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Minimizing smooth, strongly-convex functions

For minimizing smooth, strongly-convex functions f(w) = + 37 | fi(w) to an e-suboptimality,

@ Deterministic GD requires O(k log(1/c)) iterations, and O(nr log(1/e)) gradient evaluations.
@ SGD with a decreasing step-size requires O(1/e) iterations, and O(%/c) gradient evaluations.

@ Under exact interpolation, SGD with a constant step-size requires O(k log(1/¢)) iterations,
and O(k log(1/e)) gradient evaluations.

e For finite-sum problems of the form 1 37 | f(w), variance reduced methods require
O((n + k) log(1/e)) gradient evaluations.



Variance Reduced Methods

e Recall that under exact interpolation, the variance decreases as we approach the minimizer.

e In contrast, variance reduced (VR) methods explicitly reduce the variance by either storing the
past stochastic gradients to approximate the full gradient [SLRB17] or by computing the full
gradient every “few” iterations [JZ13].

e VR methods only require f to be a finite sum, and make no interpolation assumption.

e With variance reduction, we can use acceleration techniques to improve the dependence on the
condition number, and require O((n + /) log(/e)) gradient evaluations [AZ17].

e For smooth, convex finite-sum problems, variance reduced techniques require
O ((n+ 1) log(Y/<)) gradient evaluations [NLST17], compared to deterministic GD that requires
O(“2) gradient evaluations and SGD that requires O(%) gradient evaluations.

e We will use SVRG (Stochastic Variance Reduced Gradient) [JZ13] for smooth, strongly-convex
finite-sum problems, and prove that it requires O((n + ) log(/¢)) gradient evaluations.



SVRG

For simplicity, we will use Loopless SVRG [KHR20] that has a simpler implementation and
analysis compared to the original paper [JZ13].

Algorithm SVRG
1: function SVRG (f, wo, n, p € (0,1])

2: Vo = W
3: fork=0,...,7T—1do
4 gk = Vig(wi) — Viw(vik) + V()
51 Wky1 = Wi — 18k

vk with probability 1 — p
B e = : "

wy with probability p
7: end for

8: return wrt




Minimizing smooth, strongly-convex functions using SVRG

Claim: When minimizing f(w) = £ 37 | fi(w) such that
is convex and L-smooth, T iterations of SVRG with n =

Eflwr - il < (max{ (1- &) (1- 3.} }) " [on lwo - wI?]

Case 1: (1— &) < (1—42) = n>3k. In this case, for achieving an e-suboptimality, we

* (12
need T iterations such that T > 2n log (M)

(i) f is p-strongly convex, (ii) each f;
& and p = 1 returns iterate wr,

Case 2: (1— &) > (1—2) = n < 3k. In this case, for achieving an e-suboptimality, we

6L
%12
need T iterations such that T > 6k log (M)

e Putting cases together, for achieving an e-suboptimality, we need T = O ((n+ «) log(%/¢)).

e In each iteration, the number of expected gradient evaluations is
(1=p)(2)+(p)(n+2) = pn+2=3. Hence, in expectation, SVRG requires
O ((n+ k) log(/c)) gradient evaluations to achieve an e-suboptimality.



Minimizing smooth, strongly-convex functions using SVRG

Proof: Using the algorithm update, wy1 = wx — ngx and following a similar proof as before,

* %112 * 2
Iwkss = w*1* = lwe = w* > = 20 (gi, wic = w*) + 0 gl
* %12 * 2
= E|wier = w*|* = [lwic — w|* = 20(Elgi], wk — w*) + 1 E[]lgxl|’]
(Since 7 does not depend on i)

= lwic — w*||* = 20(VF(w), wi — w*) + 0 E[|lgI’]
(Elgk] = E[Vfu(wk) — Vix(vi) + VF(w)] = VF(wi))

By strong-convexity,
E wier = w*[* < (1= pm) [lwe — w*[|* = 20 [f (wi) — F(w")] + 7 E[[lgx]*] (1)

Next, we will bound E[||gk||*]-



Minimizing smooth, strongly-convex functions using SVRG

EllgelI’] = EIIV fi(wi) = V(i) + V(I
= B[V fi(wi) = Vi(w") + Vhi(w*) = Veix(vi) + (i) ]
< 2K [|IVfu(wi) = VEa(w")IIP] + 2 [IVFi(w*) = V() + VF(u)I]
((a + b)* < 2a° 4 2b%)
= 2 [V fi(we) = Vfi(w*)IP] + 2E [ Vfi(w*) = Vhi(ve) = E[Vi(w*) = Ve(vi]IF]
(Since E[Vfu(w*)] = VFf(w™) = 0)
For any vector x, E [HX - E[X]”z} < E[||x||]. Using this with x = Vfy(w*) — Vi (vi)

< 2 [V fu(wi) = Vii(w)|I?] + 2 [V fi(w*) = Viwi) ]
< LE [fic(we) — fu(w") + (Vhi(w"), w" = wi)] + 2B [[VFie(w*) = V()]
(Smoothness of fi)

— Ellgel’] < 4LE[f(w) — F(w*)] + 2E [ Vfic(w") = Vfiu(wi) ] 2



Minimizing smooth, strongly-convex functions using SVRG

Using eq. (1) with eq. (2),
E flwess — wP < (1= jan) w — w¥ll? = 20 [F(wi) — F(w")]
2 [ALE[f(wi) — (w*)] + 2B [[IVfie(w?) = VEa(ve) ]|
< (L= ) [lwic = w* || + (8L n° = 2n) E[F (wi)) — F(w")]

27]2 a N
+ 255 19w = VW]
i=1
. 4 n * 2
Define Dy := - 371, [HVf,-(W ) — Vii(vid)|l ]

E lwicps — w > < (1 pn) we — w >+ (4L = 20) B[ (we) — F(w")] + EDp - (3)



Minimizing smooth, strongly-convex functions using SVRG

Recall that Dy = 4pi: S [IVAi(w*) — Vf,-(vk)||2] Using the algorithm,
E[Disal = (1 - p)Ds +p*z [IVfi(w*) = Vhi(we)|*

<(1-p)

Z[f wi) — fi(w*) + (VE(w*), w* — wy)]

(Smoothness)

= E[Dys1] < (1= p)Di + 87> L [f(wi) — F(w*)] (4)



Minimizing smooth, strongly-convex functions using SVRG

Using eq. (3) + eq. (4),

E [[wicrs — w* >+ E[Dia] < (1 — ) llwe — w||> + (4L = 20) E[f(wi) — f(w")] + £D,

(1 — p)Dx + 872 L [F(wi) — f(w*)]

(1= ) llwee — w*||* + (12Ln? — 2n) [F(wi) — F(w )]+(1f§> Dy
(1= &) Ime—wP+ (1-2) (Sineeln=2)

ax{(l— or) (1=5)} [we—wi + 4]
B [lwess — w4 Dusa] <max{ (1= &) (1= )} [l - wlF + 2]

(Since p=1)

+

IN

Define & := [”Wk —wH|? +Dk] and pri=max{(1- &), (1- %)}

= E[®ri1] < pds



Minimizing smooth, strongly-convex functions using SVRG

Recall that E[®,1] < p®k. Taking expectation w.r.t the randomness in iterations from k = 0 to
T — 1 and recursing,

E[d7] < p" o

— E[|wr —w*|?] <p” _HWO —w*|® + Do} (Lower bounding ¢1 since D is positive)

=p" |llwo — w*II* + 42 > |V i(wo) Vﬁ'(W*)Iﬂ

i=1

n
< PT [[wo — W*”z + 4”/2 L? Z lwo — W*||2‘| (Smoothness)
L =i

= E[|wr —w*|?] < <max { (1 - 6%) , (1 . 21,7) }) ' [2,, Iwo — W*H

(Since n = &)
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Questions?



Function class L-smooth L-smooth
+ convex + p-strongly convex
GD O (/<) O (nr log (%/<))
Nesterov Acceleration O (/) O (n\/klog (/e))
SGD 0 (%) 0 (%)
SGD under exact interpolation O (Y/e) O (klog (Y/e))

Variance reduced methods
(SVRG [JZ13], SARAH [NLST17]) O ((n+ Y/e) log(Y/e)) O ((n+ k) log (Y/e))
Accelerated variance reduced methods
(Katyusha [AZ17], Varag [LLZ19]), O ((n+1/ve) log(Y/e)) | O((n+ k) log(1/e))

Table 1: Number of gradient evaluations for obtaining an e-sub-optimality when minimizing a finite-sum.

The final class of functions we will look at is non-smooth, but Lipschitz (strongly)-convex
functions.
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Lipschitz Functions

e Recall that for Lipschitz functions, for all x,y € D, there exists a constant G < oo,

[f(y) = f()I < Gllx—yll -

This immediately implies that the gradients are bounded, i.e. for all w € D,

VW)l <G.
Example: Hinge loss: f(w) = max{0,1 — y(w, x)} is Lipschitz with G = ||y x||

Compare this to smooth functions that satisfy | Vf(x) — Vf(y)| < L |[x — y||. Lipschitz
functions are not necessarily smooth, and smooth functions are not necessarily Lipschitz.

Example: f(w) = |w| is 1-Lipschitz, but not smooth (gradient changes from —1 to +1 at
w = 0). On the other hand, f(w) = 1 HW||§ is 1-smooth, but not Lipschitz (the gradient is
equal to x and hence not bounded).
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Subgradient: For a convex function f, the subgradient of f at x € D is a vector g that satisfies
the inequality for all y,

fly) 2 f(x) + (g:y = x)
This is similar to the first-order definition of convexity, with the subgradient instead of the
gradient. Importantly, the subgradient is not unique.

Example: For f(w) = |w| at w = 0, vectors with slope in [—1,1] and passing through the origin
are subgradients.

Subdifferential: The set of subgradients of f at w € D is referred to as the subdifferential and
denoted by Of (w). Formally, 0f(w) = {g|Vy € D; f(y) > f(w) + (g,y — w)}.

For f : D = R, iff Yw € D, 0f(w) # (), f is convex. If f is convex and differentiable at w, then
Vf(w) € 0f (w) (see [BT15, Proposition 1.1] for a proof)

13



Example: For f(w) = |w|,
{1} forw >0
of(w) =<[-1,1] forw =0
{=1} forw <0

Q: Compute the subdifferential for the Hinge loss f(w) = max{0,1 — (z,w)}

Ans:
{0} forl—(z,w) <0

of(w) =S {—az|la €[0,1]} forl—(z,w)=0
{=z} forl—{(z,w)>0
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e For unconstrained minimization of convex, non-smooth functions, w* is the minimizer of f iff
0 € Of(w™) (this is analogous to the smooth case).

Using the subgradient definition at x = w*, if 0 € 9f(w*), then, for all y,
fly) > f(w*) +(0,y —w") = f(y) > f(w"),
and hence w* is a minimizer of f.

Example: For f(w) = |w/|, 0 € 9f(0) and hence w* = 0.

Similarly, when minimizing convex, non-smooth functions over a constrained domain, if
w* = argminp f(w) iff 3g € f (w*) such that y € D, (g,y — w*) > 0.
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Subgradient Descent

e Algorithmically, we can use the subgradient instead of the gradient in GD, and use the
resulting algorithm to minimize convex, Lipschitz functions.

Projected Subgradient Descent: wy 1 = Mp [wx — nkgk], where gk € OF (wy).

Similar to GD, we can interpret subgradient descent as:

. 1 5
Wk+1 = arg min | {gk, w) + 5 [lw — wi]
weD Mk
e Unlike for smooth, convex functions, we cannot relate the subgradient norm to the
suboptimality in the function values. Example: For f(w) = |w|, for all w > 0 (including
w=0%), [lg] =1.

e Since the sub-gradient norm does not necessarily decrease closer to the solution, to converge to
the minimizer, we need to explicitly decrease the step-size resulting in slower convergence.

Example: For Lipschitz, convex functions, nx = O(1/vk) and subgradient descent will result in

© (1/VT) convergence.
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