⊤Bx+ x⊤(A−B)x

)︂
= sup

∥x∥=1
x⊤Ax = ∥A∥2 . (C.298)

Lemma 27. Let A ∈ Rd×d be a positive definite matrix where its largest eigenvalue
λmax(A) ≤ λ. Given that v1, . . . , vn are n vectors in Rd, it holds that⃦⃦⃦⃦

⃦A
n∑︂

i=1
vi

⃦⃦⃦⃦
⃦ ≤

⌜⃓⃓⎷λn n∑︂
i=1
∥vi∥2A . (C.299)

Lemma 28. Let Λ be a positive definite matrix and κ = λmax(Λ)
λmin(Λ) be the condition number of

Λ. If Λ ≻ I and J ≥ 2κ log(1/σ), then, for any σ > 0,

(1− 1/ (2κ))J < σ . (C.300)
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Proof. The statement is equivalent to proving that

J ≥ log (1/σ)
log

(︂
1

1−1/(2 κ)

)︂ . (C.301)

Since κ ≥ 1 and for any x ∈ (0, 1), e−x > 1− x, we have that

e−1/(2 κ) > 1− 1/ (2κ) =⇒ log
(︃ 1

1− 1/ (2κ)

)︃
≥ 1

2κ . (C.302)

Therefore, we have that

J ≥ 2κ log (1/σ) ≥ log(1/σ)
log

(︂
1

1−1/(2 κ)

)︂ . (C.303)

This concludes the proof.

C.5 Sample Complexity in the On-Policy Setting

C.5.1 Proof of Good Event

Lemma 29. Consider Algorithm 2 in the on-policy setting with λ = 1. Then, for any
δ ∈ (0, 1), with probability at least 1− δ, it holds that⃦⃦⃦⃦

⃦⃦⃦ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

≤ Con
δ H

√︁
dc , (C.304)

where Con
δ = log(N/δ).

Proof of Lemma 29. Recall that Ph
ˆ︁V t

h+1(s, a) = Es′∼Ph

[︂ ˆ︁V t
h+1(s′)

]︂
. Thus, E[ ˆ︁V t

h+1(s′)−Ph
ˆ︁V t

h+1(s, a)] =
0. Also,

⃓⃓⃓ ˆ︁V t
h+1(s′)− Ph

ˆ︁V t
h+1(s, a)

⃓⃓⃓
≤ H. Therefore, ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a) is zero-mean and
H-sub Gaussian. Given that, we can invoke Lemma 31.⃦⃦⃦⃦

⃦⃦⃦ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

(C.305)

≤
√

2H

⌜⃓⃓⎷log
[︄

det(Λt
h)1/2 det(Λ0

h)−1/2

δ

]︄
(C.306)

=
√

2H

⌜⃓⃓⎷log
[︄(︃

N + λ

λ

)︃d/2]︄
− log(δ) (C.307)

=
√

2H
√︄
dc

2 log(N/δ) (C.308)

= H
√︂
dc log(N/δ) , (C.309)
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where the first equality follows from Lemma 32, and the second equality holds by setting
λ = 1. This concludes the proof.

C.5.2 Proof of Theorem 7

Using Lemma 29, we can instantiate Lemma 14 in the on-policy setting with

Γon
LMC = Con

δ H
√︁
dc + 4

3

√︄
2 dc log (1/δ)

3 ζ + 4
3 (C.310)

= H
√︂
dc log(N/δ) + 4

3

√︄
2 dc log (1/δ)

3 ζ + 4
3 . (C.311)

Proof of Theorem 7. The optimal gap for the mixture policy can be written as

E
[︂
V ⋆

1 (s1)− V πT

1 (s1)
]︂

= 1
T

T∑︂
t=1

(︂
V ⋆

1 (s1)− V πt

1 (s1)
)︂
. (C.312)

Then, to decompose the above summation, we have that

T∑︂
t=1

(︂
V ⋆

1 (s1)− V πt

1 (s1)
)︂

=
T∑︂

t=1

(︂
V ⋆

1 (s1)− ˆ︁V t
1 (s1)

)︂
+

T∑︂
t=1

(︂ˆ︁V t
1 (s1)− V πt

1 (s1)
)︂
. (C.313)

We can further decompose the first term by invoking Lemma 30 with π = π⋆ and obtain that

V ⋆
1 (s1)− ˆ︁V t

1 (s1) =
H∑︂

h=1
Eπ⋆

[︂⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂]︂

+
H∑︂

h=1
Eπ⋆

[︂
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)− ˆ︁Qt

h(s, a)
]︂
.

(C.314)

Similarly, we can decompose the second term by invoking Lemma 30 with π = πt and get
that

ˆ︁V t
1 (s1)− V πt

1 (s1) =
H∑︂

h=1
Eπt

[︂⟨︂
πt

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂]︂
−

H∑︂
h=1

Eπt

[︂
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)− ˆ︁Qt

h(s, a)
]︂

(C.315)

= −
H∑︂

h=1
Eπt

[︂
rh(s, a) + Ph

ˆ︁V t
h+1(s, a)− ˆ︁Qt

h(s, a)
]︂
. (C.316)

Therefore, using the definition of the model prediction error ι in Definition 2, we have

T∑︂
t=1

(︂
V ⋆

1 (s1)− V πt

1 (s1)
)︂

(C.317)

=
T∑︂

t=1

H∑︂
h=1

Eπ⋆

[︂⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂]︂

⏞ ⏟⏟ ⏞
(I) policy optimization (actor) error

+
T∑︂

t=1

H∑︂
h=1

(︂
Eπ⋆ [ιth(s, a)]− Eπt [ιth(s, a)]

)︂
⏞ ⏟⏟ ⏞

(II) policy evaluation (critic) error

.

(C.318)
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Policy optimization error. We first start by bounding Term (I), the policy optimization
(actor) error.

Term (I) =
T∑︂

t=1

H∑︂
h=1

Es∼π⋆

[︂⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂]︂

(C.319)

=
H∑︂

h=1
Es∼π⋆

(︄
T∑︂

t=1

⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂)︄

(C.320)

≤ H max
(h,s)∈[H]×S

(︄
T∑︂

t=1

⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂)︄

(C.321)

(i)
≤ H

(︄
log |A|+∑︁T

t=1
⃦⃦
ϵth(·)

⃦⃦
∞

η
+ η H2 T

2

)︄
(C.322)

(ii)
≤ H2

√︂
(log |A|+ ϵ T ) /2

√
T (C.323)

(iii)
≤ O

(︃
H2

√︂
log |A|

√
T +H2√ϵ T

)︃
. (C.324)

(i) follows from Theorem 6 with u = π∗
h(· | s). (ii) is obtained by setting η =

√
2 (log |A|+ϵ T )

H
√

T
.

(iii) is based on that for all a, b ≥ 0,
√
a+ b ≤

√
a+
√
b.

Policy evaluation error. Then, we continue to bound Term (II), the policy evaluation
(critic) error.

Term (II) =
T∑︂

t=1

H∑︂
h=1

(︂
Eπ⋆ [ιth(s, a)]− Eπt [ιth(s, a)]

)︂
(C.325)

(iv)
≤ −

T∑︂
t=1

H∑︂
h=1

Eπt [ιth(s, a)] (C.326)

(v)
≤ Γon

LMC

T∑︂
t=1

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
(C.327)

≤ Γon
LMC T max

t∈[T ]

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
. (C.328)

(iv) and (v) both follow from Lemma 14, where (iv) is based on the optimism guarantee
(RHS of Equation (C.89)), while (v) is based on the error bound (LHS of Equation (C.89)).

Bounding the sum of bonuses. Since Γon
LMC is bounded, it suffices to bound Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
.

Note that Λt
h = ∑︁

(s,a,s′)∈Dt
h
ϕ(s, a)ϕ(s, a)⊤ + λ I, and Dt

h only depends on πt in the
on-policy setting. (This is not true for the off-policy setting since Λt

h would depend on
{π1, . . . , πt}.) We then index each data point in Dt

h as
{︂

(si
h, a

i
h, s

i
h+1)

}︂
i∈[N ]

. Let Λt,i
h =
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(︂∑︁i
j=1 ϕ(sj

h, a
j
h)ϕ(sj

h, a
j
h)⊤ + λ I

)︂
. Then, we have that

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
(C.329)

(vi)
≤ 1

N

N∑︂
i=1

H∑︂
h=1

Eπt

[︃
∥ϕ(s, a)∥(Λt,i

h )−1

]︃
(C.330)

= 1
N

N∑︂
i=1

H∑︂
h=1

⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦
(Λt,i

h )−1 + 1
N

N∑︂
i=1

H∑︂
h=1

Esh∼P(·|st
h−1at

h−1)
ah∼πt

h(·|sh)

[︃
∥ϕ(s, a)∥(Λt,i

h )−1

]︃
−
⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦
(Λt,i

h )−1

⏞ ⏟⏟ ⏞
:=Mon

i,h

,

(C.331)

where (vi) follows from the fact that Λt,i
h ⪯ Λt

h.

Applying the elliptical potential lemma. For the first term of Equation (C.331), we
have that

1
N

N∑︂
i=1

H∑︂
h=1

⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦
(Λt,i

h )−1 (C.332)

= 1
N

H∑︂
h=1

N∑︂
i=1

⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦
(Λt,i

h )−1 (C.333)

(vii)
≤ 1

N

H∑︂
h=1

√
N

(︄
N∑︂

i=1

⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦2

(Λt,i
h )−1

)︄1/2

(C.334)

(viii)
≤ O

⎛⎝√︄dcH2 log(N/δ)
N

⎞⎠ . (C.335)

(vii) applies the Cauchy-Schwarz inequality, and (viii) follows the elliptical argument
from Lemma 33.

A martingale difference sequence. For the second term of Equation (C.331), since for
a fixed i ∈ [N ],

{︂
Mon

i,h

}︂
h∈[H]

forms a martingale sequence adapted to the filtration,

Fon
i,h =

{︂
(si

τ , a
i
τ )
}︂

τ∈[h−1]
, (C.336)

such that E
[︂
Mon

i,h | Fon
i,h

]︂
= 0, where the expectation is with respect to the randomness in the

policy and the environment at step h. Since |Mon
i,h| ≤ 1, we can apply the Azuma–Hoeffding

inequality and obtain that

Pr
(︄

N∑︂
i=1

H∑︂
h=1
Mon

i,h ≥ m
)︄
≥ exp

(︄
−m2

2H N

)︄
. (C.337)
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Setting m =
√︁

2H N log(1/δ) and using a union bound over i ∈ [N ], with probability at
least 1− δ, it holds that

1
N

N∑︂
i=1

H∑︂
h=1
Mon

i,h ≤

√︄
2H log(1/δ)

N
≤ O

⎛⎝√︄H log(1/δ)
N

⎞⎠ . (C.338)

Putting everything together. Therefore, we have that

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
= 1
N

N∑︂
i=1

H∑︂
h=1

⃦⃦⃦
ϕ(si

h, a
i
h)
⃦⃦⃦
(Λt,i

h )−1 + 1
N

N∑︂
i=1

H∑︂
h=1
Mon

i,h ≤ O

⎛⎝√︄dcH2 log(N/δ)
N

⎞⎠ .

(C.339)

It further implies that, with probability at least 1− δ,

Term (II) ≤ Γon
LMC T max

t∈[T ]

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
(C.340)

(ix)
≤ O

⎛⎝√︄d3
c H

4 log2(N/δ)
N

T

⎞⎠ (C.341)

≤ ˜︁O(︃H2
√︂
d3

c log |A|
√
T

)︃
, (C.342)

where (ix) comes from setting N = T
log|A| = H4

ϵ2 .
Finally, putting everything together, with probability at least 1− δ,

E
[︂
V ⋆

1 (s1)− V πT

1 (s1)
]︂

= 1
T

(Term (I) + Term (II)) = ˜︁O(︄H2√︁d3
c log |A|√
T

+H2√ϵ
)︄
.

(C.343)

This concludes the proof.

C.5.3 Technical Tools

Lemma 30 (Extended Value Difference). Given any π, π′ ∈ ∆(A | S, H) and any Q-functionˆ︁Q ∈ RH×|S|×|A|, we define ˆ︁Vh(·) = Ea∼π′
h

(s,·) ˆ︁Qh(·, a) for any h ∈ [H]. Then,

ˆ︁V1(s1)− V π
1 (s1) (C.344)

=
H∑︂

h=1
Es∼π

[︂⟨︂
π′

h(s, ·)− πh(s, ·), ˆ︁Qh(s, ·)
⟩︂]︂

(C.345)

+
H∑︂

h=1
E(s,a)∼π

⎡⎣ ˆ︁Qh(s, a)− rh(s, a)−
∑︂
s′∈S

Ph(s′ | s, a)ˆ︁Vh+1(s′)

⎤⎦ . (C.346)

Lemma 31 (Concentration of Self-Normalized Processes [Abbasi-Yadkori et al., 2011,
Theorem 1]). Let {xt}∞t=1 be a real-valued stochastic process with the correspond filtration
{Ft}∞t=0 such that xt is Ft−1-measurable, and xt is conditionally σ-sub-Gaussian for some
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σ > 0, i.e.,

∀λ ∈ R, E [exp(λxt) | Ft−1] = exp(λ2 σ2/2) . (C.347)

Let {ϕt}∞t=1 be an Rd-valued stochastic process such that ϕt is Ft−1-measurable. Assume Λ0
is a d× d positive definite matrix, and let Λt = Λ0 +∑︁t

i=1 ϕi ϕ
⊤
i . Then, for any δ > 0, with

probability at least 1− δ, for all t ≥ 0, it holds that⃦⃦⃦⃦
⃦

t∑︂
i=1

ϕixi

⃦⃦⃦⃦
⃦

2

Λ−1
t

≤ 2σ2 log
[︄

det(Λt)1/2 det(Λ0)−1/2

δ

]︄
. (C.348)

Lemma 32 (Determinant-Trace Inequality [Abbasi-Yadkori et al., 2011, Lemma 10]).
Suppose X1, X2, . . . , Xt ∈ Rd and for any s ∈ [t], ∥X∥2 ≤ L. Let Λt = λ I +∑︁t

s=1XsX
⊤
s

for some λ > 0. Then, for all t, it holds that

det(Λt) ≤ (λ+ t L2/d)d . (C.349)

Lemma 33 (Abbasi-Yadkori et al. 2011, Lemma 11). Suppose X1, X2, . . . , Xt ∈ Rd and for
any s ∈ [t], ∥X∥2 ≤ L. Let Λt = Λ0 +∑︁t

s=1XsX
⊤
s and λmin(Λ0) ≥ max

{︁
1, L2}︁. Then, for

all t, it hold that

log
(︃det(Λt)

det(Λ0)

)︃
≤

t∑︂
s=1
∥Xt∥2(Λt)−1 ≤ 2 log

(︃det(Λt)
det(Λ0)

)︃
. (C.350)

C.6 Sample Complexity in the Off-Policy Setting

C.6.1 Covering Number (Proof of Lemma 3)

We first present a bound for the norm of the logit.
Lemma 34. Consider Algorithm 2 with the NPG actor in Algorithm 3. Then, under Assump-
tions 4 and 5, for all (t, h, s, a) ∈ [T ]× [H]× S ×A, it holds that⃓⃓⃓⟨︂

φ(s, a), θt,Kt

h (s, a)
⟩︂⃓⃓⃓
≤ (ϵ+ η H) t , (C.351)

where ϵ is defined in Lemma 1.

Proof of Lemma 34. We will prove this by induction. When t = 0, since we set θ0
h = 0,

the statement is trivially true. For t ≥ 1, assume that the statement stands true for t− 1.
Since Algorithm 2 optimizes the actor loss up to some errors that are assumed to be bounded,
using the triangular inequality, we have that⃓⃓⃓⟨︂

φ(s, a), θt,Kt

h (s, a)
⟩︂⃓⃓⃓

(C.352)

=
⃓⃓⃓⟨︂
φ(s, a), θt,Kt

h − ˆ︁θt,⋆
h

⟩︂⃓⃓⃓
+
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h (s, a)
⟩︂⃓⃓⃓

(C.353)

≤ ϵopt +
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h (s, a)
⟩︂⃓⃓⃓

(C.354)

≤ ϵopt +
⃓⃓⃓⟨︂
φ(s, a), ˆ︁θt,⋆

h (s, a)− θt−1,Kt−1
h (s, a)

⟩︂
− η ˆ︁Qt

h(s, a)
⃓⃓⃓

(C.355)
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+
⃓⃓⃓⟨︂
φ(s, a), θt−1,Kt−1

h (s, a)
⟩︂

+ η ˆ︁Qt
h(s, a)

⃓⃓⃓
(C.356)

≤ ϵopt + ϵbias +
⃓⃓⃓⟨︂
φ(s, a), θt−1,Kt−1

h (s, a)
⟩︂

+ η ˆ︁Qt
h(s, a)

⃓⃓⃓
(C.357)

≤ ϵ+
⃓⃓⃓⟨︂
φ(s, a), θt−1,Kt−1

h (s, a)
⟩︂⃓⃓⃓

+
⃓⃓⃓
η ˆ︁Qt

h(s, a)
⃓⃓⃓

(C.358)

≤ (ϵ+ η H) t , (C.359)

where ˆ︁θt,⋆
h denotes the optimal actor parameters when optimizing over Dexp and ρexp,⟨︂

φ(s, a), θt−1,Kt−1
h (s, a)

⟩︂
+ η ˆ︁Qt

h(s, a) is the optimization target in the actor loss of the
projected NPG, and the last inequality uses the inductive hypothesis. This concludes the
proof.

Proof of Lemma 3. Consider any Q,Q′ ∈ Q such that Q(·, ·) = min{⟨ϕ(·, ·), w⟩ , H}+ and
Q′(·, ·) = min{⟨ϕ(·, ·), w′⟩ ,H}+. Therefore, we have that

sup
(s,a)∈S×A

⃓⃓
Q(s, a)−Q′(s, a)

⃓⃓
≤ sup

(s,a)∈S×A

⃓⃓⟨︁
ϕ(s, a), w − w′⟩︁⃓⃓ (C.360)

≤ sup
(s,a)∈S×A

∥ϕ(s, a)∥
⃦⃦
w − w′⃦⃦ (C.361)

≤ 2W , (C.362)

where the first inequality uses the Cauchy-Schwarz inequality, and the second inequality
uses Definition 1, the triangular inequality, and the definition of W .
Consider any π, π′ ∈ Πlin such that π(· | s) ∝ exp(⟨ϕ(s, ·), θ⟩) and π′(· | s) ∝ exp(⟨ϕ(s, ·), θ′⟩).
By invoking Lemma 39 and using Lemma 34, we can observe that for a fixed s ∈ S,

sup
a∈A

⃓⃓
π(s, a)− π′(s, a)

⃓⃓
≤
⃦⃦
π(s, ·)− π′(s, ·)

⃦⃦
1 ≤ 2

√︃
sup

a
|⟨φ(s, a), θ − θ′⟩| ≤ 2

√︁
2Z . (C.363)

Taking the sup over S, we get that

sup
(s,a)∈S×A

⃓⃓
π(s, a)− π′(s, a)

⃓⃓
≤ 2

√︁
2Z . (C.364)

Therefore, we can bound the logarithm of the covering number of the value function class as
follows.

logN∆(V) ≤ logN∆/2(Q) + logN∆/(2H)(Πlin) (C.365)

≤ dc log
(︄

1 + 4W
∆

)︄
+ da log

(︄
1 + 8H

√
2Z

∆

)︄
, (C.366)

where the first inequality follows from Lemma 36, and the second inequality uses Lemma 38.
This concludes the proof.
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C.6.2 Proof of Good Event

Lemma 35. Consider Algorithm 2 in the off-policy setting with λ = 1. Then, for any
δ ∈ (0, 1), with probability at least 1− δ, it holds that⃦⃦⃦⃦

⃦⃦⃦ ∑︂
(s,a)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

≤ Coff
δ H

√︁
dc , (C.367)

where

Coff
δ = 3

⌜⃓⃓⎷1
2 log(T + 1) + log

(︄
2
√

2T
H

)︄
+ log 2

δ
+ V , (C.368)

V = dc log
(︄

1 + 4W + 4H
√

2Z
∆

)︄
+ da log

(︄
1 + 4H

√
2Z

∆

)︄
, (C.369)

W = 16
3 H

√︁
dc T +

√︄
2 d3

c T

3 ζ δ , Z = (ϵ+ η H)T . (C.370)

Proof of Lemma 35. Since ˆ︁V (·) ∈ [0.H], we can invoke Lemma 37. Then, we have that for
any ∆ > 0, with probability at least 1− δ,⃦⃦⃦⃦

⃦⃦⃦ ∑︂
(s,a,s′)∈Dt

h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

(C.371)

≤
(︄

4H2
[︃
dc

2 log
(︃
T + λ

λ

)︃
+ dc log

(︃N∆(V)
∆

)︃
+ log 2

δ

]︃
+ 8T 2∆2

λ

)︄1/2

(C.372)

≤ 2H
[︃
dc

2 log
(︃
T + λ

λ

)︃
+ dc log

(︃N∆(V)
∆

)︃
+ log 2

δ

]︃1/2
+ 2
√

2T∆√
λ

. (C.373)

Setting λ = 1, ∆ = H
2

√
2 T

, we have that with probability at least 1− δ,⃦⃦⃦⃦
⃦⃦⃦ ∑︂

(s,a,s′)∈Dt
h

ϕ(s, a)
[︂ ˆ︁V t

h+1(s′)− Ph
ˆ︁V t

h+1(s, a)
]︂⃦⃦⃦⃦⃦⃦⃦

(Λt
h

)−1

(C.374)

≤ 2H
√︁
dc

⎡⎣1
2 log(T + 1) + log

⎛⎝N∆(V)
H

2
√

2T

⎞⎠+ log 2
δ

⎤⎦1/2

+H (C.375)

≤ 3H
√︁
dc

[︄
1
2 log(T + 1) + log

(︄
2
√

2T
H

)︄
+ log 2

δ
+ V

]︄1/2

, (C.376)

where the last inequality uses Lemma 3 to bound the logarithm of the covering number.
This concludes the proof.
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C.6.3 Proof of Theorem 8

We first instantiate Lemma 14 in the off-policy setting. Given the above good event, we have
that

Γoff
LMC ≤ O

(︃
Coff

δ H dc

√︂
log(1/δ)

)︃
= ˜︁O(︃H√︂

d3
c max{dc, da}

)︃
. (C.377)

Proof of Theorem 8. Following the proof of Theorem 7 (Section C.5.2), we can use the same
regret decomposition as follows.

T∑︂
t=1

(︂
V ⋆

1 (s1)− V πt

1 (s1)
)︂

(C.378)

=
T∑︂

t=1

H∑︂
h=1

Eπ⋆

[︂⟨︂
π⋆

h(· | s)− πt
h(· | s), ˆ︁Qt

h(s, ·)
⟩︂]︂

⏞ ⏟⏟ ⏞
(I) policy optimization (actor) error

+
T∑︂

t=1

H∑︂
h=1

(︂
Eπ⋆ [ιth(s, a)]− Eπt [ιth(s, a)]

)︂
⏞ ⏟⏟ ⏞

(II) policy evaluation (critic) error

.

(C.379)

Term (I) can be bounded the same way as the proof in Section C.5.2. Hence, it suffices to
only bound Term (II).

Term (II) =
T∑︂

t=1

H∑︂
h=1

Eπ⋆ [ιth(s, a)]− Eπt [ιth(s, a)] (C.380)

(i)
≤ −

T∑︂
t=1

H∑︂
h=1

Eπt [ιth(s, a)] (C.381)

(ii)
≤ Γoff

LMC

T∑︂
t=1

H∑︂
h=1

Eπt

[︃⃦⃦⃦
ϕ(st

h, a
t
h)
⃦⃦⃦

(Λt
h

)−1

]︃
. (C.382)

(i) and (ii) both follow from Lemma 14, where (i) is based on the optimism guarantee (RHS
of Equation (C.89)), while (ii) is based on the error bound (LHS of Equation (C.89)).

Bounding the sum of bonuses. Since Γoff
LMC is bounded, it suffices to bound Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
.

We then index each data point inDt
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{︂
(si
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}︂
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and get that Λt
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h, a

t
h)ϕ(st
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t
h)⊤+

λ I. Then, we have that

T∑︂
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H∑︂
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=
T∑︂

i=1

H∑︂
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⏞ ⏟⏟ ⏞
:=Moff
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(C.384)
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Applying the elliptical potential lemma. For the first term of Equation (C.384), we
have that

T∑︂
t=1

H∑︂
h=1

⃦⃦⃦
ϕ(st

h, a
t
h)
⃦⃦⃦
(Λt

h)−1 =
H∑︂

h=1

T∑︂
t=1

⃦⃦⃦
ϕ(st

h, a
t
h)
⃦⃦⃦
(Λt

h)−1 (C.385)

(iii)
≤

H∑︂
h=1

√
T

(︄
T∑︂

t=1

⃦⃦⃦
ϕ(st

h, a
t
h)
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(Λt
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)︄1/2

(C.386)

(iv)
≤ O

(︃√︂
dcH2 T log(T/δ)

)︃
. (C.387)

(iii) applies the Cauchy-Schwarz inequality, and (iv) follows the elliptical potential argument
from Lemma 33.

A martingale difference sequence. For the second term of Equation (C.384), since{︂
Moff

t,h

}︂
(t,h)∈[T ]×[H]

forms a martingale sequence adapted to the filtration,

Foff
t,h =

{︂
(si

τ , a
i
τ )
}︂

(i,τ)∈[t−1]×[H]
∪
{︂

(st
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t
τ )
}︂
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, (C.388)

such that E
[︂
Moff

t,h | Foff
t,h

]︂
= 0. Since |Moff

i,h| ≤ 1, we can apply the Azuma–Hoeffding
inequality and obtain that

Pr
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T∑︂
t=1

H∑︂
h=1
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t,h ≥ m
)︄
≥ exp

(︄
−m2

2H T

)︄
. (C.389)

Setting m =
√︁

2H T log(1/δ), with probability at least 1− δ, it holds that

T∑︂
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H∑︂
h=1
Moff

t,h ≤
√︂

2H T log(1/δ) ≤ O
(︃√︂

H T log(1/δ)
)︃
. (C.390)

Therefore, we have that

T∑︂
t=1

H∑︂
h=1
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dcH2 T log(T/δ)
)︃
.

(C.391)

It further implies that, with probability at least 1− δ,

Term (II) ≤ Γoff
LMC

T∑︂
t=1

H∑︂
h=1

Eπt

[︂
∥ϕ(s, a)∥(Λt

h
)−1

]︂
≤ ˜︁O(︃√︂d3

c max {dc, da} H4 T

)︃
. (C.392)

Putting everything together. Therefore, we have that with probability at least 1− δ,

E
[︂
V ⋆

1 (s1)− V πT

1 (s1)
]︂

= 1
T

(Term (I) + Term (II)) = ˜︁O(︄H2√︁d3
c max {dc, da} log |A|√

T
+H2√ϵ

)︄
.

(C.393)
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This concludes the proof.

C.6.4 Technical Tools

Lemma 36 (Zhong and Zhang, 2023, Lemma B.1). Consider the value function class
V = {⟨Q(·, ·), ˆ︁π(· | ·)⟩A | Q ∈ Q, ˆ︁π ∈ Π}. Then, it holds that

N∆(V) ≤ N∆/2(Q) · N∆/(2 H)(Π) . (C.394)

Lemma 37 (Value-Aware Uniform Concentration [Jin et al., 2020, Lemma D.4]). Let
{st}∞t=1 be a stochastic process on the state space S with the correspond filtration {Ft}∞t=0
such that st is Ft−1-measurable. Let {ϕt}∞t=1 be an Rd-valued stochastic process such that ϕt

is Ft−1-measurable, and ∥ϕt∥ ≤ 1. Let Λt = I +∑︁t
s=1 ϕs ϕ

⊤
s . Assume V is a value function

class such that sups∈S |V (s)| ≤ H. Then, for any δ > 0, with probability at least 1− δ, for
all t ≥ 0 and any V ∈ V, it holds that⃦⃦⃦⃦
⃦

t∑︂
i=1

ϕi {V (si)− E [V (si) | Fi−1]}
⃦⃦⃦⃦
⃦

2

Λ−1
t

≤ 4H2
[︃
d

2 log
(︃
t+ λ

λ

)︃
+ log

(︃N∆
δ

)︃]︃
+ 8 t2 ∆2

λ
,

(C.395)

where N∆ represents the ∆-covering number of V with the distance measured by dist(V, V ′) =
sups∈S |V (s)− V ′(s)|.
Lemma 38 (Covering Number of Euclidean Ball). For any ∆ > 0, the ∆-covering number,
N∆, of the Euclidean ball of radius B > 0 in Rd satisfies that

N∆ ≤
(︃

1 + 2B
∆

)︃d

. (C.396)

Lemma 39 (Zhong and Zhang 2023, Lemma B.3). For π, π′ ∈ ∆(A) and Z,Z ′ : A → R+,
if π(·) ∝ exp(Z(·)) and π′(·) ∝ exp(Z ′(·)), then it holds that

⃦⃦
π − π′⃦⃦

1 ≤ 2
√︂
∥Z − Z ′∥∞ . (C.397)

C.7 Experiments

In this section, we evaluate the performance of our proposed algorithm with other methods on
various benchmarks. In Section C.7.1, we test our proposed algorithm in two specific environ-
ments of linear MDPs. In Section C.7.2, we further conduct some ablation studies in the same
two environments. The Atari results are presented in Section 4.7.2; their implementation
details, environment setup, and hyperparameters are provided in Section C.7.3.

C.7.1 Experiments in Linear MDPs

First, we test our proposed algorithm in the randomly generated linear MDPs (Random
MDP) and the linear MDP version of the Deep Sea [Osband et al., 2019].
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Environment Setup

Our experimental setup is an extension of Ishfaq et al. [2024a]. In particular, we extend the
prior off-policy setting to test our proposed algorithm in the linear MDP version of the Deep
Sea [Osband et al., 2019] and the Random MDP. In both experiments, we use the linear
MDP features as the policy features (i.e., ϕ = φ), and we set d := dc = da to represent the
feature dimension for both the actor and the critic parameters.

Figure C.1: Example of the Deep Sea environment from Osband et al. [2019].

For the Random MDP environment, we consider 15 states and 5 actions. For each state
s ∈ S, we generate ψh(s) ∈ Rd uniformly at random in [0, 1] and construct tile coded features.
The agent always starts from state 0, receiving a small reward of 0.1 upon taking action
0, and obtains the maximum reward when reaching the final state and taking action 1.
All other state-action pairs yield zero reward. Given this reward function and a randomly
generated transition kernel, we solve for ψh and υh via minimizing least square errors
following Definition 1 and use the corresponding Ph and rh to set up the environment.
For the Deep Sea environment, we use a N ×N grid with N = 10 where the agent always
starts at (1, 1) and can move either bottom-right or bottom-left, receiving rewards of 0 and
−0.01/N respectively. Reaching the bottom-right corner yields a reward of 1. Furthermore,
we generate the actor and critic features by projecting each state-action pair uniformly
between [0, d− 1], which recovers one-hot encoded features when d = |S| × |A|. Given the
true transition probabilities and rewards, we solve for ψh and υh via minimizing least square
errors following Definition 1 and use the corresponding Ph and rh to ensure the linearity of
the MDP.

Coreset Construction

To implement our proposed algorithm, we need to conduct the experimental design to obtain
Dexp and ρexp. For this, we follow the offline G-Experimental design outlined in Algorithm 6
to construct a coreset. In particular, in each iteration, this greedy iterative algorithm
traverses the entire state-action space and adds a data point to the coreset that has the
highest marginal gain g(s, a) = ∥φ(s, a)∥G−1 . For a specific threshold ϵG, the algorithm
only terminates when gmax = maxs,a∈(S×A) g(s, a) ≤ ϵG, hence giving us direct control over
sup(s,a)∈S×A ∥φ(s, a)∥G−1 . In practice, we find that it often selects too many data points, so
we cap the coreset at 80% of the total data.
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Algorithm 6: Coreset Construction Using G-Experimental Design
1: Input: features φ : S ×A ↦→ Rda , threshold ϵG ∈ R
2: Initialize: G = Ida×da , Dexp = ∅, gmax =∞
3: while gmax > ϵG do
4: gmax = 0
5: for (s, a) ∈ S ×A do
6: g(s, a) = ∥φ(s, a)∥G−1

7: if gmax < g(s, a) then
8: (s⋆, a⋆) = (s, a)
9: gmax = g(s, a)

10: end if
11: Dexp = Dexp ∪ {(s⋆, a⋆)}
12: G = G+ φ(s⋆, a⋆)φ(s⋆, a⋆)⊤

13: end for
14: end while

Algorithms and Hyperparameters

We denote by LMC-NPG-EXP our proposed algorithm with an explicit log-linear policy param-
eterization that uses LMC for policy evaluation and projected NPG for policy optimization
over the obtained coreset. We denote by LMC-NPG-IMP an idealized variant of NPG that does
not have an explicit policy parameterization and maintains an implicit policy by storing all
parameterized Q functions (and hence requires significantly more memory). As a baseline,
we also consider the value-based algorithm LMC [Ishfaq et al., 2024a].
In Table C.2, we list the hyperparameters used across all experiments. For log-linear policies,
the actor loss in Equation (4.13) admits a closed-form solution, allowing us to avoid tuning of
the actor learning rate αa and the number of actor updates Kt, by minimizing the objective
exactly. In general, for non-linear models, inexact optimization (e.g., stochastic gradient
descent) is usually required to optimize the actor loss.

Hyperparameter LMC LMC-NPG-IMP LMC-NPG-EXP
Policy Optimization Learning Rate (η) ✗ [0.1, 1, 10, 100] [0.1, 1, 10, 100]
Inverse Temperature (ζ−1) [10−2, 10−3, 10−4, 10−5]
Number of Critic Updates (Jt) 100
Critic Learning Rate (αc) [10−2, 10−3, 10−4, 10−5]
Number of Episodes (T ) 600
Horizon Length (H) 100

Table C.2: Hyperparameter search space for our experiments in linear MDPs.

Experimental Results

Following the protocol of Ishfaq et al. [2024a], each algorithm is run with 20 random seeds.
We sweep the hyperparameters as shown in Table C.2 and report the best performance with
95% confidence intervals.
For the Random MDP, Figure 4.1 indicates that LMC-NPG-EXP closely matches LMC-NPG-IMP
while outperforming the value-based baseline, LMC. For the linear MDP version of Deep
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Figure C.2: Comparison of LMC-NPG-EXP (our proposed framework), LMC-NPG-IMP (memory-
intensive variant), and LMC (value-based baseline) in the Deep Sea environment.

Sea, Figure C.2 showcases that LMC-NPG-EXP can achieve comparable performance with
LMC-NPG-IMP and LMC.

C.7.2 Ablation Studies

Ablation on Exploration

To study the impact of the exploration mechanism, LMC, in our proposed algorithm, we
perform an ablation in the linear MDP variant of Deep Sea. For the baseline without
exploration, we consider the same algorithm design as LMC-NPG-EXP and simply do not inject
any noise into the LMC update. The results in Figure C.3 indicate that when the feature
dimensions of the critic and the actor are relatively small, the exploration mechanism is
crucial for our proposed algorithm to achieve decent performance.

Figure C.3: Ablation of the exploration mechanism for LMc-NPG-EXP.

Ablation on Feature Dimensions

We also study the effect of the feature dimensions. We use the same feature for the MDP
environment and the policy (i.e., ϕ = φ), and we denote that d := dc = da. The results
in Figure C.4 show that larger feature dimensions d for both the actor and the critic lead to
greater performance of the proposed algorithm.
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Figure C.4: Effect of feature dimension d in Deep Sea.

Sensitivity to Inverse Temperature (ζ−1)

We study the sensitivity of our algorithm to the inverse temperature hyperparameter, ζ−1, in
the Deep Sea environment. As shown Figure C.5, we observe relatively robust performance
for different choices of this hyperparameter across a range of different feature dimensions.

Figure C.5: LMC-NPG-EXP exhibits robustness to different choices of ζ−1.

Sensitivity to the Number of Critic Samples (M)

We further study the effect of the number of critic samples, M , in the Deep Sea environment.
We vary M across a range of different feature dimensions. Similarly, as shown in Figure C.6,
we find that the performance of our proposed algorithm remains relatively stable across the
tested range of different feature dimensions.

Figure C.6: LMC-NPG-EXP exhibits robustness to different choices of M .

C.7.3 Atari Experimental Details

This subsection provides the implementation and experimental details for the Atari results
in Section 4.7.2.
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Extension to Deep RL Applications

Compared to our theoretical results in the finite-horizon linear MDP setting, the Atari
benchmark requires handling discounted problems with complex nonlinear function ap-
proximation. Consequently, starting from our theoretically principled algorithm, we make
three mild changes and follow the same protocol as the practical version of LMC in Ishfaq
et al. [2024a]. Since we are not in the finite-horizon setting, we compute the value functions
and Q functions in a forward fashion (h = 1, . . .) rather than backwards (h = H, . . . , 1),
which changes how the critic loss is formed in Algorithm 4. Moreover, instead of using
stochastic gradient descent to optimize the LMC critic loss, we follow Ishfaq et al. [2024a]
and use the practical version of LMC that integrates Adam. Finally, rather than relying on
the experimental design, at iteration t, we roll out the current policy to store state–action
pairs in a buffer Dt and minimize the actor objective over (a subset of) it. Following such
changes, we can extend our proposed algorithm beyond the linear function approximation
and empirically test its performance against other commonly used algorithms.

Environment Setups and Hyperparameters

In the Atari experiments, we use the following setups. In the on-policy setting, we adopt the
recommended hyperparameters from Raffin [2020] for PPO and our algorithm. In the off-policy
setting, following prior work [Tomar et al., 2020], we use the default hyperparameters from
stable baselines [Raffin et al., 2021] for DQN and our algorithm. These setups are motivated
by two considerations. First, we aim to evaluate the effect of different objectives without
performing an extensive hyperparameter search. Second, the CNN-based actor and the
critic architectures make large grid searches over multiple hyperparameters (e.g., framestack,
λ in GAE, horizon length, and discount factor) computationally prohibitive. A complete
list of hyperparameters used in the on-policy and off-policy Atari experiments is provided
in Tables C.3 and C.4. Additionally, for the policy optimization learning rate η in our
algorithm, we perform a grid search over {0.01, 0.1, 1.0}.
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Hyperparameter LMC-NPG-EXP PPO
Reward normalization ✗ ✗

Observation normalization ✗ ✗

Orthogonal weight initialization ✓ ✓

Value function clipping ✗ ✗

Gradient clipping ✗ ✓

Probability ratio clipping ✗ ✓

Clip range ✗ 0.1
Entropy coefficient 0 0.01
Number of inner loop updates (m) 5 4
Adam step-size 3× 10−4 2.5× 10−4

Value Function Coefficient ✗ 0.5
Minibatch size 256
Framestack 4
Number of environment copies 8
GAE (λ) 0.95
Horizon (T ) 128
Discount factor 0.99
Total number of timesteps 107

Number of runs for plot averages 5
Confidence interval for plot runs ∼ 95%

Table C.3: Hyperparameters for the Atari experiments in the on-policy setting.

Hyperparameter LMC-NPG-EXP DQN
Reward normalization ✗ ✗

Observation normalization ✗ ✗

Orthogonal weight initialization ✗ ✗

Value function clipping ✗ ✗

Gradient clipping ✗ ✗

Probability ratio clipping ✗ ✗

Exploration LMC ϵ-greedy
Adam step-size 3× 10−4

Buffer size 106

Minibatch size 256
Framestack 4
Number of environment copies 8
Discount factor 0.99
Total number of timesteps 107

Number of runs for plot averages 5
Confidence interval for plot runs ∼ 95%

Table C.4: Hyperparameters for the Atari experiments in the off-policy setting.
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