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Recap - Scalar AdaGrad

e = k - 2
VEEL VAW

For any n > 0, Scalar AdaGrad achieves the following regret for a sequence of convex losses:

Wir1 = Mefwie — e Vid(wie)]

For convex, G-Lipschitz losses, Scalar AdaGrad has regret Ry(u) < (g—; + 77) GVT.



Recap - AdaGrad

- 1 2
Vi1 = Wk — DAV (W) 5 wigr = NE[vkp] == arg n(wjln 5 [w — Vit lla, -
we

VI VAW P e (Scalar AdaGrad)
Ak = { diag(G,*) (Diagonal AdaGrad)
G (Full-Matrix AdaGrad)
where Gy € R¥*9 .= YK [V (ws) VA (ws)T].

For any > 0, AdaGrad achieves the following regret for a sequence of convex losses:

Rr(w) < (- +4) Va, ank w)



AdaGrad - Convex, Lipschitz functions

Claim: If the convex set C has diameter D, for an arbitrary sequence of losses such that each f;
is convex, differentiable and G-Lipschitz, AdaGrad with the general update
Wgi1 = I'Ié[wk — UAZIka(Wk)] with n = % and w; € C has the following regret for u € C,

Rr(u) < V2DGVdVT

Proof: Using the general result for AdaGrad and that each f; is G-Lipschitz,

2<<§;+n)¢3cﬁ

Rr(u) < V2DGVd VT (Setting 1 = %)

Unlike scalar AdaGrad, when using the diagonal or full-matrix variant, the regret depends on the
dimension d.



AdaGrad - Convex, Smooth functions

Recall that for convex functions, the regret for AdaGrad is bounded as:

Rrw) < (5 +4) Va, lewk w)

In order to bound the regret for smooth functions, we define (2 such that fi(u) — f* < (2.
Hence, if the learner is competing against a fixed decision v that minimizes each f, then ¢ = 0.
¢? characterizes the analog of interpolation in the online setting.

Using L-smoothness of fi to bound the gradient norm term (for each k) in the regret expression,

IV (W) |? < 2L[fu(wie) — £] = 2L[fic(wi) — fi(u)] + 2L[fie(u) — £] < 2L[fi(wi) — fic(u)] + 2L ¢?

T T T
— S IVAwI? < 2L S lwe) — ()] +2L 37 ¢2 = 2L [Ry(u) + ¢ T]
k=1 k=1 k=1
Rr(u) < (fﬁ . n) VAR (@) + O T]



AdaGrad - Convex, Smooth functions

Recall that Ry (u) < (2r1 + T]) Vd+\/2L[R7(u) + (2 T]. Squaring this expression,

[Rr(u)]? < 2dL <D2 +n> [Rr(u)+¢3T)
] N—— N~~~
N————

=X =
=«

214
— x®<a(x+8) = xgwéa-ﬁ-\/aﬁ

2

— Ry(u) < 2dL (;*”) +\/ﬁ<+n><f

Note that the above bound holds for all n > 0 and AdaGrad does not need to know ¢ or L. The
regret depends on (?, the upper-bound on maxyerr][f(u) — £]. Such bounds that depend on
the fixed decision that we are comparing against are called first-order regret bounds.

For example, when u = w* := argmin,, ZkT:1 fr(w) and ¢ = 0, then AdaGrad only incurs a
constant regret that is independent of T. This observation has been used to explain the good
performance of IL algorithms when using over-parameterized (convex) models [YBC20, LVS22]. 5



Questions?



Scalar AdaGrad - Minimizing smooth, non-convex functions

We have seen that AdaGrad can results in O(v/ T) regret (and hence O(1/v'T) convergence using
the online-to-batch conversion) for a sequence of convex, smooth losses. Two problems with the
practical applicability of these results:

@ The regret depends on the diameter of the constrained domain C, but for typical ML
applications the optimization is unconstrained. In order to use a similar analysis for
unconstrained domains, we need to make a (strong) assumption that the iterates remain
bounded i.e. ||wx — w*||* < D for all iterations k.

o Adaptive methods like AdaGrad are heavily used in the non-convex setting (e.g. for training
neural networks) but the bounds we proved heavily rely on convexity.

Similar to the standard SGD analysis, let us analyze AdaGrad Norm (the scalar variant) for
minimizing a finite-sum of smooth functions on R?: min,cgps 1 37 | fi(w). We will use the

proof in [FTCT22] and make the following standard assumptions:

e Unbiasedness: E;[Vfi(w)] = Vf(w)
e Bounded Variance: E; |Vf(w) — Vf(w)|® < 02



Scalar AdaGrad - Minimizing smooth, non-convex functions

Scalar AdaGrad: wy 1 = wx — nkgk Where gy := Vf(wk), and 7, = b% where
2 K 2
by = bp_y + ekl = b + 2o llesll”

Claim: For minimizing a finite-sum of L-smooth functions lower-bounded by *, T iterations of
the scalar AdaGrad update (for any i > 0) returns an iterate w such that,

e VR
E[IVF(w)]] < Wi g

.,
1+ log (1 4 Ek;)z”gs”z)] = O(log(T))
0
1

SGD with 7, = % — has the following guarantee in the same setting (Lecture 8, Slide 6):

2L [f(wo) — F*] N o2 (1 +log(T))
VT VT
Scalar AdaGrad can attain the noise-adaptive rate without dependence on the diameter,
knowledge of L or o for smooth, non-convex functions! Moreover, this rate holds for all 7.

where, C := 2[f(wy) — f*] + [4no + Ln?| E

2

E[|VF(#)]*] <




Scalar AdaGrad - Minimizing smooth, non-convex functions

Proof: For the analysis, we define a proxy step-size 7jx := TR 2Z|\Vf( s
k—1 g Wi

depends on Vf(wy) and bk_1, it does not depend on ix. By L-smoothness of f,

Since 7k

L 2
F(weia) < F(wi) = i (VF(wi), 86) + 2= gl

_ i Ln? ?

= () — Tl F (i), ) + (e — 70) (V) i) + L8
2 b_y + llel

i i L lgk®

< Flwie) = iV F(wi), gk) + ik = mel IVEwi) llgell + = —5———
bie_y + Il gl
. 2 Tk — Nk Lo? lgll?
E[f (wein)] < () — i [V Fwe)P + 1 B 19wl gl | + ok | B
U] b1 + llgxll

(*)
2

= i [V Fe)|? < Fwe) — Bl (wicra)] 41 () +

2
el ]
2
b2, + ekl



Scalar AdaGrad - Minimizing smooth, non-convex functions

Recall that ik |V F(wi)[l* < F(wk) — E[f(wies1)] + 7 (5) + LB [ L8 | where (+) =
i

a=b2 |+ |l and b= b2_, + 0%+ ||[VF(w)|?, implying that 2 = L and % =1

Tk ="k Let

IV (i)l gk|] In order to bound (*), we will first bound

Tk ="Mk
Pl

n \/5 an ﬁ

ik — " ‘ 1 ‘ b—a _ | IVFw® — llexl?

n va Vbl |(va+Vb) (va+ vb)Vab

_ ‘(Vf(Wk)H + el AVFwll = llewll) o?
(va+vb)Vab (va+vb)

Note that \/a + Vb > || Vf(wk)|| + |lgk|| and v/a + v/b > . Using these coarse bounds,
e = me| | IVEwill — llgwll o IV (wie)ll — llgkl o IViw) —ad | o

U Vab Vab Vab ~ Vab Vab

(la+ b <al + |b] and [ [lal| — [|b]| [ < [l — bI|)



Scalar AdaGrad - Minimizing smooth, non-convex functions

Using the previous inequality to bound (*), we obtain that

IV ()= gsl+o o |
\/bf1+|gk|2\/bf1+‘72+|Vf(wk)|2:| [v#(mol gk} et us simplify the first

With X = || VF(wi) — gl Y = %, using Holders inequality: E[v XY] < /E[X]E[Y],
k—1

First term in (*%) IV (w)| IV F(wi) — gl llex]
Rt o+ V)P 2+ el
Vi(w g 2
- Nl 2\/E[||Vf(Wk)—ng2] E[ZHkHQ]
B + o+ IV F(w)| 2+ i
First term in (**) [VE(wi)|l o E Hng2
: ’ 2\ LB+ el
\/b + 02 4 || VF(wi)|| k-1 T 118«
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Scalar AdaGrad - Minimizing smooth, non-convex functions

Let us simplify the second term in (**).With X = HLW and Y =1, using Holder's
k

_1Hllgkll®
inequality that E[v XY] < \/E[X]E[Y]

Second term in (**) o [VF(wdll 2IE &gl _
IV | B+ el

5 -

Second term in (**) < o IVF(w)ll E l2|m”2
NCEEE RS I C RN T

Putting everything together,

() < (v4) < ——2Z IVF(wl . [ il 1
- - ' 3
VB o+ VAP \ LBRs + el
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Scalar AdaGrad - Minimizing smooth, non-convex functions

20 | V() e
Recall that (x) < — 22l | /E {bf_lﬂlgk\lz]
o IV F (il _ 20 [els] s
Witha (52 o2+ VA IP]* and b (52 o2+ VA 2] B, vlgm ] using that
2 b2
ab < % P 5
2 2
V£ (wie) 20° [EA
= E 2 2
2 \/b L+ 02+ | V(W) \/b o2+ [ VF(w)? LbRor el

() < 2 19w + 20 E[”gk”]

2
by + llexll
(By definition of 7 and since b2_, + 02 + ||V (w)||> > o2)
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Scalar AdaGrad - Minimizing smooth, non-convex functions

Putting back the value of (*) in

i IVFWOIP < F(we) = Elf(wesn)] + 1 () + LB [ e,

ik [V £ (wi)l* < 2[f(wk) = Elf (wira)]] + [4n0 + Ln*] E

A 1
2
b1 + gl

Taking the expectation w.r.t the randomness in iterations k = 1 to T and summing,

lgell? H
b2, + el

lge])? H
B3+ 5 el

T T
E | i IIVf(Wk)2] < 2[f(w1) — ] + [4n0 + LiP’] [Z

1

< 2[f(wy) — ] + [4na—|—L17 lz

=C
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Scalar AdaGrad - Minimizing smooth, non-convex functions

Recall that E [lel ik \|Vf(wk)||2} < C where

C =2[f(wm1) — "] + [4no + Lp?| E [Zk 1 [b2+£:g5‘l“g HZH' In order to bound C, we will use

the following relation: for as > 0, need to prove in Assignment 4 that

T T T
Z <1+|og(1+Zak>
=1

1+ Zs 19s | k=1
T ] T 2 T 2
EA lewll”/ b3 2= llgkll
= > | 5—wr —3|=2 x Slolog|l+ ="
il 27 R S |-l Bl [ U O (-2 7 bg

-

— E lz ik [IVF(w) [P | < 2[F(wa) — F*] + [4no + Ln?] E

T 2
o (1 4 D [l )]
bO

O(log(T))
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Scalar AdaGrad - Minimizing smooth, non-convex functions

Recall that E [ZZ 1Tk |V (wie) || } < C where C = O(log(T)). Now we need to simplify the
Note that 7j7 < 7j for all k € [T]. Hence,

LHS. For this, define 7j7 := N 2+Z IV Al
7119 k=1 Yk

i IV £ (wi)| ] >E [n Z ||Vf(wk)||2]
Note that E {Z,(Tzl \|Vf(wk)||2} =E Hnr Zk L IV F(wi) } %} Using Holder's inequality
with X = iz [, [VF(we)|?] and ¥ = L., (E[VXY])? < E[X]E[Y]
(E [ ZTjnvawk)n?]) <E| inw wol?| B H
T - ] E [/ IVF(wi)ll® 2
B |3 VA ] i S IV Al 2 - (2l ;m )
L k=1 i E 15

k=1



Scalar AdaGrad - Minimizing smooth, non-convex functions

E[VESLIVEwolE])
Recall E [ZkT:l Tk HVf(Wk)Hz] > 77( [ Z;E’[U/H_J( gl D . Now let us upper-bound E [7/7i].
-

.
E [1/n:] = EJ By +02+ S IVAm)P =E | B +02+

T-1

2
> lexd
k=1

+1> Vf(Wk)|2]
k=1

k=1
=A
T-—1 T-1
A= lled? = [llex = VAW + VAWl +2(VF(wi), g — VF(wi)]
k=1 k=1

-~
._\

.
Elijar] <E\| B +02+ 3 [lge — VAW + 2V F(wi). 6~ T (wi)] +2 3 IV Fw)|?

k=1

1M

-~
fuy

E[/i] <Ey|B+02+ 3 [lax — VA2 + 2AVF(we), g —Vf<wk)>}+EJ22HW(W)H2

=
Il

1 k=1

(Va+b</a+Vb)
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Scalar AdaGrad - Minimizing smooth, non-convex functions

E T,l V(w2 2 . ) .
Recall E [ZkT:l Tk HVf(Wk)Hz] > 7(e] Z;E’[ /H_J( ) . Using Jensen's inequality for /x,
/it

T-1 T
< $ B+02+ S llg — VF(wi) | + 2B(VF(wi), g — VF(wi)] ”EJ 23 IVF(wol?

k=1
-
n 2
— E|=——| <y/b2+ To2+2E Vf(w
Lﬁ] \/ b5 k§:1H (wid)|

Putting everything together,
2
0 (E|VELIvWIr )

R+ To% + V2E S L, [VF(we)|?

Z IV (w ]2
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Scalar AdaGrad - Minimizing smooth, non-convex functions

0 (B[VELIVImIF])®
VBT +V2E /S IV(w)?

Putting everything

Recall that C > E [Zk 1 T ||V (wie) ] }
together,

T 2 T
(EJ ZIIVf(Wk)IIZD < \/b8+Ta2+ﬁEJ ZVf(wk)HZ]
k=1 S——— k=1

; =8

{famn

Il
s

. nga(\ﬁx—i—ﬁ) s x< ﬂa+\/§a2+4a6§ﬂa+m

[« > I Fm ||] \fm
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Scalar AdaGrad - Minimizing smooth, non-convex functions

Recall that E

VLIV < v (5) + /5 Y8+ T

. [\/ZZ_I |va(Wk>2] <va(S)+ ﬁm

V2 (&) JEVB+TR
— E[|VF(W)]] < + v := min w2
[IVF(W)]I] 7F Nis (W = minge (7119 7(m))2)

V2 (& £ /b Co
= E[|Vf(W)]] < <7>;T\/Tr+\/}: (Va+b<a+Vb)

Can use the above result and prove the rate in high-probability (rather than just expectation)
using Markov's Theorem.
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Questions?
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