CMPT 409/981: Optimization for Machine Learning

Lecture 15

Sharan Vaswani
November 7, 2022



Online Optimization

1: Online Optimization (wp, Algorithm A, Convex set C)

2: for k=1,..., T do

3:  Algorithm A chooses point (decision) wy € C

4:  Environment chooses and reveals the (potentially adversarial) loss function f; : C — R
5. Algorithm suffers a cost fi(wy)

6: end for

Regret: For any fixed decision u € C, Rr(u) := ZkT:l[fk(wk) — fi(u)].



Online Gradient Descent (OGD): At iteration k, OGD chooses wy. After the loss function f is
revealed, OGD uses the function to compute

1
wit1 = MNe[we — e Vi (wi)] where Me[x] = arg rrcnn 5 lly — XH2 .
ye

x — y|| < D, for an arbitrary sequence

If the convex set C has a diameter D i.e. for all x,y € C, |
losses such that each f; is convex, differentiable and G-Lipschitz, OGD with 7, = ﬁ and

wi € C, has regret Rr(u) < v2DGV/T.
Additionally, if each f; is ju strongly-convex, OGD with 7, = < ” has regret
Rr(u) < & (1 + log(T)).

i=1
= 2n



Follow the Leader (FTL): At iteration k, FTL chooses the point wy. After the loss function fi
is revealed, FTL uses it to compute

k
W11 = argmin Z fi(w).
wel o
Running FTL on a quadratic lower-bound for the loss recovers OGD in the strongly-convex case.

For strongly-convex, G-Lipschitz losses, FTL has regret Ry (u) < 26—: (1 +log(T)) that matches

OGD, but does not require knowledge of y (Proof today).

If the losses are not necessarily strongly-convex, then FTL can result in O(T) regret.



Idea: Add an explicit regularization to fix FTL for a convex sequence of losses.
Follow the Regularized Leader (FTRL): At iteration k > 0, FTRL chooses the point wj. After

the loss function f is revealed, FTRL uses it to compute

o
wk+1—argmln2[ (W) + 2w = will?] + 22w

)

where o; > 0 is the regularization strength. If we set o; = 0 for all /, FTRL reduces to FTL.
Running FTRL on a linear lower-bound for the loss recovers OGD in the convex case.

FTRL has the following regret for a general sequence of convex losses,
T

R <3 g PRI 3 % = e+ 2l whereAk—Z[uHZ[o,.

k=1

For convex, G-Lipschitz losses, FTRL has regret Ry (u) < v/24/D? + ||u||2 GVT.



Follow the Leader - Strongly-Convex, Lipschitz functions

Claim: If the convex set C has diameter D, for an arbitrary sequence losses such that each f is
Lk strongly-convex (s.t. p = minZ—:1 k> 0), G-Lipschitz and differentiable, then FTL with

wy € C satisfies the following regret bound for all u € C,

2
Re(u) < 2% (1 +log(T))

Proof: Using the general result for FTRL, for A\x11 = Zf;l Wi+ Zf-;o oj. Since fy is
strongly-convex, we will set o; = 0 for all /. Hence, \yy1 = Zf.il i > k.

RT(U)< - {2)\ IV fi(wi) ||}+Z“_W’“ 5 Nl < ;;ZT:[ ]

i=1
(Since fx is G-Lipschitz)

G2 (1 + log(T))
2p
Hence, FTL matches the regret for OGD for strongly-convex, Lipschitz functions, but does not

= RT(U) <

require knowledge of p. 5



Questions?



Adaptive step-sizes

Recall the claim we proved in Lecture 14 (Slide 6): If the convex set C has diameter D, for an
arbitrary sequence of losses such that each 7 is convex and differentiable, OGD with the update
Wiyt = Me[wye — nkak(Wk)] such that ¢ < mx_1 and wy € C has the following regret for u € C,

D2 u
Rr(u) < W + Z DV fie(wi) P = % + g S IVEAEWIZ (I e =7 for all k)
k=1 k=1

In order to find the optimal n, differentiating the RHS w.r.t 7 and setting it to zero,
D
T 2
@k:l IV fe(wi)

27]+ ZHVka U




Adaptive step-sizes

D
Zicall V(w2
not practical since setting 7 requires knowing Vfi(wy) for all k € [T].

Choosing n = n* = minimizes the upper-bound on the regret. However, this is

To approximate n* to have a practical algorithm, we can set 7, as follows:

D
Nk = p 5
VI IVE(w)]

Hence, at iteration k, we only use the gradients upto that iteration.

Algorithmically, we only need to maintain the running sum of the squared gradient norms.

Moreover, this choice of step-size ensures that 1, < 7x_1 (since we are accumulating gradient
norms in the denominator so the step-size cannot increase) and hence we can use our general
result for bounding the regret.



Scalar AdaGrad

Hence, we have the following update for any 1 > 0,
_ n
Nk = p 5
VELL VA

This is exactly the AdaGrad update without a per-coordinate scaling and is referred to as scalar
AdaGrad or AdaGrad Norm [WWB20].

W1 = Ne[we — e Vii(wi)]

For a sequence of convex, differentiable losses, using the general result,

IV fwil
VI IV (W)

In order to bound the regret for AdaGrad, we need to bound the last term.



Scalar AdaGrad

We prove the following general claim and will use it for as = ||V (ws)||°.

Claim: For all T and a; >0, 3/, \/% <2/, ax.

Proof: Let us prove by induction. Base case: For T =1, LHS = ,/a; < 2,/a; = RHS.

Inductive Hypothesis: If the statement is true for T — 1, we need to prove it for T.

T T-1

237::2 a: o5 a; <2 377:2\/Z—x+%
k=1 \/ Zs:l as k=1 \/Zs:l ds \/ZS:I as Zstl ds

(x:=ar, Z:=3"L,a)

The derivative of the RHS w.r.t to x is — \/% e % < 0 for all x > 0 and hence the RHS is

maximized at x = 0. Setting x = 0 completes the induction proof.




Scalar AdaGrad

Recall that Ry (u) < 2,] \/Zk 1 IVA( Wk)H + 2 Zk o %. Using the claim in the

previous slide with as := HV;‘;(WS)H >0,

D2 D2
Rr(u) an W)l + an ) —(2”+n)

The step-size that minimizes the above bound is equal to n* =

%\

Hence, AdaGrad is only sub-optimal by v/2 when compared to the best constant step-size!
10



Scalar AdaGrad - Convex, Lipschitz functions

Claim: If the convex set C has diameter D i.e. for all x,y € C, ||x — y|| < D, for an arbitrary

sequence losses such that each £ is convex, differentiable and G-Lipschitz, scalar AdaGrad with
n

e LIV P

and wy € C has the following regret for all u € C,

Rr(u) < (g; +77> GVT

Proof: Using the general result from the previous slide,

énm(wk)nzs (‘2’;+n) JET - <D2+n> /T

D2
R < | —
T(u) < (27] +Tl) 2

(Since each fi is G-Lipschitz)

With 1 = %, R7(u) < V2D GV/'T. Hence, for convex, Lipschitz functions, AdaGrad achieves
the same regret as OGD but is adaptive to G.

11



Scalar AdaGrad - Strongly-Convex, Lipschitz functions

Claim: If the convex set C has diameter D i.e. for all x,y € C, ||x — y|| < D, for an arbitrary
sequence losses such that each f; is i strongly-convex, differentiable and G-Lipschitz, scalar

AdaGrad with 7, = % and wy € C has the following regret for all u € C,

Rr(u) < ;;; [1+ log(1+ G? 7))

Though AdaGrad can achieve logarithmic regret for strongly-convex, Lipschitz functions similar
to OGD and FTL, it requires knowledge of G and p and is not adaptive to these quantities.
Proof: Need to prove this in Assignment 4!

12



Questions?



Let us consider a more general and practical variant of AdaGrad that uses a per-coordinate
step-size. The corresponding update is:

_ o1
Vipl = Wi — AL Ika(Wk) v Wkl = né[VIH—l] ‘= arg ";'n 2 lw — Vk+1||3\k G
we

VI VAW P e (Scalar AdaGrad)
Ak = { diag(Gi2) (Diagonal AdaGrad)
G (Full-Matrix AdaGrad)

where G, € R¥*? .= 25:1 [Vfs(ws)Vis(ws)T]. For the subsequent analysis, we will assume
that Ay is invertible (a small €/, can be added to ensure invertibility)

13



Claim: If the convex set C has diameter D, for an arbitrary sequence of losses such that each f;
is convex and differentiable, AdaGrad with the general update wiy1 = N&[wi — nA,lefk(wk)]
and wy € C has the following regret for u € C,

Rr(u) < (‘j; +n) va

Proof: Starting from the update, vx11 = wy — 7)A;1ka(wk),
Vier — U = wi — nA V(W) — 0 = Ailviesr — u] = Awie — u] — nV i(wy)
Multiplying the above equations,
[Vit1 — u]"A[vierr — u] = [wi — u = AV (W)™ [Aclwi — u] = 1V fi(wi)]
IVirs — ull%, = llwe — ullz, — 20(V fi(wie), wi — u) + 72 [A Ve (wi) TV fie(wic)]
= [lvisr — ullz, = llwe — ull3, — 20(V fi(wi), wie — u) + 17 IIka(Wk)Hf\;1

14



Recall that ||vk41 — uHi\k = ||wy — uHik — 20(V fi(wi), wi — u) + n? vak(Wk)Hik—l. Using the
update wy 1 = N&[vks1], u € C with the non-expansiveness of projections,
+ clVk+
2 2 2
[Wict1 — ulla, = IMefvia] = Melu]lls, < llvirr — ulla,
2 2 2
= ka1 — ulla, < llwi = ull, = 20(Vh(we), wic — u) + 177 |V Fic(wie) [y
< wi — ulla, = 20lf(wi) = ()] + 77 [ Vhi(wi)a+  (Convexity)

2 2
wi — ulla, = [[Wir1 — ully,

—— fk(Wk) = fk( ) 277

n
+ 5 V(w2

Summing from k=1to T,

-~

-
1 2 2 n
= Ry(u 7 Z [||Wk — ulla, — Wi — UHAJ EZ |V fie(wi HA !
k=1 k=1

Let us now bound the first term in the above expression.
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Eﬂ

2 2
lwic — uly, — lwis — wl |

k=1
.
2
= [(wie — u)[Ac — Arcal(wic — u)] + lwa — ull, — wria — ull%,
k=2
T T
<D Ik — ull® Amax[Ak — Akca] + [lwa — ullz, <D D e[ Ak — Aca] + [lwa — ull7,
k=2 k=2
(Since A1 = Ak, AmaxAx — Ax—1] > 0 and ||wy — u|®> < D)
T T
= ) [||Wk — ullz, — Wer — U||3\J < D* > Tr[Ak — Al + lwa — ull,
k=1

k=2
(For any PSD matrix B, Amax[B] < Tr[B])

16



Continuing the proof from the previous slide,

T T
> [||Wk — ull3, — IWis1 — U||3\J < D? > Tr[Ac — Aol + [lwa — o],

k=1 k=2
T
=D Tr | > [Ac— Al | + llwa — ull3, (Linearity of Trace)
k=2
= D? Tr[A7 — Ad] + [lwy — ul|3, < D? Tr[Ar — A1] + Amax[A1] w1 — ul|?
T
> [Ilwi = uly, — llwess — uly, | < D2 Tr{A7] = D Te[As] + D2 Tr[A] = D? Tr[Aq]
k=1

Putting everything together,
D2 Tr[AT] o u
Rr(u) < EZIIka(Wk o
k=1

Let us now bound the second term in the above expression.
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Claim: 3=, || Vi(wi)[3+ < 2Tr[A7]

Proof: Let us prove by induction. For convenience, define V := Vi (wy).

Base case: For k = 1, LHS = Tr[VIA[ V] = Tr[AT V1 V]] = Tr[AT P AL AL < 2 Tr[Ay] =
RHS. Here, we used the cyclic property of trace i.e. Tr[ABC] = Tr[BCA].

Inductive Hypothesis: If the statement is true for T — 1, we need to prove it for T.

T-1 12

S IVl + IV 7B < 2THAr—s] + V7 l3s = 2T (A3 = VrE) ] + AT V7 V]
k=1

For any X > Y = 0, we have [DHS11, Lemma 8], 2 Tr[(X — Y)¥?] + Tr[X~*2Y] < 2 Tr[X"/2].
Using this for X = A2, Y = V1VT, Z,(Tzl ||Vk||3‘;1 < 2Tr[Ar], which completes the proof.

Putting everything together,
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Recall that Ry (u) < (g—: L 7]) Tr[A7]. Bounding Tr[A7]

d d - d .
THA7] = Tr(GrH] = > /vierl - dzjm < gy Zim e

=Vd ZA [Gr] = Vd/Tr[Gr] = \FJ Tr
Tr[A7] < \/g\l lz Tr ka(wk)ka(Wk)Tl =Vd, Z VA (w)l?  (Linearity of Trace)

Putting everything together,

Rr(u) < (fﬁ + n) vV \ [ DIV AP
— 19

Jensen's inequality for \/x)

(
Z ka Wk)ka(Wk) ‘|
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