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@ Input: K arms (possible actions), T rounds. i, := E,,,[r] is the (unknown) expected
reward obtained by choosing action a.

@ Protocol: In each round t € [T], the bandit algorithm chooses action a; € [K] and

observes reward R; ~ v,,.

o Objective: Minimize Regret(T) := Y[, [u* — E[R]] = X2, A, E[N,(T)].

e Assumption: 7; := Ry — i, is 1 sub-Gaussian i.e. for all A € R, E[exp(An;)] < exp (’\;)

@ Concentration for sub-Gaussian r.v.: If X is centered and o sub-Gaussian, then for any
€>0, PrX > ¢] <exp (7%) For niid rv's X;s.t. E[Xi] =, if o= %27:1 X; and
Xi — p is o sub-Gaussian, then Pr[| — p| > €] < exp (f%)

o Explore-then-Commit (ETC): Under a sub-Gaussian assumption, ETC results in O(v/KT)

regret when exploring for m = O (é) rounds, while it can only result in O(T?/3) regret
when m is set indepndent of A.



e-greedy Algorithm

Algorithm e-greedy (EG)
1: Input: {e.}][

2: fort=1— K do

3:  Select arm a; = t and observe R;

4: end for

5. Calculate empirical mean reward for arm a € [K] as [i,(K) := W
6: fort=K+1— T do

. ar = argmax,e (k) fla(t —1) wp 1l —e;

Select arm
ar ~U{1,2,...,K} w.p e

8:  Observe reward R; and update for a € [K]:

Na(t) = Na(t - 1) +Z{a:=a} ; ﬂa(t) =
9: end for

N,(t —1) pa(t — 1)+ R Z {a; = a}
N,(t)

@ EG with ¢; = € can result in linear regret.

Prove in Assignment 1!
e For K =2, EG with ¢, = O (z%;) incurs O ('°géT)) regret.




Upper Confidence Bound (UCB) Algorithm

@ Based on the principle of optimism in the face of uncertainty.

Algorithm Upper Confidence Bound
1: Input: ¢
2: For each arm a € [K], initialize U,(0,¢) := occ.
3:fort=1—T do
4: Select arm a; = arg max,¢x) Ua(t —1,6) (Choose the lower-indexed arm in case of a tie)
5:  Observe reward R; and update for a € [K]:

N,(t) = No(t —1)+Z{a, =a} ; [a(t)=

No(t —1) fia(t — 1)+ Ry Z {a; = a}
N, (t)

2 log(1/5)

Ua(t>6) :ﬁa(t)—’_ Na(t)

6: end for

o Intuitively, UCB pulls a “promising” arm (with higher empirical mean fi,) or one that has
not been explored enough (with lower N,(t)). 3



UCB — Regret Analysis

Claim: UCB with § = % achieves the following problem-dependent bound on the regret,

16 log(T)

a

K
Regret(UCB, T) <2> A,+ >
a=1 a€[K]|A,>0

Proof: Without loss of generality, assume that arm 1 is the best arm. Using the regret
decomposition, we know that Regret(UCB, T) = >"_ A,E[N,(T)]. Define a threshold 7, and
flar, as the mean for arm a after pulling it for the first 7, times. Define a “good” event G, for

each a # 1.
2log(1/0) -

Ta

G, = {/Ll < min Ul(t,é)} N < far, + H1
te[T]

Consider two cases when bounding E[N,(T)]. Using the law of total expectation,
E[Ns(T)] = E[Ns(T)[G] Pr[Ga] + E[Na(T)|G;] Pr{G;]
< E[N,(T)|G]+T Pr[G] (NL(T) < T for all a, Pr[G,] < 1)
—— ——

Term (i) Term (ii) 4



UCB — Regret Analysis

We will show that Term (i) = E[N,(T)|G,] < 7. To show this, we will prove (by contradiction)
that Pr[N,(T) > 7|G,] = 0. Suppose, conditioned on the event G,, N,(T) > 7,, then there is a
round t s.t. Ny(t —1) = 7,, a; = a. Since a; = argmax, U,(t — 1,6), it follows that

Ua(t —1,9) > Us(t — 1,6). However, we know that,

Tl — (e = 1)+ 22E)
(By assumption, N,(t — 1) = 7,)

2log(1
= lgm, o \/M (Since arm a has been pulled 7, times)
Ta
)

<p < Ui(t-1,0), (Since we are conditioning on G,)

Us(t—1,6) = fia(t — 1)+

which is a contradiction. Since, Pr[N,(T) > 7|G,] = 0, it implies that
E[N;(T)|Gs] = 2520 PrINa(T) > nlGa] = 327250 Pr[No(T) > n|G;] < 7. 5



UCB — Regret Analysis

Bounding Term (ii) = Pr[GS] < Pr [u1 > minery Ua(t,0)] + Pr [ﬂa;g + /2|ogT(91/6) > Nl}

. /2|og 1/5
{m > tng[ln] Ua(t, 5)} {Ml > i {m(t) + }}
-

C
.
. 2log(1/0
:U{mzms+ M}
s=1 5
L 2log(1/0)
= Pr|pu > tng{@ Ui(t, 6)} < Sz:; Pr l,ul > fi1,s + s] (Union Bound)

-
< Z(S =0T  (Using concentration for sub-Gaussian r.v's)



UCB — Regret Analysis

Recall that Term (ii) = Pr[G5] < 6T + Pr {ﬁms 4 o/ 2loel/d) > m] Assume that 7, is chosen such

Ta

that A, — 2'°g > A
.

R [2log(1/6 R 2log(1/6 R A
Pr fiar, + Mzul — Pr fiar, — Ha+ MZA‘; < Pr {uaﬂ_a_'uaza}
Ta Ta 2

72 A2

< _27a

_exp< : )

(Using concentration for sub-Gaussian r.v's)

Putting everything together,

2 A2
= Pr[GS] < T +exp (—7—83)

= E[N,(T)] <7+ T [5T+exp <—78A2>}



UCB — Regret Analysis

Recall that E[N,(T)] < 75+ T [5T +exp (_TA)}

8log(1/0 . )
E[N,(T)] < A(g/) FT[6T +6] (Setting 7, — 2°8/2))
8log(1/6)
< Tg + 26 TE
16 log(T
= % +2 (Setting & = 1/72)

= Regret(UCB, T) < ZAaE[N )] = 2ZA + Z = |°g



UCB — Regret Analysis

Claim: For A <1, UCB with 6 = % achieves the following worst-case regret,

Regret(UCB, T) < 2K + 8K T log(T)

Proof: Define C > 0 to be a constant to be tuned later. From the regret decomposition result,

Regret(UCB, T) ZA EN(T) = > AENAT+ Y ALE[N,(T)]
alA,<C alA,>C
<CT+ > ALE[NS(T)] (Since YK No(T) = T)
alA,>C
16|og . .
< CT + Z +2A, (From the previous slide)
alA,>C
16K |
< CT + 6& + 3 24,|  (Setting C = 4/ 2ee(T))
alA,>C

= Regret(UCB, T) < 8\/K T log(T) +2KA, < 2K+ 8K T log(T)



UCB vs ETC

@ Similar to best-tuned ETC, UCB results in an @(\/ KT) problem-independent regret.
@ Unlike best-tuned ETC, UCB does not need to know the gaps A to set algorithm
parameters, but does require knowledge of the horizon T.

100 —— ETC (m = 25)
— ETC (m = 50)
= 80 ETC (m = 75)
& —— ETC (m = 100)
= 60 = ETC (optimal m)
< — UCB
[
S 40
&=
20

0 0.2 0.4 0.6 0.8 1
A

Figure 1: For K =2, T = 1000, Gaussian rewards, comparing UCB and ETC(m) as a function of the gap A. 10



Improvements to UCB

@ Problem: UCB requires knowledge of T and hence, the number of rounds needs to be fixed.

o Sol: Define UCB as ji,(t) + /= ",’\i((igt)) where f(t) := 1 + tlog?(t). No dependence on T,

but results in the same O(\/KT log(T)) worst-case regret. (see [LS20, Chapter 8])

@ Lower-Bound: For a fixed T and for every bandit algorithm, there exists a stochastic bandit
problem with rewards in [0, 1] such that Regret(T) = Q(VKT). (see [LS20, Chapter 15]).

@ Problem: UCB is sub-optimal by a /log(T) factor compared to the lower-bound. Is it
possible to develop an algorithm that does not incur this log factor?

e Sol [Latl8, MG17] propose modifications of UCB that achieve O(vV KT) regret.

11



Stochastic Linear Bandits



Stochastic Linear Bandits

MAB treat each arm (e.g. drug choice) independently. But the arms (and their rewards) can
be dependent. E.g., drugs with similar chemical composition can have similar side-effects.
Stochastic Linear Bandits can model linear dependence between different arms. For this, we
require feature vectors X, € RY for each arm a € [K].

Reward Model: For an unknown vector #* € R9, the mean reward for arm a is given as:
1a = (X5, 0%). Hence, arms with similar feature vectors will have similar mean rewards.
Similar to the MAB setting, on pulling arm a; at round t, we observe the reward

Re = pa, +me = (X, 0%) + n. We will assume that 7 is conditionally 1 sub-Gaussian, i.e.
if Heo1:={X1,R1,..., X} is the history of interactions until round ¢, then for all XA € R,
E[exp(Ae)[He-1] < exp(A?/2).

o Regret(T) = [ ; [maxaei)(Xa, 0°) — E[Re]] = T maxoepn)(Xa, 0%) — S E[R:].
@ In the special case, when all the arms are independent, i.e. d = K and Va € [K], X; = e,

where Vi € [d],i # a, e,[i] = 0 and e,[a] = 1. Hence, u, = 07 and the linear bandit setup
strictly generalizes MAB. 1



Stochastic Linear Bandits — Estimating [i,(t)

At round t, we have collected the following data: {X;, R;}!_;. Q: How do we estimate fi,(t)?

By solving regularized ridge regression, i.e. for a regularization parameter A > 0,

~ . 1 2 A 2
0, = argemln {2 sz:; [(Xs,0) — R]™ + 2 110]| }

Setting the derivative to zero to solve the above minimization problem,
t

3 [Xs [(Xs,ét> - RSH + 20, =0

s=1
t t
= D_XXT + M| =) X:Re = Vi =b = 6= V" b
s=1 s=1
N—_——
=V, €Rdxd :=b;eRI*1

Hence, the empirical mean for each arm after t rounds: fi, = <Xa,§t> = XV, b,

13



Linear UCB

Algorithm Linear Upper Confidence Bound
1: Input: {8} 5!, Vo = My € R¥*9, b=0c R?

=2
2: For each arm a € [K], initialize U,(1,0) := oc.
3: fort=1—T do

4. Select arm a; = argmax,¢[x] Us(t,6) (Choose the lower-indexed arm in case of a tie)

5. Observe reward R, and update:
Ve=Veer + X X[ i be=ba+RXe ; 6.=V'b,

Ua(t +1) = (Xa, 0:) + /Besa ||XaH\/;1 (where [|x||; :== VxT Ax)

6: end for

In the special case, when all the arms are independent, Linear UCB with 8; = 5 = 2log(1/0) is
equivalent to UCB, and hence, Linear UCB strictly generalizes UCB.

Prove this in Assignment 1!

14



Linear UCB — Regret Analysis

Claim: Uy(t +1) := (X,,0:) + \/Bera [ Xally -+ = maxgec,,, (6, Xa) where
N2
Cesr = {9| lo-a < 5t+1}-

Ci11 is an ellipsoid centered at 0, with the principle axes being the eigenvectors of V; and the
corresponding lengths being the reciprocal of the eigenvalues. As t increases, the eigenvalues of
matrix V; increases and the volume of the ellipsoid decreases.

Prove this in Assignment 1! For the subsequent proof, we will use this equivalence.

Claim: Assuming (i) [|6*|| < 1, (ii) || Xs]| < 1 for all a and (iii) R; € [0,1], UCB with
VB: = \/d log (’\d“) + 2log(1/8) 4+ V/X achieves the following worst-case bound on the regret,

Regret(LinUCB, T) < O (dﬁ'Og( T))

15



Linear UCB — Regret Analysis

.2
Proof: Define a "good” event G := {Vt € [T]|0* € C; := {9| ’ 0—0:1

S 51’}1 and

denote the instantaneous expected regret at round t as r; = max,(X,, 0*) — (X, 0*). Using the
law of total expectation,

Regret(LinUCB, T) = E[Regret(LinUCB, T)|G] Pr[G] + E[Regret(T)|G] Pr[G€]
< E[Regret(LinUCB, T)|G] + T Pr[G]
(Regret(LinUCB, T) < T and Pr[G] < 1)

=> E[r|G]+ T Pr(G] < | T Y [E[r|G]+ T Pr[G]

(Cauchy Schwarz inequality: (x,y) < x| [ly|| with x,y € RT and x[t] = 1, y[t] = r)

16



Linear UCB — Regret Analysis

Recall that Regret(LinUCB, T) < /T ., [E[r|G]]2 + T Pr[G]. Let us first bound E[r;|G]. If

event G happens, then 0* € C;. Hence, for all a € [K],
(07, Xa) < ropacx(H,Xa> = Us(t) < U (t)
€Ct

(Using the equivalence on Slide 15 and the algorithm)

= m3X<0*aXa> < Uy (t) = gneac>t<<97Xt> = (1, X:) (0r == arg maxgec, (0: X:))
—> E[r|G] = E[max(X;,6") — (X.,0")|G] <E [<§t — g, xmc}
[
(Cauchy Schwarz inequality with x,y € R? and x = th_/f (0: —0%), y = Vt:11/2Xt)
<E H‘ g, — ét,l’ v + He* B ét71) VIJ ||X,5HV:1 G} (A inequality)
— E[r|G] < 2v/B:E “'Xt”v;‘l |G} (Since 0%, 8, € C;)

17



Linear UCB — Regret Analysis

Putting everything together,

T T

Regret(LinUCB, T) < | T > [E[rG]]2 + T Pr[G°] < 2$ TY BE [||Xt\|v } + T Pr[G]
t=1 t=1

2\l T AT E

We will prove the following results: (i) Ethl ||Xt\|f/:11 < 2d log (24%5T) deterministically and

(i) VB: = \/dlog ADELY 4 2log(T) + VA, Pr[Ge] < +

Given these results,

Regret(LinUCB, T) < 2 \/2d T Br log (Ad;j T) +1=0 (dﬁmg(r)) O

T

Yo IXdly- 16
t=1

+ T Pr[G°]

(Since B; < Bt forall t € [T])

18



Linear UCB — Regret Analysis

T).

Vi=Via + X X = V1/2 {Id 4 V:/th XTIV, 1/2} thﬁ

Claim: If ||X,]| <1 forall &, 2, HXtH%/j < 2d log (2%}
Proof :

— det[V;] = det[V"/?] det {/d + VY2 XT V‘l/z} det[V}/2
(det[XY] = det[X] det[Y])
= det[V;_1] det [/d + VIV2X v 1“xtr} (det[X/2] = \/det[X])

— det[V;_1] <1+‘ ) = det[Vi1] (1+ X/},
(Matrix Determinant Lemma: det[ly + xx™] = 1 + x"x = 1 + ||x||%)

— In (1 + HXt“%/;i) =l (Ciie[ﬂ\/f\/t]1]>

1/2Xt

19



Linear UCB — Regret Analysis

Recall that In (1 + |1 X:|3 1 ) = In (G4i2Ls).
-

Hence, Z;l In (1 + HXtH%/:l) =In (32%3) For any x > 0, x < 2In(1 + x). Hence,
T
2e=1

[Xell Y < 235¢ In(1 + X[}, implying,

Il <23+ Il ) = 2 (]
rz:;H t|V:1_ =1 " =t det[ Vo]

det[V7] < (Tr[;,/T])d (det[A] = [T\ = ((H )\i)l/d)d < (Zd/\i)d _ (@)d)

_ (Tr[V0+ZtT_1XtXtT]>d< (W)d <d}\; T)d

d d
(Since || X;|| < 1)

T d
— E 2 -1 < 2| —1 —2d | ]
t=1 HXtHVt*l = (det[\/o])l/d = Ad

20
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