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Generic Online Optimization (wp, Algorithm A, Convex set C C RY)
1: fork=1,..., T do
2:  Algorithm A chooses point (decision) wy € C
3:  Environment chooses and reveals the (potentially adversarial) loss function f; : C — R

4:  Algorithm suffers a cost fi(wy)
5: end for

Examples: In imitation learning, fi(7) = Eswgm [KL(7(+]5) || Texpert(-|5)] where d™ is a
distribution over the states induced by running policy 7. In online control such as LQR (linear
quadratic regulator) with unknown costs/perturbations, f; is quadratic.

e Regret: For any fixed decision v € C, Ry (u) := ZZ:1[fk(Wk) — fi(u)].
e Online Gradient Descent (OGD) Wk+1 = nc[Wk = ’r]kak(Wk)].

e Claim: If the convex set C has a diameter D i.e. for all x,y € C, |[x — y|| < D, for an
arbitrary sequence of losses such that each f, is convex, differentiable and G-Lipschitz, OGD
with 7, = % and wy € C has the following regret for all u € C, Ry (u) < %ﬁ + G2V Ty 1



Online Gradient Descent - Strongly-convex, Lipschitz functions

Claim: If the convex set C has a diameter D, for an arbitrary sequence of losses such that each
f is pux strongly-convex (s.t. p := minyc[r] pk > 0), G-Lipschitz and differentiable, then OGD
with 7, = %ﬂ and w; € C has the following regret for all u € C,
G2
Rr(u) < 2% (1 +log(T))

Proof: Similar to the convex proof, use the update wy1 = MNe[wix — Nk Vi(wy)]. Since u € C,
Iwier1 — ull® = Nelwic — eV fi(wi)] — ull® = [Me[wi — mcVfie(wie)] — Nelu]|®
< flwi — ull® = 20k (Vfi(wic), wic — u) + 12 | Vie(wie) |12

< flwk — ul® (1 = puank) — 20k le(wic) — f()] + i [V Fi(wi) |2
(Since fx is px strongly-convex)

T iwe = u? @ = k) = wisr — ulP] | G2 &
= Rr(v) < Z 21k + > an
k=1 k=1

(Since fy is G-Lipschitz)



Online Gradient Descent - Strongly-convex, Lipschitz functions

Recall that Ry (u) < ZZ—:1 [HWk*UHZ(lfukﬂk)*|\Wk+1fu|\2} + %2 ZZ:I Nk -

2n)
T 2 2
5 [nwk — ull® (1 — ) — [ W — ]
k=1 21k
v 2
2 (1 1 Nk) 2 { 1 ul} [wr1 — uf
= Wi — U — = — =) +|lws—u — =L = <0
; i | (277k 2Nk—1 2 wa I 2m 2 20T
- N————
-0 =0
. 1
(Since nx = ST M)
Putting everything together, 2l 1 2
R € — — < — (1 +1 T
< 5 < g, 0 ea(T)

(Since 1 := miny¢g7) ik and Z,(T::l Uk <1+log(T))

Lower Bound: There is an Q(log(T)) lower-bound on the regret for strongly-convex, Lipschitz
functions and hence OGD is optimal (in terms of T) for this setting!



Questions?



Follow the Leader

Common algorithm that achieves logarithmic regret for strongly-convex losses.

Follow the Leader (FTL): At iteration k, the algorithm chooses the point wy. After the loss
function fy is revealed, FTL suffers a cost fx(wj) and uses it to compute

K
Wky1 = argmin Z fi(w).

wee ‘3
Needs to solve a deterministic optimization sub-problem which can be expensive.
Needs to store all the previous loss functions and requires O(T) memory.
Does not require any step-size and is hyper-parameter free.
In applications such Imitation Learning (IL), interacting with the environment and getting
access to fx is expensive. FTL allows multiple policy updates (when solving the
sub-problem) and helps better reuse the collected data. FTL is a standard method to solve
online IL problems and the resulting algorithm is known as DAGGER [RGBL11].
@ Compared to FTL, OGD requires an environment interaction for each policy update.

e N X X



Follow the Leader and OGD

To connect FTL and OGD, consider the case when C = R¢.

Wiyl = arg min Z [fi(w)] = ZV}’ Wi+1) =0
€R i=1 i=1
o If we define fi(w) to be a lower-bound on the original i strongly-convex function as
fi(w) := fi(w;) + (VH(W), w — w;) + % |w — w;[|?, then VFA(w) = Vi(w;) + ilw — wi.

e Using FTL on £ instead and using that Zi:l Vf,-(wk+1) =0 and Z,-k;ll Vﬁ(Wk) =0,

K K K k-1 k-1 k-1
> Vii(wi) + Wi [ZMI] = wiwi ;Y VA(w) + wi Zui] = wiw;
i=1 i=1 i=1 i=1 i=1 i=1

k
Vi (wi) + (Wip1 — wi) [Z ,u,,-] =0 = Wikt1 = wk — iV i(wg). (where ng :=1/52% )
i=1
(Adding pxwy to the second equation, and subtracting the two equations)
Hence, in the strongly-convex setting, running FTL on # (a quadratic lower-bound on f)
recovers OGD on fy.



Follow the Leader

Claim: If the convex set C has a diameter D, for an arbitrary sequence of losses such that each
fi is pux strongly-convex (s.t. p := ming[r] pk > 0), G-Lipschitz and differentiable, FTL with
wy € C has the following regret for all u € C,

2
Re(u) < 2% (1 +log(T))

Hence, FTL achieves the same regret as OGD when the sequence of losses is strongly-convex and

Lipschitz (we will prove this later today).

e What about when the losses are convex but not strongly-convex?

Consider running FTL on the following problem. C = [-1,1] and fi(w) = (z, w) where
z1=-05;, z=1 fork=2,4,...; z=-1 fork=3,5,...

In round 1, FTL suffers —0.5w; cost and will compute w, = 1. It will suffer cost of 1 in round 2
and compute w3 = —1. In round 3, it will thus suffer a cost of 1 and so on. Hence, FTL will
suffer O(T) regret if the losses are not strongly-convex.



Follow the Regularized Leader

A way to fix the performance of FTL for a convex sequence of losses is to add an explicit
regularization resulting in Follow the Regularized Leader.

Follow the Regularized Leader (FTRL): At iteration k > 0, the algorithm chooses wy 1 as:

k
g
2 = [fi(w) + Z llw = will?] + T Iwll

wel

where o; > 0 is the regularization strength.

o Intuitively, since FTRL is equivalent to running FTL on a sequence of strongly-convex (because
of the additional regularization) losses, it can obtain sublinear regret even for convex f.

o If we set o; = 0 for all /, FTRL reduces to FTL.



Follow the Regularized Leader and OGD

To connect FTRL and OGD, consider the case when C = R? and set g9 = 0.
k

K K K
. agj
Wiyl = arg T{lnz [f/(W) t3 [ w — W/||2} => Zvﬁ(WkJrl) + Wkt1 lzail = ZU,'W/
we i=1 i=1 i=1

i=1
o If we define fi(w) to be a lower-bound on the original convex function as
fi(w) := fi(w;) + (VH(w;), w — w;), then, Yw, V(w) = Vi(w;).

e Using FTRL on f instead and computing the gradients at Wi1 and wy,
K k k k—1 k—1 k—1
S V() + Wi [z ] S ows i S V) + z] S o
i=1 i=1 i=1 i=1 i=1 i=1
k

ka(Wk) =+ (Wk+1 — Wk) <Z 0’;) =0 = Wiyl = Wi — nkak(Wk),
i=1
(Adding o, wy to the second equation, and subtracting the two equations)

where 7 1= /(% , 0;). Hence, in the general convex setting, running FTRL on £ (a linear
lower-bound on f) recovers OGD on f. S



Questions?



Follow the Regularized Leader

e To analyze FTRL, define ¢ (w) := Zf:ll 5 lw — wi|? + =@ lw||®. At iteration k — 1, FTRL
uses the knowledge of the losses upto k — 1 and computes the decision for iteration k as:

k—1
wy = argmin Fi(w) where Fi(w) = Z filw) + r(w).
EE i=1
e Hence Fy is A\ := Zf:ll wi + Zfz_ol o; strongly-convex. The regularizer 1, is known as a
proximal regularizer and satisfies the condition that,

wi = arg min [ug1(w) — Y(w)] = Vihera(wi) — Vihu(wi) = 0

e In order to simplify the analysis, we will assume that wy lies in the interior of C. This
assumption is not necessary and can be handled by augmenting the loss with an indicator
function Z¢ (see [Oral9, Sec 7.2]).

e We will also assume that the minimization for the wy update is done exactly. Hence
VFk(Wk) =0 for all k.



Follow the Regularized Leader

Claim: For an arbitrary sequence losses such that each f; is convex and differentiable, FTRL
with the update wy = arg min,, .. Fi(w) satisfies the following regret for all u € C,

T 1
Rr(u) < [ - Vi) |}+Znu— wil + %2 Jul?

k=1 k=1
Proof: For k > 1,

Frr1(wi) = Fiern (W) <(VFrga(Wign), we — wirn) + ||VFk+1(Wk) V i1 (Wi |12

2Xier1
(By )\k+1 strong-convexity of Fy.1)

Ak IV Fia (w1 (Since VFip1(wit1) = 0)
k 2
= Frnn(we) = Fira(wien) < 5 . D VW) + Vg (w) (By def. of Fis1)
=1
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Follow the Regularized Leader

Recall that Fis(wi) — Firr (Wis1) < K VH(w) + vwm(wk)H

- 2)‘k+1

Free1(wi) — Frr(Wit1)

k—1 2
§2/\1+1 ZVﬁ(Wk)-&-VW(Wk) + Vi) + [Vss(wie) — Vbe(wi)]
i=1
% IV fic(wie) + [Vbrsn (wie) — Vo (wi )] (Since VFi(wi) = 0)

= Frra(wi)—Frpr(wiir) < (wi)|I? (Since Vbyr1(wi) — Vb (wi) = 0)

2)\
Fier1(wi) — Fipa(wiga) = [Fk+1(Wk) — Fie(wi)] + [Fe(wi) — Fri1(wit1)]
= [fie(wi) + Vi1 (W) — Lre(wi)] + [Fre(wi) = Frpr(Wir1)]

Putting everything together,

Ve (wi)l?
7 [Vl §

= [fe(wik) + Yrs1(wi) — Yr(wic)] + [Fe(wi) — Frra(wiia)] <



Follow the Regularized Leader

Recall that [fi(wk) + ri1(wi) — Ye(wic)] + [Fr(wi) — Fipr(wis1)] < ﬁ IV fi(wi) ||

IV ie(wi)lI? + [ (i) — Youra ()] —fie(w)

=— % [lwe—wi[|2=0

[fi(wi) — fi(u)] + [Fr(wk) = Frp1(wis)] <

2M k41

T T
1
Rr(u)+ Fu(w) — Frea(wrsn) sz[ IVl - 3 )
haad = k=1
=22 ||wa]*>0
T T
= Rr(u) <) { Hka wi) || } + [Froa(wr1)] = [Z f(u) + ria(u) | + ¥r4a(v)
k=1 k=1
]
< [ZA VAW + [Fro(er) = Fra@]  +éra)
k=1 Non-Positive since wr := arg min Fri1(w)
T o0
— Rr() £ 3 |5 IV +Z—||u— el + % ul?

k=1 12



Follow the Regularized Leader - Convex, Lipschitz functions

Claim: If the convex set C has a diameter D and for an arbitrary sequence of losses such that
1 D2+ [ul?

h f, Lipschi ff le, then FTRL with 7 := =
each fi is convex, G-Lipschitz and differentiable, then with 7y o N

satisfies the following regret bound for all u € C,
Rr(u) < vV2y/D?+ ||u|?GVT

Proof: Using the general result from the previous slide, for A1 = Zf-;l i+ Zf:o o;. Since
fx is not necessarily strongly-convex, Axy1 = Z,"(:o oj

T T
1 2 oj
Rr(u) < S |—— |IVF gi W
)< 32 g IV + 32 5 =l + 3
T 2 T
1 2| , D? 4|y : 2
< —— | Vfi(w, + — @ Since |[u — w;||” < D
; [221500/ IV fie(wic) | 5 ; ( I I )
G2 T 1 D2 2 T
Rr(u) < - Z [ = + +2”U” Za,- (Since fi is G-Lipschitz)
=1 L2i=00i i=0
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Follow the Regularized Leader - Convex, Lipschitz functions

Recall that Ry (u) < %2 ZLI [Z-k_lo o,} + DZH‘U”z Z, o;. Denoting 7y : 7&) %

2 2 2
Zn L (D4 ) +\|uu) N, +||2«:7|| )T

2
Using n = 7D\2/;(!UH

Rr(u) < V2\/D2 + |u]? GVT

e If 0 € C, then ||u||> < D2, and this is the regret bound we derived for OGD (upto a /2 factor)!

e Hence, though FTL incurs linear regret for convex, Lipschitz losses, FTRL can attain the
optimal ©(v/T) regret.
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Follow the Leader - Strongly-Convex, Lipschitz functions

Claim: If the convex set C has diameter D, for an arbitrary sequence of losses such that each f;
is 1k strongly-convex (s.t. p = min,(T:1 i > 0), G-Lipschitz and differentiable, then FTL with
wy € C satisfies the following regret bound for all u € C,

2
Re(u) < 2% (1 +log(T))

Proof: Using the general result for FTRL, for A\x11 = Zf-(:l Wi+ Zf-;o oj. Since fy is g
strongly-convex, we will set o; = 0 for all /. Hence, \yy1 = Zf-;l wi > pk.

Rr(w) < ; [ZA IV i) ||}+Zu— P+ 3l < zGZ[ ]

i=1
(Since fx is G-Lipschitz)

G2 (1 + log(T))
2
e Hence, FTL matches the regret for OGD for strongly-convex, Lipschitz functions, but does

= RT(U) <

not require knowledge of 1. 15



Questions?
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