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Politex

@ Policy Evaluation: Compute the estimate gy := §™ and define g, := Zf:o §i.

e Policy Update: V(s, a), mx+1(als) = %.

o If §=q™ + ek [V — v < HRe(glrftv()Kile + zmane{o(‘i'!:T}HEkH“, where
Regret(K) = Y1y [Mr+ Gk — My, 4] € RS, [|Regret(K))
* K-1, « A A
RK(Tr 75) = 2k=0 <7T ( 5)7 qk($7 )> - <7Tk('|5)7 qk(s7 )>

@ To bound Rk(7*,s), we cast Politex as an online linear optimization for each state s € S:

| o = maxs |Ri(7*, )|, where

o In each iteration k € [K], Politex chooses a distribution 7,(+|s) € Aa for each state s.
o The “environment” chooses and reveals the vector Gk(s, ) € R” and Politex receives a reward
(mic(-]s), (s, -))-

e The aim is to do as well as the optimal policy 7* that receives a reward (7 (:|s), §«(s,-))



Generic online optimization

@ In iteration k, the algorithm chooses wy € V. The environment then chooses and reveals
the function f, : W — R and the algorithm receives a reward fi(wy).

o Regret: Re(w*) := S5 fi(w*) — fi(wi))-

@ Online Gradient Ascent: w1 = argmax,,cyy {(ka(wk), w) — 51

2
— 2w — willg]

@ Online Mirror Ascent: w1 = arg maX,cyy [(ka(wk), w) — 71% Dy (w, Wk)}. Here 9 is
the mirror map and Dy (y, x) := ¥(y) — ¥(x) — (Vi(x),y — x) is the Bregman divergence.
@ Online Mirror Ascent is equivalent to the following update:
Wi = (V)71 (Vip(wi) + i Vi(wi)), wier = argmin, oy Dy (W, Wyeia).
e Lipschitz continuous functions: For all w, |[Vf(w)| < G

e Strongly-convex functions: For all y,x, f(y) > f(x) 4+ (Vf(x),y —x) + 5 [ly — x||f



Digression — Online Optimization

Claim: For G-Lipschitz linear functions {fk}sz_Ol such that fx(w) = (gk, w), online mirror ascent

with a v strongly-convex mirror map ¥, ny =n = ,/27" % where D? := max,ew Dy(u, wo) has

the following regret for all u € W,

Rk (u) < \fffSG\/R’

Proof: Recall the mirror ascent update: Vo (wiy1a) = Ve (wi) + iV ie(wi).
Setting 1, = n and using the definition of regret

Ric(u) = Yoio e u) — (g wi)] = i 5 (Vi (Wiervya) — Vib(wa), u — wi).
Using the three point Bregman property: for any 3 points x, y, z,
<v¢(z) - Vl/J(Y),Z - X> = D’QZJ(X7Z) + D’gb(zvy) - D?,Z}(X7y)’

<V1ZJ(Wk+1/2) = Vi/}(Wk), u— Wk> = Dw(u7 Wk) + Dw(Wk, Wk+1/2) = Dw(u, Wk+1/2)
K—1

= Ric(u) = >

k=0

[Dw(ua Wk) + Dlll(ka Wk+1/z) - D'qb(ua Wk+1/2)}

I =



Digression — Online Optimization

Rk (u) = ZkK:_ol % [Dw(u7 wi) + Dy (Wi, Wiia/2) — Dy (u, Wk“/z)}, W1 = arg min,, vy, Dy (W, Wiya/2).

Recall the optimality condition: for a convex function f and a convex set X, if
x* = argmin, y f(x), then Vx € X, (VFf(x*),x* —x) < 0. Q: Why is Dy (w, w1/,) convex in
w? Ans: Sum of a convex and linear function.

Using this condition for f = Dy, (w, wiy1/,) and x* = wj 1, we infer that for any w € W,
(Vi (Wiy1) — Vi (Wiias), wipr — w) <0

= Dy(w, Wii1) + Dy (Wky1, Wicyasa) — Dy (W, wyeqay,) <0
(3 point Bregman property)

= — Dy(u, Wii7,) < =Dy (1, wit1) — Dy (Wiq1, Wiyaa) (Setting w = u)
K-14
— Re(u) <) p [Dy(u, wic) = Dy (u, Wic1)] + [Dyp (Wi, Wiesa/2) — Dip (W1, Wiy )]
k=0
1 K-1

IN

p Dy (u, wo) + [Dy (Wi, Wiya2) — Dy (Wh1, Wiy 2]

0

=
e~
Il



Digression — Online Optimization

Recall that Ri(u) < % Dy (u, wo) + % Sry [Dy(wh, Weyaja) — Dy (Wii, Wigasa)]. By def. of Dy,
Dy (Wi, Wiy/2) — Dy (Wi 1, Wigaya) = P(wi) — P(Wir1) — (Vi (Wiyay2), Wi — Wiey1)

14
< V(W) = Vi (Wigya), Wi — wicpn) = 5 [lwe = wica [

Using strong-convexity of ¢ with y = wy 1 and x = wy
g g Yy

= —n(gk, Wk — Wkt1) — g [[wi — Wk+1||$ (Using the mirror ascent update)

IN

v 2
nG [|wx — wipall; — 2 Wk — wiyall

(Holder's inequality: (x,y) < |[x||, |l¥|l; and since f is G-Lipschitz)

202 )
= 7725 (Forall z, az — bz? < )
1 G2K D2 G2 K
= Fuly) = ;D,/,(u, wo) + : 2v = n + 2 (Since Dy (u, wo) < D?)
2DG .
Ri(u) < Q\/R = seingn=FD)



Convergence of Politex

e We have proved that: For G-Lipschitz linear functions {f, }§_o such that fi(w) = (gk, w),

online mirror ascent with a v strongly-convex mirror map ¥, nx =n = ,/27" % where

D? := maxuew Dy (u, wo) has the following regret for all u € W, Ri(u) < % VK.
e For Politex (for s € S), w = 75 := 7(-|s), W = Apa, gk = Gk(s,-) and u =7} :=7*(|s).

Claim 1: For policies m, 7, if mg := m(-|s) € A, with the negative entropy mirror map equal to:
Y(ms) =D ,cam(als) log(m(als)), the corresponding Bregman divergence Dy (7, 7s) is equal to
the KL divergence equal to: KL(7s||7s) = D, 4 7(als) log ((als)/7(als))..

Claim 2: For an arbitrary state s € S, at iteration k > 0, online mirror ascent with
w = 7(-|s) € RA, negative entropy mirror map, step-size 1, = 7 for all k has the following

multiplicative weights update on linear losses fx(7(+|s)) = (7 (:|s), Gx(s,-)) for all a € A,

o i (als) exp(n G (s,a))
me+1(als) = za,e,iw‘s? e

Claim 3: With mo(as) = % for each (s, a), the above update is equal to the update for Politex.

Prove in Assignment 3!



Convergence of Politex

Using the claims on the previous slide, we can conclude that Politex (for state s € S) has the
following regret: Rx(m}) < fDG VK. We now need to characterize the constants D, G, v.

e Recall that D? = max Dw(u, wo) = KL(7*(+|s)||mo(-|s)). For all a € A, choose mo(als) = %
i.e. for each state, g is a uniform distribution over actions. With this choice,

KL(*(-]s)||mo("]5)) Zw (als) log (A7*(als)) < log (A max " a|s) Zﬂ (als) < log (A)

e Recall that [|[Vf(x)|, < G. If the G«(s, a) functions are constrained to lie in the [0,1/1-+]

interval, then G = .
R

e Recall that v is the strong-convexity of 1), i.e. the following inequality holds:

B(y) = 9(x) + (Vip(x),y — x) + % |ly — x])3.

() = d(x) = (V(x),y = x) = Dy (v, x) = KL(y|]x) = 5 Hy — x|l (Pinsker's inequality)

Hence, v = 1.



Convergence of Politex

Putting everything together, we can prove the following claim:
Claim: If §(s, a) € [0,1/1-+] for all (s, a), Politex with mo(a|s) = % for all (s, a) and

M =1n= LE(A) (1 —~) has the following regret,

\/2 [ 2 log(A
Rk (m*,s) og(A \/> = ||Regret(K)||, = I_Og’f)\/ﬁ
Combining the above bound with the general result for Politex,

< 2 |Og(A) n 2 mane{Ow.’K_]_} ||6kHoo
*® = (1-9)2VK (1=7)
Controlling the policy evaluation error using G experimental design and Monte-Carlo estimation
ensures that maxicgo,... . k—1} €|l < &b (1 + \fd) +e,/d.

_ 2 log(A) +25l: (1+\/3)+2€,\/3
7 (1-9)2VK (1-1)

[l =]

— v —v'|



Policy Gradient



Policy Gradient

e For approximate policy iteration and Politex, we parameterized the g functions, and designed
algorithms that avoid the explicit dependence on S.

e Policy gradient methods directly parameterize the policy and use gradient ascent to maximize
the value function. Formally, given a policy parameterization s.t. ™ = h(f) and a step-size 7,
policy gradient methods have the following update:

Ory1 =0 +1mVoJ(0:) where J(8) :=v™(p) =Eg~,v™(s0)

e Common policy parameterizations include:

e Tabular softmax policy parameterization: V(s,a) € S x A, there is a parameter §(s, a)
— __exp(8(s.2))
st. m(als) = ooty
; Aeftee (@ SAxd — _oxp((9(s,2),0))
o Log-linear policies: Given access to features € R , m(als) = S op((6(5.27),00) for
parameter § € RY.

e Energy-based policies: Using a general function approximation (deep neural network)

xp(fo (s,
fp:Sx A—=R, 77(8\5)2%'



Policy Gradient

In order to calculate VJ(#) for a general policy parameterization, we recall the definitions of the
state occupancy measure d™ € R® and the state-action occupancy measure ;™ € R3*A.

pi(s,a) = (1=7) D pls0) D" Pr[Se =5, A = 3| So = 0]
SoE€ES t=0
d™(s):=(1=9) D plso) D_ 7" Pr[Se = s[So = o]
SoE€ES t=0

In Assignment 2, we proved that if r € R5*A is the reward vector,
() v7(p) = 5 (™, 1), (i) d7(s) = 2, 17(s; 2), (i) m(als) = =752 Hence,

vi(p) = ﬁ Z d"(s) Zﬂ(a\s) r(s,a) = ﬁ EsugrEan(.ls) r(s, a)

a
Recall that v™(p) can be (approximately) computed by rolling out trajectories and using
Monte-Carlo estimation. By the above equivalence, the expectation Es g~ E,r(.|s) can also be

estimated similarly.
10



Policy Gradient Theorem

Claim: V,J(0) = % = 125 Esugmo {ZaeA a”"a(;‘s) q (s, a)}.
Proof

()= Emale a7(s,0) = 5% =37 [ e el 2522

, I g™ (s, a , ovmo (s’
a(s,3) = r(5,3) +1 Y Plslls,a)vo(s) = 203 _ 5 (s ) 2D

s’eS s’eS

— 6V;99(5) _ Z {871’98(;”5) q™ (s, a):| + Z ZP(SI|S,a) 7Te(a|s)8\/7;0(s/)
) s’eS a

ovT™ (s Omolals o ’ ov™ (s’
ae()_z{ ACL (S,Q)}H;pm[s,s]%()

a

Ov™o a OvTo (s g 2 .
Hence, d"ae(s) can be expressed in terms of dVT(S). We will use this result recursively from the

starting state.

11



Policy Gradient Theorem

Recall that 27¢) — S~ [m q™ (s, a)] + 75 Pryls, 81 2220 Starting from state s,

o6
V™ (so) Omo(aols0) v (s1)
o X [ae 7020 £ 0 Pl s 5=
:=w(so)

=w(so) +7 Z P[50, 51] [Z {37@(;9:“51) q" (s1, 21)} Al ’VZ Prols1, 2] &/7;99(52)]

S1 a1 S2

w(so) +7 me[soasl] w(s1 +72ZZPM[50»51] P, [s1, 52]

S
(So + Y Z PI’[Sl = 51|50 = 50] (51 + ’72 Z PI’[52 = 52|50 = So] J
3v7r9(50) _ = ¢ PrlS. — s.|S, — R vl i
0 Z v Z r[Se = st[So = so] w(st) (Recursively unrolling)
t=0 St

12



Policy Gradient Theorem

Recall that 275 () — $ee ht {Z& Pr[S: = s:|So = So]w(st)]. Rearranging the sum,

aw;e(so) = lz At Pr[S: = /S0 = 50]] w(s)

N 8v”0(ﬂ ZP 50 8V 50 Zp 50 Z [th PI’[St _ S|50 _ 50]‘| w(s)
s t=0
— Z [Z o(s0) lz vt Pr[S; = s5/Sp = 50]‘|‘| w(s)

5 Laeel) = 1 Yo X [0 g s,

(By def. of d™(s))

00 1= =) 00

13



Policy Gradient Theorem

In order to compute 8v’(;90(p) = ﬁESNdwe [ZaeA BW%(;ls) qm (s, a)} algorithmically,

let us simplify {ZaEA aﬂ%(;‘s) q (s, a)],

[Z % g™ (s, a)] = [Z mo(als) 7r@(la\s) % e a)]

acA acA
- [Z ratale) G s a)] =Eaerin | g (5)]
acA
ov™ (p) 1 0 In(me(als))

50 = 1 ’YESNdﬂg anﬂg(.‘s) |:89 q"e (5, a):|

The term W is referred to as the score function.

As before, the EggrIE,x(.|s) €xpectations can be computed by rolling out trajectories starting
at sp ~ p, taking actions a; ~ my(-|s;) for t > 0 and using Monte-Carlo estimation. The gradient
expression involves g™ (s, a) that can be estimated using a policy evaluation method such as TD.

14



Softmax Policy Gradient

The policy gradient theorem gives us a handle on VyJ(0) enabling us to use the resulting update.

In order to analyze the convergence of policy gradient, we will only focus on the tabular softmax
policy parameterization in this course.

Tabular softmax policy parameterization: Consider # € R” and the function h: RA — RA
such that h(6) = mp where my(a) = %. For the tabular softmax policy
parameterization, my(+|s) = h(6(s,-)).

Claim: The Jacobian of h: RA — R4 is given by H(my) € R4 = diag(my) — mp m, where
diag(mg) € RA*A is a diagonal matrix s.t. [diag(g)]s.a = me(a) and mp € R4 s.t.

mo(a) = exp(0(a))

0 S, op(8()

Prove in Assignment 4!

Let us first instantiate the policy gradient expression with this choice of the policy
parameterization.

15



Softmax Policy Gradient

Claim: For the tabular softmax policy parameterization,
v (p) _ d™(s)
00(s, a) 1—»
where a™ (s,a) = g™ (s, a) — v™(s) is the advantage (over my) of taking action a in state s.

Proof - For vector 6, we know that 27(2) — =5 Eornamo [EQ,GA mo (<) gro(s!, &) |.

mo(als)a™ (s, a) ,

For the tabular softmax policy parameterization, H(my) = % = diag(mg) — mp 7, .

Since there is no coupling between the parameters 6(s, a), for s’ # s and any a € A,
7o(als’) does not depend on 6(s, a) and hence, 2Ze(2=)) — g

20(s,")
v (p)  d™(s) < Omp(d]s) dmo(s) Ome(-|s)

_ T / _ Te .

0(s,)  1-n 2 06(s.) ? (:2) =323 B0Gs, ) 7(’51_2
AxA "

_ d™(s) _ d™(s)

H(mo(-[s)) a™ (s, -)

1—v = [diag(mo(-]s)) — mo(-|s) ma(-]s)T] 4™ (s, ")

16



Softmax Policy Gradient

Recall that 2 s (,;) = dlej) [diag(mg(-|s)) — ma(-|s)ma(:|s)"] g™ (s,). Define

wERA = [m(aﬂs) o(s,a1), mo(a2]$) g7 (5, a2) . . . o (aals) g™ (s, aA)]. Hence,
) = 7 Lo | S mteloa ) i

Taking the component corresponding to action a,

— Gien) = T [ro(ale) 4™ (. 2) = mo(als) ™ (s

0
Sl

mg(als) ag(s,a) O

17



Softmax Policy Gradient for Bandits

In order to analyze the convergence of softmax policy gradient, let us further simplify the
problem and focus on the special case of multi-armed bandits where v =0 and S = 1. In this
case, assuming that the rewards r € RA are deterministic,

J(0) = Eanrplr(a)] = (mo, 1)
For the tabular softmax parameterization, € R? and 7y = h(0). In this case, g™ € RA=r
and a™ € RA = r — (mp, r). Hence,

gég; N aéZZﬁf) = mo(a) [r(a) = (mq, )]

Hence, for multi-armed bandit problems, the softmax policy gradient with a tabular
parameterization can be written as: 6,11 = 0; + n [ma(a) [r(a) — (7, r)]].

Q: Why is this algorithm impractical? Ans: Assumes r is deterministic and known

Next, we will see that even for this special case, J(0) is non-concave in 6. This implies that in
general, J(0) is a non-concave function of 6§ when using the softmax parameterization.
18



